The variety of modal FL_{ew}-algebras is generated by its finite simple members

Hiroki Takamura

abstract. In this paper, we prove that the variety of modal FL_{ew} -algebras is generated by its finite simple members. The result is obtained by showing that every free modal FL_{ew} -algebra is semisimple and then showing that every variety generated by a simple modal FL_{ew} -algebra is generated by a set of finite simple modal FL_{ew} -algebras.

1 Introduction

In [7], the authors show that the variety of FL_{ew} -algebras is generated by its finite simple members. The result is obtained by first showing that every free FL_{ew} -algebra is semisimple and then showing that every variety generated by a simple FL_{ew}-algebra is generated by a set of finite simple FL_{ew}-algebras. To show the former, based on Grišin’s idea in [4] authors introduced a sequent system SF L^+_{ew} such that

1. algebras for SF L^+_{ew} are exactly equal to FL_{ew} -algebras, 2. cut elimination theorem holds for SF L^+_{ew}.

Then, using proof-theoretic properties of SF L^+_{ew}, the semisimplicity of free FL_{ew}-algebras is obtained. Moreover, they show that the finite embeddability property holds for simple FL_{ew}-algebras. Finally, they have the variety of FL_{ew}-algebras is generated by its finite simple members.

In this paper, their proof works well also for the variety of modal FL_{ew}- algebras with some modification. We assume a familiarity with the paper [7].

2 Modal FL_{ew}-algebras

We give a precise definition of modal FL_{ew}-algebras introduced by Ono [10], which is FL_{ew} -algebras with S4-like modality. Note that an FL_{ew}- algebra is a kind of residuated lattice. It is known that residuated lattices are algebraic semantics for substructural logics. For more information, see [6, 5].

An algebraic structure A = ⟨A, ·, →, ∧, ∨, �, 0, 1⟩ is called a modal FL_{ew}- algebra, if it satisfies the following:

(1)⟨A, ∧, ∨, 0, 1⟩ is a bounded lattice with the greatest element 1, the least element 0, (2)⟨A, ·, 1⟩ is a commutative monoid, and

Advances in Modal Logic, Volume 6. © 2006, the author.

(3) x · y ≤ z ⇔ y ≤ x → z, for any x, y, z ∈ A, (4) � is a unary operation on A satisfying:

(a) 1 ≤ �1, (b) �x · �y ≤ �(x · y), (c) �x ≤ x, (d) �x ≤ �x, (e) if x ≤ y then �x ≤ �y for any x, y ∈ A.

For simplicity, we write xy instead of x · y.

DEFINITION 1 (Congruence filter). A subset F of A is a congruence filter (called simply, a filter) of A if it satisfies that (1) 1 ∈ F , (2) If x, x → y ∈ F then y ∈ F , and (3) If x ∈ F then �x ∈ F .

It is easy to see that a congruence filter characterizes congruences in a modal FL_{ew}-algebra A. Suppose F is a congruence filter of A. We define a binary relation θ on A, putting xθy if the terms x → y and y → x are both in F . Then θ is a congruence relation with respect to the operations of modal FL_{ew}-algebra. Conversely, suppose θ is a congruence in a modal FL_{ew}-algebra. Then F_θ = {x ∈ A : 1θx} is a congruence filter of A.

Next, suppose x ∈ F and x ≤ y, we have 1 ≤ x → y. Thus x → y ∈ F by (1). By (2), we have y ∈ F . Thus, a filter F is a upward closed set, i.e., if x ∈ F and x ≤ y then y ∈ F . We can also show that if x, y ∈ F then xy ∈ F . Moreover it is easy to see that a nonempty subset F of a modal FL_{ew}-algebra is a filter if and only if it satisfies: (a) if x ∈ F and x ≤ y then y ∈ F , (b) if x, y ∈ F then xy ∈ F , and (3).

Using this fact, we can have the following representation of the filter generated by a given nonempty subset S of a modal FL_{ew} -algebra A. Let H_S be {x ∈ A : �s_1 · · · �s_k ≤ x for some s_1, · · · s_k ∈ S}. Then we have the following characterization of a filter generated a given set by a similar argument of [5, 12, 3].

LEMMA 2. For each nonempty subset S of a modal FL_{ew}-algebra A, the filter generated by S is equal to H_S .

