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Abstract

The Reflection Calculus (RC, c.f. [6], [8]) is the fragment of the polymodal logic
GLP in the language £ whose formulas are built up from T and propositional
variables using conjunction and diamond modalities. RC is complete with respect
to the arithmetical interpretation that associates modalities with reflection principles
and has various applications in proof theory, specifically ordinal analysis.

We present TRC, a tree rewriting system (c.f. [2]) that is adequate and complete with
respect to RC, designed to simulate RC derivations. TRC is based on a given corres-
pondence between formulas of £ and modal trees Tree®. Modal trees are presented
as an inductive type (c.f. [9], [16]) allowing precise positioning and transformations
which give rise to the formal definition of rewriting rules and facilitates formalization
in proof assistants. Furthermore, we provide a rewrite normalization theorem for sys-
tematic rule application. The normalization of the rewriting process enhances proof
search efficiency and facilitates implementation (c.f. [20], [12], [15]).

By providing TRC as an efficient provability tool for RC, we aim to help on the study
of various aspects of the logic such as the subformula property and rule admissibility.

Keywords: Strictly positive logics, Reflection Calculus, tree rewriting systems,
abstract rewriting systems, polymodal logics, normalized rewriting, proof
normalization, proof search, proof theory, type theory.

1 Introduction

Modal logics provide an attractive alternative to first or higher order logic for
computational applications, largely due to the fact that they often enjoy a
decidable consequence relation while remaining expressive enough to describe
intricate processes. However, decidability alone does not suffice for practical
implementation when complexity comes at a hefty price tag; even propositional
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logic is NP-complete, which quickly becomes intractable as formula size and
especially the number of variables is large.

This is no longer an issue when working in strictly positive fragments (see
e.g. [14]), which in contrast enjoy a polynomially decidable consequence rela-
tion. Strictly positive formulas do not contain negation and instead are built
from atoms and T using conjunction and < (or, more generally, a family of
modalities (i) indexed by ¢ in some set I). Strictly positive formulas tend to
be contingent, so validity and satisfiability are no longer the most central pro-
blems, but the consequence relation is indeed useful for example for reasoning
about ontologies and is the basis for some description logics [1].

One remarkable success story for strictly positive logics comes from the
reflection calculus (RC) [8,7]. Beklemishev has shown how Japaridze’s poly-
modal provability logic GLP [13] can be used to perform a proof-theoretic
analysis of Peano aritmetic and its fragments [5]; however, the logic GLP is
notoriously difficult to work with, especially as it is not Kripke-complete. In
contrast, its strictly positive fragment is rather tame from both a theoretical
and computational point of view, yet suffices for the intended proof-theoretic
applications.

The current work is inspired by two distinct ideas that have arisen in the
study of strictly positive logics. The first is the tree representation of formulas,
which yield a way to decide strictly positive implications. This was developed
by Kikot et al. [14] in a general setting and by Beklemishev [7] in the context
of RC. In both cases, one assigns to each strictly positive formula ¢ a finite,
tree-like Kripke model T'(¢) with the crucial property that ¢ — 1 is valid if
and only if T(¢) = ¥. Thus the study of strictly positive fragments can be
reduced to the study of their tree-like Kripke models.

The second is the connection of strictly positive calculi to term rewrite
systems. Strictly positive formulas and, particularly, those built exclusively
from T and the modalities (i), may be regarded as words (or ‘worms’). This has
prompted Beklemishev [4] to view strictly positive fragments as term-rewriting
systems [2], but connections between such systems and modal logic are not new
and can be traced back to Foret [10].

Term rewriting is a discipline that integrates elements of logic, universal
algebra, automated theorem proving, and functional programming. It has ap-
plications in algebra (e.g. Boolean algebra), recursion theory (computability of
rewriting rules), software engineering and programming languages (especially
functional and logic programming [19]), with the A-calculus perhaps being the
most familiar example [3]. Of particular interest to us, tree rewriting sys-
tems [11] are term rewriting systems such that terms are trees.

When terms represent formulas, rewrite rules are similar to deep inference
rules, i.e. rules which may be applied to strict subformulas of the displayed
formulas. This is the approach taken by Shamkanov [17] for developing a cut-
free calculus for GLP. As is the case for other technical differences between
GLP and the reflection calculus, our tree rewrite system makes up for the loss
in expressive power with increased simplicity and transparent Kripke semantics.
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Our approach is to recast RC as an abstract rewriting system in which
terms are trees. In the parlance of rewrite systems, cut-elimination can be
viewed as a normalization procedure for derivations. In our setting we do not
have an analogue of the cut rule, but we do obtain a rewriting normalization
theorem which states that the rewriting process can be consistently and effi-
ciently executed by grouping rewriting rules by their kinds and applying them
in a designated sequence. By doing so, it enhances our comprehension of the
dynamics of the tree rewriting system, offering valuable insights into the nature
of the rewriting process and the interplay among rules. Moreover, it furnishes
an efficient framework for proof search methodologies. Thanks to the normali-
zation theorem, the need for exhaustive exploration is minimized by focusing
on normalized rewriting sequences, which mitigates the risk of redundancy in
rewriting. Consequently, when searching for a proof of a certain result, we only
need to consider the normalized derivations, thereby reducing the proof search
space and improving computational efficiency [12]. Furthermore, it serves as a
practical guide for implementing the rewriting process in proof assistants [15].

