Complexity of intuitionistic and Visser’s basic and formal logics in finitely many variables

Mikhail Rybakov

abstract. The main result of the paper is that the decision problem for the variable free fragment of BPL, one-variable fragment of FPL, and twovariable fragment of Int is PSPACE-complete. Some relevant questions are also discussed.

Keywords: complexity, decision problem, propositional logic, intuitionistic logic, Visser’s formal logic, non-classical logic, complexity function.

1 Introduction

It is well known that practically all standard propositional logics are decidable but the decision problem for them is usually very hard: even for classical propositional logic Cl only exponential time algorithms deciding it are known, and the decision (satisfiability) problem for Cl is NP-complete [10]. Complexity problems for non-classical (more exactly, superintuitionistic) logics were first explicitly mentioned by A. V. Kuznetsov in 1975, see [18]. One of the questions raised by A. V. Kuznetsov was the problem of polynomial approximability of intuitionistic propositional logic Int and some of its extensions. A. V. Kuznetsov showed [19] that if this problem is solved positively for Int, then Int and Cl are polynomially equivalent. As follows from [19], it is the same situation with some other non-classical propositional logics.

In 1977 R. E. Ladner proved that the decision problem for K, T, S4 is PSPACE-complete [20]. In 1979 R. Statman proved that the decision problem for Int is also PSPACE-complete [33]. So, a positive solution to Kuznetsov’s question would imply that NP = PSPACE.

Later Ladner’s and Statman’s ideas were applied by other authors to prove PSPACE-hardness for very wide classes of logics: for example, see [1, 4, 9, 11, 40].

Because the decision problem even for ‘simple’ logics — such as K, T, K4, S4, S5, Int, etc. — is quite hard, it is natural to consider some restrictions for these logics and the decision problem for corresponding fragments. We shall consider the situation when the propositional language contains only finitely many variables. The main reason for this restriction is that in

Advances in Modal Logic, Volume 6. © 2006, the author.

applications we need only finitely many variables, and it is even sufficient to have a fixed number of variables.

Apparently, the question about complexity of non-classical propositional logics in finitely many variables arose immediately after Ladner’s and Statman’s results were published (both R. E. Ladner and R. Statman used infinitely many propositional variables in their proofs). As an open problem^1 it was put by A. V. Chagrov in 1980s at several conferences and published later in [9, Problem 18.4].

For any propositional logic L and any natural number n, by L(n) we denote the least fragment of L containing all formulas constructed from variables p_1, . . . , p_n. By L(0) we denote the variable free fragment of L.

The question about complexity of the decision problem for L(n) is quite well studied in the case of standard modal logics. So, E. Spaan [32] in fact proved PSPACE-hardness for K(1); later J. Y. Halpern [15] presented the same result for K(1), T(1), S4(1) (some inaccuracies in [15] in the case of S4 were corrected in [8]). In [8] PSPACE-hardness and NP-hardness is proved for n-variable fragments of wide classes of normal modal logics; in particular, it is proved that the decision problem for K(0), K4(0), S4(1), GL(1), Grz(1) is PSPACE-complete (for GL(1) see also [36]). REMARK 1. Of course, from [8] one can easily obtain similar results for non-normal modal logics too. In fact in [8] it is proved that all sets of formulas (in particular, all non-normal modal logics) between K(0) and K4(0), between K(1) and GL(1), between K(1) and Grz(1) have PSPACE-hard decision problem; the same is true for NP-hardness results presented in [8]. One can also extend results of [8] to some non-normal logics incomparable with K. For example, using the fact that for any formula φ,

φ ∈ S4 ⇐⇒ �⊤ → φ ∈ S3,

we obtain PSPACE-hardness (and hence, PSPACE-completeness) of the decision problem for S3(1).

In this paper I present some related results for non-modal logics, which have an intuitionistic-like Kripke semantics. First of all I mean intuitionistic propositional logic Int, Visser’s basic propositional logic BPL, and Visser’s formal propositional logic^2 FPL.

Intuitionistic logic is well-known and quite well studied in both the propositional and predicate cases; because I cannot say the same about Visser’s basic and formal logics, I give some references and some reasons for interest in these logics.

First of all, the reader can see for these logics the paper [38] of A. Visser, where BPL and FPL are defined (for predicate case of BPL see [25]). The

1More exactly, as the conjecture that Int in finitely many variables is decidable in polynomial time.

2The logic FPL has at least two names: formal propositional logic and fixed point logic. We have an ‘interesting’ coincidence: these names have the same abbreviation, i. e., FPL.

main logic in [38] is FPL, which is obtained by interpreting implication as formal provability (in Peano Arithmetic); BPL is used in [38] as a ‘technical’ logic.

Some advanced results about BPL and FPL the reader can find, for example, in [5, 6, 35, 39]. I note only that in [35], in particular, BPL is described as a Hilbert-type calculus (A. Visser presented it in [38] by a set of rule schemes) and that some ‘undecidability’ results for FPL were presented at the conference ‘Computer Science Applications of Modal Logic’ [7]. As for complexity results for these logics, I give several references below (see Remarks 2 and 3).

Both BPL and FPL are connected with the modal logics K4 and GL respectively (note that K4 may be also considered as a ‘technical’ logic: we are interested mainly in its extensions such as GL, S4, Grz, etc.) via the following Gödel translation T:

T(⊥) = �⊥;

T(p) = �p, where p is a propositional variable; T(φ ∧ ψ) = T(φ) ∧ T(ψ); T(φ ∨ ψ) = T(φ) ∨ T(ψ); T(φ → ψ) = �(T(φ) → T(ψ)).

Exactly, as it follows from [38], for every formula φ,

φ ∈ BPL ⇐⇒ T(φ) ∈ K4; φ ∈ FPL ⇐⇒ T(φ) ∈ GL.

It is also well known [9] that for every formula φ,

φ ∈ Int ⇐⇒ T(φ) ∈ S4,

so, we may mean BPL and FPL as ‘superintuitionistic’ fragments of K4 and GL respectively. Roughly speaking, in particular, we may mean the implication in Int, BPL, and FPL as the strong implication in S4, K4, and GL, correspondingly (but instead of variables and ⊥ we use ‘boxed’ variables and ‘boxed’ ⊥).