When S is a singleton set {a}, the filter generated by {a} is of the form {x ∈ A : (�(a))^n ≤ x for some n ∈ N}.

We say that a modal FL_{ew}-algebra A is semisimple if it has a subdirect representation with simple factors. Let Φ be the set of all maximal filters of a modal FL_{ew}-algebra A. Define the radical Rad_A of A by Rad_A = � F ∈Φ F .

Then, the following can be easily shown.

LEMMA 3. For any modal FL_{ew}-algebras, A is semisimple if and only if Rad_A = {1}.

Corresponding to Theorem 2.3 of [7], we can show the following result, which gives a sufficient and necessary condition for x ∈ A to be a member of Rad_A.

PROPOSITION 4. Let A be a modal FL_{ew}-algebra. An element x ∈ A is in Rad_A if and only if for any n ≥ 1 there exists m ∈ N such that (�¬((�x)^n))^m = 0, where ¬x stands for x → 0.

Proof. Assume that for any n ≥ 1 there exists m ∈ N such that (�¬((�x)^n))^m = 0. Suppose x is not in Rad_A. Then there is a maximal filter F with x ∉ F . Since F is maximal, there is a k ≥ 1 such that ¬((�x)^k ) ∈ F . Thus �¬((�x)^k ) ∈ F . By assumption, there is m ≥ 1 for which (�¬((�x)^k ))^m = 0. This implies 0 ∈ F , which contradicts the fact that F is proper.

Conversely, suppose that there exists n ≥ 1 such that (�¬((�x)^n))^m ≠ 0 for any m. Then (�¬((�x)^n))^m > 0 for any m. Put z = ¬((�x)^n) and H_z a filter generated by {z}. Clearly, H_z is proper. By Zorn’s lemma, there is a maximal filter G such that H_z ⊆ G. Now suppose x ∈ G, then (�x)^n ∈ G. However this is a contradiction, since z ∈ G. Therefore x ∉ G and so x ∉ Rad_A.

COROLLARY 5. A modal FL_{ew}-algebra A is semisimple if and only if for every x ∈ A\{1} there is an n ≥ 1 such that for any m ≥ 1, we have (�¬((�x)^n))^m ≠ 0.

3 Semisimplicity of free modal FL_{ew}-algebras

In this section we show that every free modal FL_{ew}-algebra is semisimple, using the sequent system �F L^+_{ew} introduced below. Our proof proceeds similarly to Grišin [4], Kowalski and Ono [7].

Similarly to the sequent system SF L_{ew} introduced in [7], we introduce a sequent system, which we call �F L^+_{ew} as follows. A sequent is of the form Γ ⇒ α where Γ is a possibly empty multiset of formulas:

1. initial sequents

(1) p, Γ ⇒ p where p is a propositional variable, (2) 0, Γ ⇒ α.

2. rules of inference

Γ ⇒ α α, Σ ⇒ θ Γ, Σ ⇒ θ

(cut)

α, Γ ⇒ θ β, Γ ⇒ θ

α ∨ β, Γ ⇒ θ

(∨ ⇒) Γ ⇒ α Γ ⇒ α ∨ β

(⇒ ∨1)

Γ ⇒ β Γ ⇒ α ∨ β

(⇒ ∨2)

Γ ⇒ α Γ ⇒ β

Γ ⇒ α ∧ β

(⇒ ∧) α, Γ ⇒ θ α ∧ β, Γ ⇒ θ

(∧1 ⇒) β, Γ ⇒ θ α ∧ β, Γ ⇒ θ

(∧2 ⇒)

Γ ⇒ α β, Σ ⇒ θ Γ, α → β, Σ ⇒ θ

(→⇒) α, Γ ⇒ β Γ ⇒ α → β

(⇒→)

�Γ ⇒ α �Γ ⇒ �α

(⇒ �) α, Γ ⇒ β �α, Γ ⇒ β

(� ⇒)

Γ_1 ⇒ α_1, · · · , Γ_m ⇒ α_m Γ_1, · · · , Γ_m ⇒ α_1 ∗ · · · ∗ α_m

(⇒ ∗)

Γ, α_1, · · · , α_m, Δ ⇒ θ Γ, α_1 ∗ · · · ∗ α_m, Δ ⇒ θ

(∗ ⇒)