Thus, Int, BPL, and FPL are ‘naturally’ connected with well-known modal logics; moreover, for these modal logics we know about their complexity in finitely many variables [8]. At the same time there are some ‘technical’ problems^3 to (easily) extend the proofs in [8] for the cases of Int, BPL, and FPL: the connectives in these logics are not classical and we do not have ‘pure’ modalities in the language. There is also an observation of another kind: the decision problem for S4(1) is PSPACE-complete while the one for Int(1) is in P: cf. [21]. The last observation gives us a hope that the situation with the complexity of Int(n), BPL(n), and FPL(n) differs from the one for corresponding modal logics.

3The main problem is with negation. But I omit any details here: after all I am going to give a proof.

In this paper I am going to clarify the situation: unfortunately (or maybe, fortunately!) the decision problem for Int(2), BPL(0), and FPL(1) is PSPACE-complete. See Section 3, Theorem 4. This theorem has some corollaries about the complexity of wide classes of logics and their positive fragments in finitely many variables (including some extensions of Int); the corollaries are presented in Section 4. As an application of the construction in Theorem 4 we obtain exponential lower bounds on the complexity function for all PSPACE-hard fragments of logics considered in this paper; for details see Section 5.

REMARK 2. Most results in this article are presented in other papers — see [26, 27, 28, 29] — but they are in Russian (the exception [29] does not contain any proof), so, as I think, actually they are not known in modal logic society, and I am thankful to AiML for that I can present these results here.

2 Definitions

Our definitions for propositional language and Kripke semantics for it mainly correspond to [9] and [38]; for complexity problems the reader can consult [13, 14, 16, 22]. So, the reader can omit this section.

We shall consider formulas constructed from propositional variables p_1, p_2, p_3, . . . and constant ⊥ with ∧, ∨, →, and brackets. We define ¬ and ⊤ as the usual abbreviations: ¬φ = φ → ⊥, ⊤ = ¬⊥. We shall use the following standard conventions on representation of formulas: we assume ¬ to connect formulas more strongly than ∧ and ∨, which in turn are stronger than →, and omit those brackets that can be recovered according to this priority of the connectives.

Below we shall mainly consider positive formulas. A formula φ is called positive if φ is constructed from propositional variables with ∧, ∨, and →. For a logic (a set of formulas) L denote by L^+ the positive fragment of L.

Let us define intuitionistic-like Kripke semantics for this language (the difference from the usual definitions, as in, for example, [9], is in that some worlds in Kripke frames can be irreflexive).

An intuitionistic Kripke frame is a pair F = ⟨W, R⟩ consisting of a nonempty set W and a relation R on W , which is transitive and antisymmetric. The elements of W are called the worlds of the frame F, and the relation R is called the accessibility relation. If for some w, w^′ ∈ W the relation wRw^′ holds, we say that w^′ is accessible from w.

A valuation in an intuitionistic frame F = ⟨W, R⟩ is a map v associating with each propositional variable p some subset v(p) of W such that for every w ∈ v(p) and every w^′ ∈ W , wRw^′ implies w^′ ∈ v(p).

An intuitionistic Kripke model is a pair M = ⟨F, v⟩, where F is an intuitionistic frame and v is a valuation in F.

Let M = ⟨F, v⟩ be a model and w be a world in the frame F = ⟨W, R⟩. By induction on the construction of formula φ we define a relation (M, w) |= φ:

(M, w) |̸= ⊥;

(M, w) |= p ⇐⇒ w ∈ v(p), where p is a propositional variable;

(M, w) |= ψ^′ ∧ ψ^{′′} ⇐⇒ (M, w) |= ψ^′ and (M, w) |= ψ^{′′};

(M, w) |= ψ^′ ∨ ψ^{′′} ⇐⇒ (M, w) |= ψ^′ or (M, w) |= ψ^{′′};

(M, w) |= ψ^′ → ψ^{′′} ⇐⇒ for every w^′ ∈ W such that wRw^′, (M, w^′) |̸= ψ^′ or (M, w^′) |= ψ^{′′}.

From the definition it follows that (M, w) |= ⊤ and

(M, w) |= ¬ψ ⇐⇒ for every w^′ ∈ W such that wRw^′, (M, w^′) |̸= ψ,

for every w ∈ W .

If (M, w) |= φ holds, we say that φ is true at the world w in M; otherwise that φ is refuted at w. We say that φ is true in a model M = ⟨F, v⟩ defined on a frame F = ⟨W, R⟩ if (M, w) |= φ, for every w ∈ W ; if φ is true in M, we write M |= φ. We say that φ is true in a frame F = ⟨W, R⟩ if φ is true in every model based on F; if φ is true in F, we write F |= φ. We say that φ is true at the world w in frame F if (M, w) |= φ, for every model M defined on F; if φ is true at the world w in frame F, we write (F, w) |= φ.

We define propositional intuitionistic logic Int to be the set of formulas that are true in every reflexive frame, Visser’s basic propositional logic BPL to be the set of formulas that are true in every frame, and Visser’s formal propositional logic FPL to be the set of formulas that are true in every irreflexive and finite frame.

Let us recall the definitions of the complexity classes P, NP, and PSPACE. We consider only algorithmic recognition problems, i. e., problems that can be formulated as questions ‘x ∈ X?’, for some set X (as an example, the decision problem for a logic L looks as ‘φ ∈ L?’). The complexity classes P, NP, and PSPACE are the classes of problems that can be solved respectively by polynomial time deterministic algorithms, by polynomial time nondeterministic algorithms, and by polynomial space nondeterministic^4 algorithms.

We are mainly interested in PSPACE-hard and PSPACE-complete problems. A problem ‘x ∈ X?’ is called PSPACE-hard if any problem ‘y ∈ Y ?’ in PSPACE is polynomially reducible to ‘x ∈ X?’, i. e., if there exists a polynomial time function (algorithm) f such that for every y,

y ∈ Y ⇐⇒ f(y) ∈ X.

A problem ‘x ∈ X?’ is called PSPACE-complete if it belongs to PSPACE and is PSPACE-hard.

4We can replace ‘nondeterministic’ with ‘deterministic’ here; the equivalence between the definitions follows from [30].

3 Main Result

Recall (see the Introduction) that Int, BPL, and FPL are connected with S4, K4, and GL, correspondingly, via the Gödel translation T. It is known [8] that the decision problem for K4(0), GL(1), S4(1) is PSPACEcomplete. It is also known that the decision problem for GL(0) is in P, and hence the one for FPL(0) is also in P. Finally, the decision problem for Int(1) is also in P: cf. [21]. Thus, there is a reason to consider the question of the complexity of Int(n) for n ≥ 2, BPL(n) for n ≥ 0, and FPL(n) for n ≥ 1.

In 1985 A. V. Chagrov [4] proved PSPACE-hardness for many logics, in particular, for Int, BPL, and FPL in the language with implication only (for PSPACE-hardness of BPL and FPL see also [2]). Below we shall use more weak facts, which follow from [4]: the decision problem for Int^+, BPL^+, and FPL^+ is PSPACE-complete.

REMARK 3. In fact, below we can use the facts that Int, BPL, and FPL have PSPACE-complete decision problem for their implicative fragments, moreover there is a reason to do so: one connective in the language means for some of our proofs only one case in the induction step. But on the one hand, [4] is in Russian and unfortunately it is difficult to access even in Russia. On the other hand, PSPACE-completeness of Int^+, BPL^+, FPL^+ is sufficient for the aim of this article, and there is no problem to find corresponding proofs in English: for Int^+ it is given in [9, 33] and, which is important, one can easily modify the proof in [9] for the cases of BPL^+ and FPL^+ (it is sufficient to replace the last occurrences of q with (q → q) → q in both formulas on page 560 in [9]); or see [2] (to obtain PSPACE-hard-ness for BPL^+ and FPL^+ one can easily eliminate ⊥ in the corresponding proofs for BPL and FPL in [2]).

Our main aim is in to prove the following statement.

THEOREM 4. The decision problem for Int^+(2), BPL(0), and FPL(1) is PSPACE-complete.

PROOF. The fact that this problem is in PSPACE follows from the PSPACE-completeness of the decision problem for Int, BPL, and FPL (in the language with infinitely many variables). So, it is sufficient to prove PSPACE-hardness of this problem.

The corresponding proof for BPL(0) and FPL(1) is similar to the one for the logic K4 in [8]. There are some differences for the case of Int^+(2) but the general idea is the same. Below I give a proof for Int^+(2) (it is more difficult in a ‘technical’ sense than the ones for BPL(0) and FPL(1)) and a detailed sketch of proof for the cases of BPL(0) and FPL(1).

We start with Int^+(2). Let p and q be two propositional variables. We define the following positive formulas constructed from p and q:

D_1 = p → q; D_2 = q → p; D_3 = D_1 ∧ D_2 → p ∨ q; A^0_1 = D_2 → D_1 ∨ D_3; A^0_2 = D_3 → D_1 ∨ D_2; B^0_1 = D_1 → D_2 ∨ D_3;

B^0_2 = A^0_1 ∧ A^0_2 ∧ B^0_1 → D_1 ∨ D_2 ∨ D_3;

A^1 = A^0_1 ∧ A^0_2 → B^0_1 ∨ B^0_2 ; A^1_2 = A^0_1 ∧ B^0_1 → A^0_2 ∨ B^0_2 ; A^1_3 = A^0_1 ∧ B^0_2 → A^0_2 ∨ B^0_1 ; B^1 = A^0_2 ∧ B^0_1 → A^0_1 ∨ B^0_2 ; B^1_2 = A^0_2 ∧ B^0_2 → A^0_1 ∨ B^0_1 ; B^1_3 = B^0_1 ∧ B^0_2 → A^0_1 ∨ A^0_2.

To define other formulas we need, let us fix the following order ≺ on the set {(i, j) : i, j ≥ 2}:

(i, j) ≺ (i^′, j^′) ⇐⇒ either i + j < i^′ + j^′, or i + j = i^′ + j^′ and i < i^′.

Clearly, this order is strict and linear. So, we can enumerate all such pairs of natural numbers by means of some function, say g(x), accordingly to this order, i. e., g(1) = (2, 2), g(2) = (2, 3), g(3) = (3, 2), g(4) = (3, 3), etc.

Suppose the formulas A^k_1 , . . . , A^k_m, B^k_1 , . . . , B^k_m are already defined, for some k ≥ 1. Let i, j ∈ {2, . . . , m} and let (i, j) = g(s); then we put

A^{k+1}_s = A^k_1 → B^k_1 ∨ A^k_i ∨ B^k_j ; B^{k+1}_s = B^k_1 → A^k_1 ∨ A^k_i ∨ B^k_j .

We call A^k_i and B^k_i formulas of level k. By N_k denote the number of formulas A^k_i of level k. Clearly, N_k is also the number of formulas B^k_i of level k. It is easy to see that

N_0 = 2, N_1 = 3, N_{k+2} = (N_{k+1} − 1)^2.

For a formula A we denote by |A| the length of A. Let us fix some number l such that l > max

1 ≤ i ≤ 2

{|A^0_i | + |B^0_i |};

for example, we can take l = 200. It is easy to show that |A^k_i | < 5^k · l and |B^k_i | < 5^k · l (by induction on k).

It is not hard to see that there exists k_0 such that 5^k · l < N_k, for any k ≥ k_0; one can check that as k_0 we can take any number greater than or equal to 6. Let k_0 = 6.

We construct a Kripke model refuting all formulas A^k_i and B^k_i such that, for every formula A^k_i and B^k_i , there exists a unique maximal world, at which this formula is refuted. Let

W = {c_0, d_1, d_2, d_3} ∪ {a^k_i , b^k_i : k ≥ 0, 1 ≤ i ≤ N_k}.

We call a^k_i and b^k_j worlds of level k. To define the accessibility relation R on W , let

R_0 = {⟨d_1, c_0⟩, ⟨d_2, c_0⟩, ⟨d_3, c_0⟩, ⟨a^0_1, d_1⟩, ⟨a^0_2, d_1⟩, ⟨b^0_2, d_1⟩, ⟨a^0_2, d_2⟩, ⟨b^0_1, d_2⟩, ⟨b^0_2, d_2⟩, ⟨a^0_1, d_3⟩, ⟨b^0_1, d_3⟩, ⟨b^0_2, d_3⟩};

R^a_1 = {⟨a^1, b^0_1⟩, ⟨a^1, b^0_2⟩, ⟨a^1_2, a^0_2⟩, ⟨a^1_2, b^0_2⟩, ⟨a^1_3, a^0_2⟩, ⟨a^1_3, b^0_1⟩}; R^b_1 = {⟨b^1, a^0_1⟩, ⟨b^1, b^0_2⟩, ⟨b^1_2, a^0_1⟩, ⟨b^1_2, b^0_1⟩, ⟨b^1_3, a^0_1⟩, ⟨b^1_3, a^0_2⟩}; R_1 = R^a_1 ∪ R^b_1, and let, for every k ≥ 1, R^a_{k+1} = {⟨a^{k+1}_m , b^k_1 ⟩, ⟨a^{k+1}_m , a^k_i ⟩, ⟨a^{k+1}_m , b^k_j ⟩ : A^{k+1}_m = A^k_1 → B^k_1 ∨ A^k_i ∨ B^k_j }; R^b_{k+1} = {⟨b^{k+1}_m , a^k_1 ⟩, ⟨b^{k+1}_m , a^k_i ⟩, ⟨b^{k+1}_m , b^k_j ⟩ : B^{k+1}_m = B^k_1 → A^k_1 ∨ A^k_i ∨ B^k_j }; R_{k+1} = R^a_{k+1} ∪ R^b_{k+1}. We put R^′ = ∞� k=1 R_k

and take as R the reflexive and transitive closure of R^′. Let F = ⟨W, R⟩ and M = ⟨F, v⟩, where v is defined in the following way: (M, w) |= p ⇐⇒ w = c_0 or w = d_1; (M, w) |= q ⇐⇒ w = c_0 or w = d_2.