Here, we assume that in each application of rules (⇒ ∗) and (∗ ⇒), none of α_i must be fusion formulas, i.e., formulas whose outermost logical connective is the fusion ∗. The reason why we need the system �F L^+_{ew} will be explained by the following Lemma, which can be shown in the usual way. In [7], they proved the cut elimination holds for SF L^+_{ew} (the proof from [9] works with obvious modifications). Their system SF L^+_{ew} is equal to the sequent system deleting � rule from our �F L^+_{ew}. Thus, the important new case for �F L^+_{ew} is as follows.

�Γ ⇒ A �Γ ⇒ �A

Δ, A ⇒ B Δ, �A ⇒ B �Γ, Δ ⇒ B

(cut)

This cut can be replaced by the following, which has the same endsequent, but the size of the proof above the cut-formula becomes smaller by one;

�Γ ⇒ A Δ, A ⇒ B �Γ, Δ ⇒ B

(cut)

LEMMA 6.

1. Cut elimination holds for �F L^+_{ew}.

2. Free modal FL_{ew}-algebras are precisely Lindenbaum-Tarski algebras of �F L^+_{ew}.

Here, we briefly describe the Lindenbaum-Tarski algebra for the sequent system �F L^+_{ew}. We say that the formula algebra of �F L^+_{ew} is the algebra whose elements are precisely the formulas of �F L^+_{ew}. Now we define the binary relation ∼ on the formula algebra, putting α ∼ β if the sequents α ⇒ β and β ⇒ α are both provable in �F L^+_{ew}. It is easy to see that ∼ is a congruence relation. Then we have the quotient algebra �F L^+_{ew}/ ∼ which is known as the Lindenbaum-Tarski algebra for �F L^+_{ew}. For more precise information, see [8].

Let a formula α be given. In the following, ¬α denotes α → 0. For each formula α, let ℓ(α) denote the length of α as a sequence of symbols.

For a sequence Γ of formulas α_1, · · · , α_m, the length ℓ(Γ) is defined by ℓ(Γ) = ℓ(α_1)+· · ·+ℓ(α_m). Also we need to introduce some notations for our main lemma. The expression {α^N }^m stands for the sequence α^N , · · · , α^N with m times, where α^N is of the form α ∗ · · · ∗ α (N times).

To show that any free modal FL_{ew}-algebra A is semisimple, Lemma 3 says that it is enough to show that the radical Rad_A of any Lindenbaum-Tarski algebra of �F L^+_{ew} is equal to {1}. By Proposition 4, this follows from the following lemma.

LEMMA 7. Suppose that a formula α is not provable in �F L^+_{ew} and that n > ℓ(α). For any sequent Γ ⇒ σ such that ℓ(Γ, σ) ≤ ℓ(α), and any m, if {�¬((�α)^n)}^m, Γ ⇒ σ is provable in �F L^+_{ew} then Γ ⇒ σ is provable in �F L^+_{ew}.

Proof. The proof will be given by double induction on (m, ℓ(Γ, σ)), where m is the number of formulas come from the set {�¬((�α)^n)}^m which contains ¬((�α)^n) as a subformula, not the number of formulas of the form �¬((�α)^n). Thus, we assume that the lemma holds for m^′ < m. More precisely we assume that the lemma holds for {�¬((�α)^n)}^{m1} , {¬((�α)^n)}^{n1} , Γ ⇒ σ, where m_1 + n_1 = m^′ and it also holds for (m, ℓ(Δ, δ)), whenever ℓ(Γ, σ)) < ℓ(Δ, δ).

Suppose α is not provable but {�¬((�α)^n)}^m, Γ ⇒ σ is provable in �F L^+_{ew}.

(1) Suppose that the given sequent {�¬((�α)^n)}^m, Γ ⇒ σ is an initial sequent. Then, either σ is a propositional variable which occurs also in Γ, or 0 occurs in Γ. It is obvious that Γ ⇒ σ is provable in either case.

(2) Next suppose that the sequent {�¬((�α)^n)}^m, Γ ⇒ σ is the lower sequent of an inference rule I.