The model M is depicted on Fig. 1. LEMMA 5. Let w be a world of M. Then (M, w) |̸= A^k_m ⇐⇒ wRa^k_m; (M, w) |̸= B^k_m ⇐⇒ wRb^k_m.

PROOF proceeds by easy induction on k. To prove the basis of induction it is useful to check that for every world w in M and for every i ∈ {1, 2, 3}, (M, w) |̸= D_i ⇐⇒ wRd_i. � Let φ be a positive intuitionistic formula and let p_1, . . . , p_n be all variables of φ. We denote by k the least natural number such that |φ| < 5^k · l. Note that N_{k+6} > 5^{k+6} · l > 5^6 · |φ| > |φ| > n, and so the following formulas are well-defined for every i ∈ {1, . . . , n}: α_i = A^{k+6}_i ∨ B^{k+6}_i .

Let φ_α be the result of substituting the formulas α_1, . . . , α_n respectively for p_1, . . . , p_n in φ.

∘ ∘ ∘ ∘

� � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � d_1 d_3 d^0_2 c_0 p, q p q

∘ ∘ ∘ ∘

∘ ∘ ∘ ∘ ∘ ∘

∘ ∘ ∘ ∘ . . . . . . . . . . . . ∘ ∘ . . . . . . . . . . . .

. . .

. . . � �

� � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � a^0_1 a^0_2 b^0_1 b^0_2

b^1_3 b^1_2 b^1 a^1_3 a^1_2 a^1

a^k_1 a^k_i b^k_j b^k_1

b^{k+1}_m a^{k+1}_m

Figure 1. Model M

LEMMA 6. There exists a number m such that for any φ, |φ_α| < m · |φ|^2. PROOF. From the fact that k is the least natural number satisfying the condition |φ| < 5^k · l it follows that 5^{k−1} · l ≤ |φ|, and we obtain 5^{k+6} · l ≤ 5^7 · |φ|.

Since |A^{k+6}_i | < 5^{k+6} · l and |B^{k+6}_i | < 5^{k+6} · l, we have |α_i| < 2 · 5^{k+6} · l ≤ 2 · 5^7 · |φ|.

Hence |φ_α| ≤ |φ| · max_{1 ≤ i ≤ n}|α_i| < 2 · 5^7 · |φ|^2,

i. e., we can take m = 2 · 5^7. � Using Lemma 6 one can show that the formula φ_α is computed from φ by a polynomial time algorithm.

LEMMA 7. For every positive intuitionistic formula φ, φ ∈ Int ⇐⇒ φ_α ∈ Int.

PROOF. If φ ∈ Int, then φ_α ∈ Int because Int is closed under Substitution.

Let φ be a positive intuitionistic formula such that φ ∉ Int. Then there exists a model M_φ = ⟨F_φ, v_φ⟩ defined on reflexive, transitive, and antisymmetric frame F_φ = ⟨W_φ, R_φ⟩ such that (M_φ, w_0) |̸= φ, for some w_0 ∈ W_φ.

Let us construct an intuitionistic model refuting φ_α. Without a loss of generality we may assume that W ∩ W_φ is empty. We put W^∗ = W ∪ W_φ. Let R^′ = {⟨w, a^{k+6}_i ⟩, ⟨w, b^{k+6}_i ⟩ : w ∈ W_φ, (M_φ, w) |̸= p_i, 1 ≤ i ≤ n} ∪ ∪ {⟨w, a^{k+6}_{n+1}⟩, ⟨w, b^{k+6}_{n+1}⟩ : w ∈ W_φ}.

Let R^∗ be the reflexive and transitive closure of the relation R ∪ R_φ ∪ R^′ and let F^∗ = ⟨W^∗, R^∗⟩. We define the model M^∗ = ⟨F^∗, v^∗⟩ on F^∗ by putting for every w ∈ W^∗

(M^∗, w) |= p ⇐⇒ w = c_0 or w = d_1; (M^∗, w) |= q ⇐⇒ w = c_0 or w = d_2.

For every subformula ψ of the formula φ, let ψ_α be the result of substituting the formulas α_1, . . . , α_n respectively for p_1, . . . , p_n in ψ. By induction on the construction of ψ let us show that for every w ∈ W_φ,

(M^∗, w) |= ψ_α ⇐⇒ (M_φ, w) |= ψ.

Let ψ = p_m. If (M_φ, w) |̸= p_m, then a^{k+6}_m and b^{k+6}_m are accessible from w in M^∗. Using Lemma 5, we see that (M^∗, a^{k+6}_m ) |̸= A^{k+6}_m and (M^∗, b^{k+6}_m ) |̸= B^{k+6}_m , hence (M^∗, w) |̸= α_m, i. e., (M^∗, w) |̸= ψ_α.

Suppose (M^∗, w) |̸= α_m, for some world w ∈ W_φ. Let g(m) = (i, j), i. e., A^{k+6}_m = A^{k+5}_1 → B^{k+5}_1 ∨ A^{k+5}_i ∨ B^{k+5}_j , B^{k+6}_m = B^{k+5}_1 → A^{k+5}_1 ∨ A^{k+5}_i ∨ B^{k+5}_j . Then there exist worlds w^′ and w^{′′} in M^∗ such that wR^∗w^′, wR^∗w^{′′}, and

(M^∗, w^′) |= A^{k+5}_1 , (M^∗, w^′) |̸= B^{k+5}_1 , (M^∗, w^′) |̸= A^{k+5}_i ∨ B^{k+5}_j ; (M^∗, w^{′′}) |̸= A^{k+5}_1 , (M^∗, w^{′′}) |= B^{k+5}_1 , (M^∗, w^{′′}) |̸= A^{k+5}_i ∨ B^{k+5}_j .

Note that w^′, w^{′′} ∈ W . Indeed, for every world u ∈ W_φ, we have uR^∗a^{k+6}_{n+1} and uR^∗b^{k+6}_{n+1}. Since (M^∗, a^{k+6}_{n+1}) |̸= B^{k+5}_1 and (M^∗, b^{k+6}_{n+1}) |̸= A^{k+5}_1 , we obtain (M^∗, u) |̸= A^{k+5}_1 , (M^∗, u) |̸= B^{k+5}_1 . But (M^∗, w^′) |= A^{k+5}_1 , (M^∗, w^{′′}) |= B^{k+5}_1 , thus w^′, w^{′′} ∉ W_φ, i. e., w^′, w^{′′} ∈ W .

Since w^′ and w^{′′} are R^∗-accessible from a world of W_φ, then their levels are not greater than k + 6. Besides, (M^∗, w^′) |̸= A^{k+6}_m and (M^∗, w^{′′}) |̸= B^{k+6}_m , therefore the levels of w^′ and w^{′′} are not less than k + 6. So, w^′ and w^{′′} are worlds of level k + 6. But the unique world of level k + 6 refuting A^{k+6}_m is a^{k+6}_m and the unique world of level k + 6 refuting B^{k+6}_m is b^{k+6}_m , hence w^′ = a^{k+6}_m and w^{′′} = b^{k+6}_m .

Thus wR^∗a^{k+6}_m . This means that there exists u ∈ W_φ such that wR_φu and uR^′a^{k+6}_m . But if uR^′a^{k+6}_m , then, by the definition of F^∗, we have both uR^′b^{k+6}_m and (M_φ, u) |̸= p_m. Since wR_φu, we obtain (M_φ, w) |̸= p_m.

Let ψ^′ and ψ^{′′} be subformulas of φ such that for every w ∈ W_φ,

(M^∗, w) |= ψ^′_α ⇐⇒ (M_φ, w) |= ψ^′; (M^∗, w) |= ψ^{′′}_α ⇐⇒ (M_φ, w) |= ψ^{′′}, and let ψ = ψ^′ → ψ^{′′}. If (M_φ, w) |̸= ψ, then there is a world w^′ in M_φ accessible from w such that (M_φ, w^′) |= ψ^′ and (M_φ, w^′) |̸= ψ^{′′}; but then (M^∗, w^′) |= ψ^′_α and (M^∗, w^′) |̸= ψ^{′′}_α, hence (M^∗, w) |̸= ψ_α.

Suppose for some w ∈ W_φ, (M^∗, w) |̸= ψ_α. Then there is w^′ ∈ W^∗ such that wR^∗w^′, (M^∗, w^′) |= ψ^′_α, and (M^∗, w^′) |̸= ψ^{′′}_α. Note that the formulas α_1, . . . , α_n are true in every world u ∈ W of level not greater than k + 6. Hence in all such worlds the formulas constructed from α_1, . . . , α_n using →, ∧, and ∨, must be true; in particular, ψ^{′′}_α must be true. From (M^∗, w^′) |̸= ψ^{′′}_α it follows that w^′ ∉ W , i. e., w^′ ∈ W_φ. By the inductive hypothesis, we obtain (M_φ, w^′) |= ψ^′ and (M_φ, w^′) |̸= ψ^{′′}, hence (M_φ, w) |̸= ψ.

The cases ψ = ψ^′ ∧ ψ^{′′} and ψ = ψ^′ ∨ ψ^{′′} are trivial.

As a result we obtain (M^∗, w_0) |̸= φ_α, and hence φ_α ∉ Int. �

As a corollary we immediately obtain that the decision problem for Int^+(2) is PSPACE-complete.

The case with Visser’s logics BPL and FPL is simpler. For the proof of PSPACE-hardness for BPL(0) and FPL(1) we define ‘modality’ � as the following abbreviation: �ψ = ⊤ → ψ. Let also �^1ψ = �ψ and for any n ≥ 1, let �^{n+1}ψ = �^nψ.

Let us define formulas β_n and γ_n, for n ≥ 1:

β_n = (�^{n+2}⊥ → �^{n+1}⊥) → (�^{n+1}⊥ → �^n⊥) ∨ �^{n+2}⊥; γ_n = �^2p → (�^{n+1}⊥ → �^n⊥ ∨ p).

Let φ be a positive intuitionistic formula and let p_1, . . . , p_n be all variables of φ. We denote by φ_β the result of substituting the formulas β_1, . . . , β_n respectively for p_1, . . . , p_n in φ and by φ_γ the result of substituting the formulas γ_1, . . . , γ_n respectively for p_1, . . . , p_n in φ.

Clearly, φ_β and φ_γ are computed from φ by some polynomial time algorithms. Hence, to prove PSPACE-hardness for BPL(0) it is sufficient to prove the following statement.

LEMMA 8. For every positive formula φ,

φ ∈ BPL ⇐⇒ φ_β ∈ BPL.

PROOF. If φ ∈ BPL, then φ_β ∈ BPL because BPL is closed under Substitution.

Let φ ∉ BPL. We show that φ_α ∉ BPL. There exists a model M = ⟨F, v⟩ on some transitive and antisymmetric Kripke frame F = ⟨W, R⟩ such that (M, w_0) |̸= φ, for some w_0 ∈ W .

Let F_k = ⟨W_k , R_k⟩ be the Kripke frame, depicted on Fig. 2 (b_k is a reflexive world, other are irreflexive, R_k is transitive), i. e.,

W_k = {b_k, a^k_1 , a^k_2 , . . . , a^k_{+2}};

wR_k w^′ ⇐⇒ either w = w^′ = b_k, or w = a^k_{+2}, w^′ = b_k, or w = a^k_i , w^′ = a^k_j , i > j.

•

•

•

•

∘

a^k_{+2} a^k_{+1} a^k a^k_1

b_k �

�

� � � �

�

� . .

Figure 2. Frame F_k

Frame F_k has the following property: if we add to it as a root some world w, then we obtain a frame F^′_k such that for every m ≥ 1

(F^′_k, w) |̸= β_m ⇐⇒ k = m.

Using this observation it is easy to construct a frame of BPL refuting φ_β . Let W^∗ = W ∪^{n+1} � k=1 W_k ,

let R^∗ be the transitive closure of the relation R ∪ n+1� k=1 R_k ∪ {⟨w, a^k_{+2}⟩ : w ∈ W, (M, w) |̸= p_k} ∪ {⟨w, a^{n+1}_{n+3}⟩ : w ∈ W },

and let F^∗ = ⟨W^∗, R^∗⟩. In other worlds, for every variable p_k of φ and every world w in F such that (M, w) |̸= p_k we make F_k to be accessible from w; and also for every world w in F we make F_{n+1} to be accessible from w.