(i) First assume that the principal formula of I is either in Γ or in σ. Then (each of) the upper sequent(s) of I is of the form {�¬((�α)^n)}^{mi} , Δ_i ⇒ δ_i with m_1 < m and ℓ(Δ_i, δ_i) < ℓ(Γ, σ). Therefore, by hypothesis of induction Δ_i ⇒ δ_i is provable. Then Γ ⇒ σ is also provable by applying the same inference rule.

(ii) Next suppose that the principal formula of I is one of �¬((�α)^n). Then the inference rule I is of the form that;

{�¬((�α)^n)}^{m−1}, ¬((�α)^n), Γ ⇒ σ {�¬((�α)^n)}^m, Γ ⇒ σ

(� ⇒)

In this inference I, the degree of m and ℓ(Γ, σ) of the upper sequent is the same as the lower sequent. Consider the next inference rule J to the upper sequent {�¬((�α)^n)}^{m−1}, ¬((�α)^n), Γ ⇒ σ.

There are three possibilities.

(a) First case is that the principal formula of J is one of �¬((�α)^n). This is not the essential case of the induction, since we at last reach a case which is essentially equivalent to the either (b) or (c) mentioned below by tracing back the proof. In this case the degree of m and ℓ(Γ, σ) of the upper sequent is the same as the lower sequent. Thus, we have to continue to trace back the proof. Consider the next inference rule there are also three possibilities. First case is the same case as (a) except the numbers of �¬((�α)^n). Note that the degree of m and ℓ(Γ, σ) of the induction is never changed during tracing back, while the inference rules in the proof are in the case of (a). Moreover the number of �¬((�α)^n) in the given sequent is m, so we cannot continue this case at most m-times applying the given provable sequent. Therefore we sometimes reach the essentially the same as the other two cases are mentioned below.

Note that applying the inference rules in the case of (a) after i-th times, the given sequent will be of the form

{�¬((�α)^n)}^{m1} , {¬((�α)^n)}^{n1} , Γ ⇒ σ

where m_1 + n_1 = m. If the next principal formula of the inference rule is one of ¬((�α)^n) then we will replace the sequent

{�¬((�α)^n)}^{m−1}, ¬((�α)^n), Γ ⇒ σ to {�¬((�α)^n)}^{m1} , {¬((�α)^n)}^{n1} , Γ ⇒ σ

in the case (c) below and applying the same argument. The same modification is also needed in the case of (b) below after applying the case (a) i-th times.

(b) Second case is that the principal formula of J is either in Γ or in σ. In this case, we apply the same argument in (2)-(i) then we have Γ ⇒ σ as desired.

(c) Third case is that the principal formula of J is ¬((�α)^n). In this case, the inference rule is of the form that;

{�¬((�α)^n)}^{m2} , Π_2 ⇒ (�α)^n 0, {�¬((�α)^n)}^{m1} , Π_1 ⇒ σ {�¬((�α)^n)}^{m−1}, ¬((�α)^n), Γ ⇒ σ

(¬ ⇒)

where Π_1, Π_2 are equal to Γ.

Taking the left upper sequent {�¬((�α)^n)}^{m1} , Π_2 ⇒ (�α)^n and the provable sequent (�α)^n ⇒ α^n, and applying the cut rule. Then we have {�¬((�α)^n)}^{m1} , Π_2 ⇒ α^n. Consider the proof R of this sequent. We will trace back branches of R, which consist of sequents having α^n in the conclusion, to the places where this α^n is introduced. Note that α^n is introduced at one place in each branch of R. It is easy to see that each α^n is introduced either as an initial sequent, or by (⇒ ∗) rule. We will show that any α^n is introduced only as an initial sequent. Suppose that at least one place, α^n is introduced by (⇒ ∗), whose lower sequent is of the form Δ ⇒ α^n. We assume here that α is of the from D_1 ∗· · · ∗D_w and none of D_j are fusion-formulas. Then, I must have n·w upper sequents, each of which is of the form Δ_i ⇒ D_{ni} , where 1 ≤ n_i ≤ w and the list Δ_1, · · · , Δ_{n·w} is equal to Δ. For each j such that 1 ≤ j ≤ w, there exist exactly n sequents with the conclusion D_j among those sequents. We enumerate them as S^j_1 , · · · , S^j_n. Next, for each h such that 1 ≤ h ≤ n, take S^1_h, · · · , S^w_h for upper sequent and apply (⇒ ∗) rule to them. Then we can have a sequent of the form Σ_h ⇒ α for 1 ≤ h ≤ n and the list of Σ_1, · · · , Σ_n is equal to Δ. Now ℓ(Δ) ≤ ℓ(Π_2) ≤ ℓ(Γ, σ) ≤ ℓ(α) < n. If we assume that ℓ(Σ_i) > 0 for any i such that 1 ≤ i ≤ n then ℓ(Δ) ≥ n, which is a contradiction. Therefore, Σ_i must be empty for some i. But this means that ⇒ �α is provable. This contradicts the assumption that α is unprovable. Hence, we conclude that at any place α^n is introduced as an initial sequent of the form 0, Λ ⇒ α^n.