For every subformula ψ of formula φ, let ψ_β be the result of substituting the formulas β_1, . . . , β_n respectively for p_1, . . . , p_n in ψ. By induction on construction of ψ one can show that for every w ∈ W

(F^∗, w) |= ψ_β ⇐⇒ (M, w) |= ψ.

Let ψ = p_k. If (M, w) |̸= p_k, then wR^∗a^k_{+2}, hence (F^∗, w) |̸= β_k, i. e., (F^∗, w) |̸= ψ_β.

Suppose (F^∗, w) |̸= ψ_β , i. e., (F^∗, w) |̸= β_k. Then there exists w^′ ∈ W^∗ such that wR^∗w^′,

(F^∗, w^′) |= �^{k+2}⊥ → �^{k+1}⊥, (F^∗, w^′) |̸= (�^{k+1}⊥ → �^k⊥) ∨ �^{k+2}⊥.

We claim w^′∉ W . Indeed, suppose w^′∈ W . Then, by the definition of F^∗, we have w^′R^∗a^{n+1}_{n+3} (i. e., F_{n+1} is accessible from w^′). It is easy to see that (F_{n+1}, a^{n+1}_{n+3}) |̸= �^{k+2}⊥ → �^{k+1}⊥, hence (F^∗, a^{n+1}_{n+3}) |̸= �^{k+2}⊥ → �^{k+1}⊥, and so (F^∗, w^′) |̸= �^{k+2}⊥ → �^{k+1}⊥. We have a contradiction, therefore w^′∉ W .

Since w^′∉ W , we have w^′ ∈ W_m, for some m ∈ {1, . . . , n + 1}. One can easily check that for any s ≥ 1,

(F_s, u) |̸= β_k ⇐⇒ s = k and u = a^k_{+2}.

For our case it means that w^′ = a^k_{+2}. By the construction of F^∗, we see that (M, w) |̸= p_k.

The cases ψ = ψ^′ ∧ ψ^{′′} and ψ = ψ^′ ∨ ψ^{′′} are trivial. The proof for the case ψ = ψ^′ → ψ^{′′} proceeds in the same way as in Lemma 7.

So, we obtain (F^∗, w_0) |̸= φ_β , and hence φ_β ∉ BPL. �

So, the decision problem for BPL(0) is PSPACE-complete. To prove PSPACE-hardness for FPL(1) it is sufficient to prove LEMMA 9. For every positive formula φ,

φ ∈ FPL ⇐⇒ φ_γ ∈ FPL.

PROOF. The proof proceeds in the same way as for Lemma 8. Instead of frames F_k one may take models M_k: the worlds in M_k are numbers 1, . . . , k + 2, the accessibility relation is the relation >, and the valuation for p is defined so that p is true in the worlds 1, . . . , k and not true in k + 1 and k + 2. �

So, the decision problem for FPL(1) is PSPACE-complete, and Theorem 4 is proved. �

4 Corollaries

Of course, from Theorem 4 we immediately obtain COROLLARY 10. The decision problem for Int(2) is PSPACE-complete.

From Theorem 4 one can obtain corollaries about complexity of the decision problem for n-variable fragments of wide classes of logics. I give some of them here.

First of all, with the help of the translation T we obtain some results in [8].

COROLLARY 11. [8]. The decision problem for K4(0), GL(1), S4(2) is PSPACE-complete.

REMARK 12. The logic S4 has PSPACE-complete decision problem in the language with one variable: see [8].

Let us consider the logic of the weak law of the excluded middle KC (for details the reader can consult [9]), which is defined by adding to Int the corresponding axiom: KC = Int + ¬p ∨ ¬¬p.

The decision problem for KC^+ is PSPACE-complete. The proof of this fact is similar to the one for Int^+ [33]; in particular, to prove PSPACEhardness of KC^+ it is sufficient to consider the same formulas.

V. A. Jankov [17] proved that, for every superintuitionistic logic L (i. e., an extension of Int),

L^+ = Int^+ ⇐⇒ L ⊆ KC.

Hence from Theorem 4 we obtain the following statements. COROLLARY 13. The decision problem for KC(2) is PSPACE-complete. COROLLARY 14. Let L be a logic such that Int ⊆ L ⊆ KC. Then the decision problem for L(2) is PSPACE-hard.

Corollary 14 has its own corollaries.

COROLLARY 15. Let L be a logic such that L ⊂ Cl and it can be obtained by adding to Int a one-variable axiom. Then the decision problem for L(2) is PSPACE-hard.

PROOF immediately follows from [21] and Corollary 14. Indeed, using the Nishimura lattice [21], one can see that the greatest consistent extension of Int obtained by adding to it a one-variable axiom is KC. �

For the next corollary we need a definition: a formula φ is called implication free if φ is constructed from propositional variables with ∧, ∨ and ¬. COROLLARY 16. Let L be a logic such that L ⊂ Cl and it can be obtained by adding to Int an implication free axiom. Then the decision problem for L(2) is PSPACE-hard.

PROOF. It is not hard to see that in this case Int + φ ⊆ KC (see also [3]), and so the decision problem for the two-variable fragment of L is PSPACE-hard by Corollary 14. �

We consider two special logics: the Kreisel–Putnam logic KP and the Medvedev logic ML. The logic KP is defined by adding to Int the Kreisel– Putnam formula:

KP = Int + (¬p → q ∨ r) → (¬p → q) ∨ (¬p → r).

The logic ML is an extension of KP. It can be defined semantically in the following way, see [9]. Let n > 0 and let W_n be the family of nonempty subsets of a set with n elements. Let wR_nw^′ mean w^′ ⊆ w, for every w, w^′ ∈ W_n. The pair M_n = ⟨W_n, R_n⟩ is clearly a Kripke frame. Then

ML = {φ : F_n |= φ, for any n > 0}.

These two logics are rather complex: it is known that KP is decidable [12] but it is not known if the decision problem for KP belongs to PSPACE. The decidability of ML is still an open problem.

Since ML^+ = Int^+ [37], from [17] we obtain ML ⊆ KC, and hence we proved

COROLLARY 17. The decision problem for logics KP(2) and ML(2) is PSPACE-hard.