We will modify the proof R of {�¬((�α)^n)}^{m2} , Π_2 ⇒ α^n as follows. We replace every sequent Θ ⇒ α^n in a branch which we have traced in R, including an initial sequent of the form 0, Λ ⇒ α^n mentioned above, by the sequent Π_1, Θ ⇒ σ. Then we will have the proof whose end sequent is {�¬((�α)^n)}^{m2} , Γ, ⇒ σ. Note that m_2 ≤ m−1 < m. Hence, by hypothesis of induction, we conclude that Γ ⇒ σ is provable. This completes the proof.

Clearly, the sequent system �F L^+_{ew} is consistent, i.e., the sequent ⇒ 0 is not provable. Let m be a positive integer. If the sequent {�¬(�α)^n}^m ⇒ 0 is provable in �F L^+_{ew} then it follows immediately from Lemma 7 by taking the sequent ⇒ 0 for Γ ⇒ σ. Thus, we have ⇒ 0 is provable in �F L^+_{ew}, which is a contradiction. Therefore, we have the following.

PROPOSITION 8. Let α be any formula which is not provable in �F L^+_{ew}. Then there exists a natural number n ≥ 1 such that {�¬(�x)^n}^m ⇒ 0 is not provable in �F L^+_{ew} for any m.

In terms of the Lindenbaum-Tarski algebra A of �F L^+_{ew}, the above proposition says that if [α] ≠ [1] in A then there exists n ≥ 1, [0] ≠ [�¬((�a)^n)^m] for any m, where [γ] denotes the equivalence class, to which a given formula γ belongs. Thus, using Lemma 3, Proposition 4 and Corollary 5, we have the following.

THEOREM 9 (Semisimplicity of free modal FL_{ew}-algebras). Every free modal FL_{ew} -algebra is semisimple.

COROLLARY 10. The variety of modal FL_{ew}-algebras is generated by its simple members.

4 Finite embeddability property of simple modal FL_{ew}- algebras

In this section we show that the class of simple modal FL_{ew}- algebras has the finite embeddability property (FEP).

Given an algebra A = ⟨A, ⟨f^A_i : i ∈ I⟩⟩ of finite type and any nonempty subset B ⊆ A, the partial subalgebra B of A with domain B is the partial algebra ⟨B, ⟨f^B_i : i ∈ I⟩⟩, where for i ∈ I, f_i is an n-ary function symbol, and b_1, · · · , b_n ∈ B

f^B_i (b_1, · · · , b_n) = � f^A_i (b_1, · · · , b_n) f^A_i (b_1, · · · , b_n) ∈ B undefined f^A_i (b_1, · · · , b_n) ∉ B

A class K of algebras has the finite embeddability property if every finite partial subalgebra of a member of K can be embedded into a finite member of K.

Next, we introduce a construction method to prove the FEP of the variety of FL_{ew}-algebra which is originally proposed by Blok and van Alten [2]. Later, Amano proposed a natural extension for the modal operator of this construction to prove the FEP of the variety of modal FL_{ew}-algebra [1].

Let A be a modal FL_{ew}-algebra and B be a finite partial subalgebra of A. We shall sometimes omit the multiplicative symbol ·. Let M be the submonoid of A generated by B. For X, Y ⊆ M and a ∈ M, put XY = {ab : a ∈ X, b ∈ Y } and Xa = X{a}.

For each x ∈ M and b ∈ B, define

(x � b] = {c ∈ M : xc ≤ b} = {c ∈ M : c ≤ x → b}.

The set (x � b] is a downward closed subset of M. Note that (1 � b] = {a ∈ M : a ≤ b}. Write the sets D = {(x � b] : x ∈ M, b ∈ B} and D = { � Ξ : Ξ ⊆ D}. Let C be the closure operator on the set of subsets of M associated with D, i.e., for X ⊆ M, let

C(X) = � {(x � b] ∈ D : X ⊆ (x � b]}.

Define for all X, Y ⊆ M and X_i ⊆ M, i ∈ I,

X ·^D Y = C(XY )

X →^D Y = {a ∈ M : Xa ⊆ Y } D� i∈I X_i = C( � i∈I X_i) D� i∈I X_i = C( � i∈I X_i)

1^D = M

0^D = � D �^DX = C({a ∈ X : �a = a}).

The definition of modality follows van Alten [13]. Then, we have the following three results which are proved by Amano [1].

THEOREM 11. The structure D(A, B) = ⟨D, ·^D , →^D, ∧^D, ∨^D , 1^D, 0^D, �^D⟩ is a modal FL_{ew}-algebra .

THEOREM 12. If A is a modal FL_{ew}-algebra and B is a partial subalgebra of A, then B can be embedded, as a partial subalgebra, into the modal FL_{ew}- algebra D(A, B).

Proof. We define an embedding from B to D(A, B) by b → (1 � b]. It suffices that all operations →, ∧, ∨, ·, � and constants 1, 0 in B are preserved D(A, B) by this embedding. It is routine and we omit the detail.

Now we have the algebra D(A, B) into which we can embed B. The proof of the finiteness of D(A, B) is exactly the same as in [2].

THEOREM 13. The variety of modal FL_{ew}-algebras has the FEP.

Next, we will show that the class of simple modal FL_{ew}-algebras has the FEP. Recall, we say that an algebra is simple if it has only two congruences. In the case of modal FL_{ew}-algebras, simple algebras are characterized by the following lemma.

LEMMA 14. A modal FL_{ew}-algebra A is simple if and only if for any x(≠ 1) in A there exists a positive integer m such that (�x)^m = 0.

Using this characterization, we can prove that the FEP for simple modal FL_{ew}-algebras.

THEOREM 15 (The FEP of simple modal FL_{ew}-algebras). The class of simple modal FL_{ew} -algebras has the FEP.

Proof. Let A be a simple modal FL_{ew}-algebra and B a finite partial subalgebra of A. Construct the structure D(A, B) then D(A, B) is a finite modal FL_{ew} -algebra by Theorem 11. Thus, we need to show that D(A, B) is also a simple modal FL_{ew}-algebra, i.e., for any X(≠ 1^D) ∈ D(A, B) there exists n with (�X)^n = 0^D. By Lemma 14, for each x ∈ A, there exists n ∈ N such that (�x)^n = 0. Let M be the submonoid of A generated by B. Recall that an element of D(A, B) is a downward closed subset of M. Let F (k) be the free commutative monoid on k generators {x_1, · · · , x_k}.

An element of F (k) can be considered as the products x^{n1}_1 · · · x^{nk}_k where n_i < ω, i = 1, · · · , k and defined x^0_i = 1, i = 1, · · · , k. We can define an order ≤ on F (k) by x^{n1}_1 · · · x^{nk}_k ≤ x^{m1}_1 · · · x^{mk}_k if and only if n_i ≥ m_i for each i ∈ {1, · · · , k}. It is easy to see that the order is a well-quasi order. Note that for any A ⊆ F (k), the set Max(A) of maximal elements of A is an antichain. Since the order on F (k) is a well-quasi order, Max(A) is a finite set.

Now we consider a monoid homomorphism F (k) to M defined by each generator x_i of F (k) to an element of B. Note that M is the submonoid of A generated by B. Then for any X ⊆ M, the set Max(X) of maximal elements of X is also finite.