Note, that to prove PSPACE-hardness of BPL, FPL, Int, KC (in full language) we can use the same (positive) formulas (see [4]; one can also construct such formulas as a slight modification of the ones in [33] or [9], see Remark 3). More exactly, there exists a polynomial time algorithm f such that for every quantified Boolean formula φ,

φ is satisfiable ⇐⇒ f(φ) ∉ L,

where L ∈ {BPL, FPL, Int, KC}, f(φ) is a positive formula (for complexity of satisfiability problem for quantified Boolean formulas see [34]).

Using this observation we obtain the following statements.

COROLLARY 18. Let L be a logic such that BPL ⊆ L ⊆ KC. Then the decision problem for L^+(2) is PSPACE-hard.

PROOF. Let φ^∗ = f(φ), where f is the function mentioned above, φ is a quantified Boolean formula. If φ is not satisfiable, then φ^∗ ∈ BPL, hence φ^∗_α ∈ BPL (because BPL is closed under Substitution), so φ^∗_α ∈ L^+(2). If φ is satisfiable, then φ^∗ ∉ Int, hence, by Lemma 7, we have φ^∗_α ∉ Int, wherefore, by [17], φ^∗_α ∉ KC, and so φ^∗_α ∉ L^+(2). �

COROLLARY 19. Let L be a logic such that BPL ⊆ L ⊆ FPL. Then the decision problem for L(1) and L^+(2) is PSPACE-hard.

PROOF. It is easy to understand that the decision problem for L(1) is PSPACE-hard. To prove PSPACE-hardness for L^+(2) we may simply redefine the ‘modality’ �: �ψ = (q → q) → ψ, here q is a propositional variable different from p. All semantic properties of this ‘new’ � are the same as of the ‘old’ one, hence if in the definition of γ_n we use the ‘new’ � instead of the ‘old’ � and q instead of all other occurrences of ⊥, then we obtain a positive version of φ_γ , and so, PSPACE-hardness for L^+(2). �

Using the same argumentation and formulas β_n it is easy to show that the decision problem for BPL^+(1) is PSPACE-complete too.

COROLLARY 20. The decision problem for the logic BPL^+(1) is PSPACE-complete.

Note also that BPL^+(0) is trivial; in particular, it is decidable in polynomial time.

5 Complexity function

Recall that the complexity function f_L(n) for a logic (a set of formulas) L is defined in the following way (see [9]):

f_L(n) = max_{|φ| ≤ n}

φ ∉ L min F |= L F |̸= φ

|F|,

where |F| is the cardinality of the frame F and |φ| is the length of the formula φ.

The complexity function for a logic L is a way to estimate the complexity of the decision problem for L. For example, it can provide us with bounds for some computational resources (for example, time resources) required for algorithms deciding L by searching for countermodels for tested formulas.

Moreover, the study of the complexity function for Int and for some other logics may be helpful in the search for an answer to Kuznetsov’s question presented in [19] (see also [18]): is the problem ‘φ ∈ Int?’ polynomially reducible to the problem ‘φ ∈ Cl?’? So, in fact A. V. Kuznetsov [19] showed that if the complexity function for Int is polynomial, then Int is polynomially equivalent to Cl. Note that Int here may be replaced with other logics — BPL, FPL, K, T, K4, etc. — which have PSPACE-hard decision problem and ‘good’ semantics. Note also that a positive answer to such question means that NP = PSPACE.

At the end of 1970s and later M. V. Zakharyaschev established for a lot of standard non-classical logics (in particular including Int and KC) that the complexity function for these logics is exponential, see [9, 23, 24], i. e., for some positive numbers k, m, r, s,

2^{k·nm} � f_L(n) � 2^{r·ns} .

So, the complexity function for these logics actually cannot be bounded by any polynomial function.

Zakharyaschev’s results are in close connection with Ladner’s and Statman’s ones: using Zakharyaschev’s formulas it is not hard to prove PSPACE-hardness of Int, K, T, S4, etc., and from Ladner’s and Statman’s constructions it is not hard to obtain that the complexity function for the corresponding logics is exponential.

In general we can observe a certain connection between the complexity function for a logic L and the complexity of L with respect to complexity classes such as NP and PSPACE. For example, known logics with NPcomplete decision problem — Cl, S5, S4.3, etc. — have polynomial complexity function, known logics with PSPACE-complete decision problem — Int, BPL, FPL, K, T, etc. — have exponential complexity function; note also that the complexity function for every logic between KP and ML has the lower bound of order 2^{2k·n} , for some k > 0 (for details see [9]).

All these results are obtained for logics with infinitely many variables in the language (I do not take into account our — with A. V. Chagrov — article [8]), and it is natural to solve the problem about bounds of the complexity function for PSPACE-hard n-variable fragments of Int, KC, BPL, etc. Of course, it will be surprising if the complexity function for some of these fragments is polynomial, and it is really not the case: it has exponential lower bound in every case of the logics considered here. To prove it, it is sufficient to take corresponding Zakharyaschev’s (or Statman’s, or Chagrov’s) formulas and substitute α_n’s, or β_n’s, or γ_n’s in accordance with what logic we consider.

So, we have the following corollaries from the construction of Theorem 4. COROLLARY 21. Let a logic L be such that BPL(1) ⊆ L(1) ⊆ FPL(1). Then the lower bound of the complexity function for L(1) is exponential. COROLLARY 22. Let a logic L be such that BPL^+(2) ⊆ L(2) ⊆ FPL^+(2), or BPL^+(2) ⊆ L(2) ⊆ Int^+(2). Then the lower bound of the complexity function for L(2) is exponential.

Taking into account results in [9] concerning the complexity function, in some cases we can specify the result.

COROLLARY 23. The complexity function for the logics BPL(0), FPL(1), Int(2), KC(2), BPL^+(1), FPL^+(2), Int^+(2) is exponential.

6 Acknowledgements

First of all, I am very grateful to my Teacher and scientific adviser Alexander Chagrov. I am also grateful to Valentin Shehtman and Philippe Balbiani: the basic results of this paper were presented and discussed on their seminars in Moscow and Toulouse. My special thanks to anonymous referees for their remarks and advises, which were very helpful to make the article more clear and understandable. In this connection I am also thankful to Aleksey Sosinskiy for his book [31]. I am thankful to Michael Zakharyaschev for his help in the presentation of my work.

BIBLIOGRAPHY

[1] P. Blackburn, M. de Rijke, and Y. Venema. Modal Logic. Cambridge University Press, 2001.

[2] F. Bou. Complexity of strict implication. Advances in Modal Logic, 5:1–16, 2005. [3] E. Carpińska. On intermediate logics which can be axiomatized by means of implicationless formulas. Reps Math. Logic, (13):11–16, 1981.