Put Y is the set {a ∈ X : �a = a}. Then (�X)^n = C(C(Y ) · · · C(Y ) � � � n ) ⊆ C(Y^n). Now we write k = |Max(Y )|. Note that for all x_i ∈ Max(Y ) there exists n_i ∈ N such that (�x_i)^{ni} = 0. Since Max(Y ) is finite there exists max{n_i}. Therefore (�X)^{k·max{ni}} ⊆ C(Y^{k·max{ni}}) = C({0}) = 0^D for any X. We conclude that D(A, B) is also simple.

5 Conclusion and remarks

THEOREM 16 (Main theorem). The variety of modal FL_{ew}-algebras is generated by its finite simple members.

Proof. The proof goes essentially the same as in [7]. It suffices to show that for any non theorem α of �FL_{ew} there is a finite simple modal FL_{ew}- algebra A falsifying α. It immediately follows from Theorem 9, Corollary 10 and Theorem 15.

To finish off this paper, we will list some open questions about the topic.

(Q1) Is the variety of FL_{ew} -algebras with K-like (or other types of) modality generated by its finite simple members?

In [11], the author shows that every free FL_w-algebra is semisimple by using Grišin’s idea and Kowalski and Ono’s technique.

(Q2) Is a free modal FL_w-algebra semisimple?

(Q3) Is the variety of modal FL_w-algebras generated by its finite simple members?

There are many other interesting problems in residuated lattices with modalities. We expect that many researchers are getting interested in this area.

Acknowledgements

The author would like to express his sincere gratitude to Hiroakira Ono and Tomasz Kowalski. The author also would like to express his thanks to members of Research Center for Verification and Semantics (CVS), and especially to Makoto Takeyama for discussions and valuable comments. Finally, the author wish to express his thanks to the anonymous referees for helpful suggestions.

BIBLIOGRAPHY

[1] S. Amano. The finite embeddability property of the variety of modal residuated lattices. In Proceedings of the 39th MLG meeting at Gamagori, JAPAN, pages 39–42, 2005.

[2] W. J. Blok and C. J. van Alten. The finite embeddability property for residuated lattices, pocrims and BCK-algebras. Algebra Unversalis, 48:253–271, 2002.

[3] N. Galatos and H. Ono. Algebraization, parametrized local deduction theorem and interpolation for substructural logics over FL. Studia Logica, 83:to appear, 2006.

[4] V. N. Grišin. Predicate and set-theoretic calculi based on logic without contraction rule (in Russian). Izvéstia Akademii Nauk SSSR (also the English translation in Math. USSR Izvestija), 45 (18):47–68 (41–59), 1981 (1982).

[5] P. Jipsen and C. Tsinakis. A survey of residuated lattices. In J. Martinez, editor, Ordered Algebraic Structures, pages 19–56. Kluwer Academic Publishers, Dordrecht, 2002.

[6] T. Kowalski and H. Ono. Residuated lattices: An algebraic glimpse at logic without contraction. preliminary report, 2000.

[7] T. Kowalski and H. Ono. The variety of residuated lattices is generated by its finite simple members. Reports on Mathematical logic, 34:59–77, 2000.

[8] T. Kowalski and H. Ono. Algebraic perspective on substructural logics. Course Note, Logic Summer School 2004 at ANU, 2004.

[9] H. Ono. Proof-theoretic methods for nonclassical logic — an introduction. In M. Okada M. Takahashi and M. Dezani-Ciancaglini, editors, Theories of Types and Proofs ( MSJ Memoirs 2 ), pages 207–254. Mathematical Society of Japan, 1998.

[10] H. Ono. Modalities in substructural logics, a preliminary report. In Proceedings of the 39th MLG meeting at Gamagori, JAPAN, pages 36–39, 2005.

[11] H. Takamura. Every free biresiduated lattice is semisimple. Reports on Mathematical logic, 37:125–133, 2003.

[12] C. J. van Alten. Representable biresiduated lattices. Journal of Algebras, 247:672–691, 2002.

[13] C. J. van Alten. The finite model property for knotted extensions of propositional linear logic. Journal of Symbolic Logic, 70(1):84–98, 2005.

Hiroki Takamura Research Center for Verification and Semantics (CVS), National Institute of Advanced Industrial Science and Technology (AIST) 5th Floor, Mitsui Sumitomo Kaijo Senri Bldg., 1-2-14 Shin-Senri Nishi, Toyonaka, Osaka, 560-0083, Japan E-mail: takamura-h@aist.go.jp