[4] A. V. Chagrov. On the complexity of propositional logics. Complexity Problems of Mathematical Logic, pages 80–90, 1985. (In Russian).

[5] A. V. Chagrov. Formal propositional logic of A. Visser and its extensions. Logical Investigations, 10:204–211, 2003. (In Russian).

[6] A. V. Chagrov. Algorithmic problem of finitary semantical consequence for basic and formal logics of A. Visser. Logical Investigations, 11:282–289, 2004. (In Russian).

[7] A. V. Chagrov and L. A. Chagrova. Algorithmic problems in semantics of Visser’s formal propositional logic. In Computer Science Applications of Modal Logic. International Conference. September 5–9 2005, pages 11–12, Moscow, 2005. Poncelet Laboratory of UMI 2615 and Independent University of Moscow.

[8] A. V. Chagrov and M. N. Rybakov. How many variables one needs to prove PSPACEhardness of modal logics? Advances in Modal Logic, 4:71–81, 2003.

[9] A. V. Chagrov and M. V. Zakharyaschev. Modal Logic. Oxford University Press, 1997. [10] S. A. Cook. The complexity of theorem-proving procedures. In Proceedings of the Third Annual ACM Symposium on the Theory of Computation, pages 151–158, 1971.

[11] R. Fagin, J. Y. Halpern, and M. Y. Vardi. What can machines know? On the properties of knowledge in distributed systems. Jornal of the Association for Computing Machinery, 39(2):328–376, 1992.

[12] D. M. Gabbay. The decidability of the Kreisel–Putnam system. The Journal of Symbolic Logic, 35(3):431–437, 1970.

[13] D. M. Gabbay, A. Kurucz, F. Wolter, and M. Zakharyaschev. Many-Dimensional Modal Logics: Theory and Applications. Studies in Logic and the Foundations of Mathematics, 148. Elsevier, North-Holland, 2003.

[14] M. R. Garey and D. S. Johnson. Computers and Intractability, A Guide to the Theory of NP-completeness. San Francisco, 1979.

[15] J. Y. Halpern. The effect of bounding the number of primitive propositions and the depth of nesting on the complexity of modal logic. Artificial Intelligence, 75(2):361– 372, 1995.

[16] N. Immerman. Descriptive Complexity. Springer, 1999.

[17] V. A. Jankov. On the calculus of the weak law of excluded middle. Mathematics of the USSR, Izvestia, (5):1044–1051, 1968. (In Russian).

[18] A. V. Kuznetsov. On superintuitionistic logics. In Proceedings of the International Congress of Mathematicians, pages 243–249, Vancouver, 1975.

[19] A. V. Kuznetsov. On facilities for detection of non-derivability and non-expressibility.

In Logical Derivation, pages 5–33. Nauka, Moscow, 1979. (In Russian). [20] R. E. Ladner. The computational complexity of provability in systems of modal logic.

SIAM Journal on Computing, 6:467–480, 1977.

[21] I. Nishimura. On formulas of the one variable in intuitionistic propositional calculus.

The Journal of Symbolic Logic, 25:327–331, 1960.

[22] C. H. Papadimitriou. Computational Complexity. Addison–Wesley Publishing Company, 1995.

[23] S. V. Popov and M. V. Zakharyaschev. On the complexity of Kripke countermodels in intuitionistic propositional calculus. In Proceedings of the 2nd Soviet–Finland Logic Colloquium, pages 32–36, 1979. (In Russian).

[24] S. V. Popov and M. V. Zakharyaschev. On the cardinality of countermodels of intuitionistic calculus. Technical Report 45, Institute of Applied Mathematics, Russian Academy of Science, 1980. (In Russian).

[25] W. Ruitenburg. Basic predicate calculus. Notre Dame Journal of Formal Logic, 39(1):18–46, 1998.

[26] M. N. Rybakov. Complexity of the decision problem for basic and formal logics. Logical Investigations, 10:158–166, 2003. (In Russian).

[27] M. N. Rybakov. On complexity of the decision problem for basic and formal logics with finitely many variables in the language. In Smirnov Readings. IV International Conference, pages 49–50, Moscow, 2003. Publishing of Institute of Philosophy RAS.

[28] M. N. Rybakov. Embedding of intuitionistic logic into its two-variable fragment and complexity of this fragment. Logical Investigations, 11:247–261, 2004. (In Russian).

[29] M. N. Rybakov. Complexity of the two-variable fragment of intuitionistic propositional logic. In Computer Science Applications of Modal Logic. International Conference. September 5–9 2005, pages 35–36, Moscow, 2005. Poncelet Laboratory of UMI 2615 and Independent University of Moscow.

[30] W. J. Savitch. Relationships between nondeterministic and deterministic tape complexity. Journal of Computer and System Science, 4:177–192, 1970.

[31] A. B. Sosinskiy. How to Write a Mathematical Article in English. International Center “Sofus Li”, Minsk, 1994. (In Russian).

[32] E. Spaan. Complexity of Modal Logics. PhD thesis, University of Amsterdam, Department of Mathematics and Computer Science, 1993.

[33] R. Statman. Intuitionistic propositional logic is polynomial-space complete. Theoret.

Comput. Sci., 9(1):67–72, 1979.

[34] L. Stockmeyer. Classifying the computational complexity of problems. The Journal of Symbolic Logic, 52(1):1–43, 1987.

[35] Y. Suzuki, F. Wolter, and M. Zakharyaschev. Speaking about transitive frames in propositional languages. Journal of Logic, Language and Information, 7:317–339, 1998.

[36] V. Švejdar. The decision problem of provability logic with only one atom. Arch. Math.

Logic, pages 1–6, 2003.

[37] M. Szatkowski. On fragments of medvedev’s logic. Studia Logica, 40(1):39–54, 1981. [38] A. Visser. A propositional logic with explicit fixed points. Studia Logica, 40:155–175, 1981.

[39] D. A. Viter. Basic logic and primitive-recursive realizability. Logical Investigations, 9:90–102, 2002. (In Russian).

[40] M. Zakharyaschev, F. Wolter, and A. Chagrov. Advanced modal logic. In D. M. Gabbay and F. Guenthner, editors, Handbook of Philosophical Logic, volume 3, pages 83–266. Kluwer Academic Publishers, 2nd edition, 2001.

Mikhail Rybakov Tver State University Departmant of Mathematics Zhelyabova Street, 33 Tver 170000 Russia

m rybakov@mail.ru