In our presentation, we make use of the inductive type of lists within the
framework of type theory (cf. [16], [9]) to define the trees in our tree rewriting
system. The use of lists allows to define inductive structures with an order,
facilitating the specification of internal positions and transformations for re-
writing systems, and its formalization in proof assistants.

Since lists play such a central role in our work, we conclude this introduction
by establishing some notation. A list of elements of type A is either the empty
list @ or [z] ~ L for x an element of type A, a list L of elements of type .4 and
~ the operator of concatenation of lists. We write z ~ L and L ~ = to denote
[] ~ L and L ~ [z], respectively. The length of a list L of elements of type A
is denoted by |L|.

2 From K* to RC

In this section we present the basic sequent-style system K™ for the language
of strictly positive formulae, concluding by an introduction to the Reflection
Calculus (RC) as an extension of K.

We consider the language of strictly positive formulae £ composed from
propositional variables p,q,..., in Prop, the constant T, and connectives A for
conjunction and (a) for diamond modalities for each ordinal a € w. Formally,
the strictly positive formulae ¢ of £ are generated by the following grammar:

pu=T|pl{a)p|(pAp), a€wandpe Prop.

The modal depth of ¢, denoted by md(¢y), is recursively defined as md(T) :=
0, md(p) := 0 for p € Prop, md({a)p) := md(¢) + 1 and md(p A ) =
max{md (), md() }.

Sequents are expressions of the form ¢ - 1) for v, ¢ € L*. If L is a logic, we
write ¢ F ¥ for the statement that ¢ - ¢ is provable in L. We write ¢ = ¢
to denote ¢ | ¢ and ¢ | .
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Polymodal K can be readily adapted to its strictly positive variant, where
most notably the necessitation rule is replaced by distribution for each diamond
modality.

Definition 2.1 (K™, [4]) The basic sequent-style system K™ is given by the
following axioms and rules:

o Fr+ 0 ol T;

if o Fg+ ¥ and 9 Fg+ ¢ then ¢ b+ ¢ (cut);

© A Fr+ ¢ and @ A Fg+ 1 (elimination of conjunction);

if b+ ¥ and @ Fg+ ¢ then ¢ Fx+ ¥ A ¢ (introduction to conjunction);

if  Fg+ ¥ then (a)p Fg+ (@) (distribution).

For II a finite list of strictly positive formulae, ATl is defined by T for

IT =@ and p A AII for IT = ¢ ~ II. Note that A(II; ~IIz) =g+ AL} A AL
for II; and Il finite lists of strictly positive formulae.

A diamond modality can be distributed over a conjunction of formulas for
K™ as follows.

Lemma 2.2 (a)(p1 A ... App) Fr+ (@)1 Ao A{a)on,.
Proof. By an easy induction on n. a

We aim to define a tree rewriting system adequate and complete w.r.t. the
Reflection Calculus, the strictly positive fragment of Japaridze’s polymodal
logic formulated as an extension of KT.

Definition 2.3 (RC, [6], [8]) The Reflection Calculus (RC) is the strictly
positive modal logic extending KT by the following axioms:

(a){a)p Fre ()¢ (transitivity);
()¢ Fre (B)p, a > B (monotonicity);
(e A (B)Y Fre (@) (@ A (B)), a> B (J).

3 Modal trees

In this section we present modal trees, a concrete set of inductively defined trees
on which our rewriting system is based, and the corresponding framework for
their manipulation. Modal trees are finite labeled trees with nodes labeled
with lists of propositional variables and edges labeled with ordinals less than
w. Specifically, modal trees can be regarded as tree-like Kripke models of the
form (W, {Ra}aew,v) such that an ordinal « labels an edge if R, relates the
corresponding nodes, and a list of propositional variables labels a node if its
elements are the only propositional variables being true under the valuation v
in that node. However, for technical convenience, both in presenting the rewrite
system and in formalizing our results in a proof assistant, it will be convenient
to present modal trees as inductively defined structures. In particular, the
children of a node of a modal tree are given by lists instead of sets, providing a
default ordering on its children useful for unambiguously determining positions
in the tree.
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Definition 3.1 (Tree®) The set of modal trees Tree® is defined recursively to
be the set of pairs (A;T") where A is a finite list of propositional variables and
I is a finite list of pairs (o, T), with a < w and T € Tree®.

Elements of Tree® will be denoted by T and S. Note that we employ distinct
notations to enhance clarity on wether a pair is a modal tree: (-;-) is used for a
pair representing a modal tree, while (-, ) denotes a pair comprising an ordinal
and a modal tree. The root of a modal tree (A;T') is A and its children is the
list [S|(r,8) € T']. Note that, in general we write [f(«a, S)|(c, S) € T'] to denote
the list [f(aq,81), .., f(an,Sp)] for T' = [(a1,81), ..., (an,Sp)], n > 0 and f a
function of domain Ord<* x Tree®. For the sake of readability we write v € I"
and T € T to denote v € [a|(a,8) € T'] and T € [S|(a, S) € I'] respectively, since
the context permits a clear distinction. A modal tree is called a leaf if it has
an empty list of children. The height of a modal tree T, denoted by h(T), is
inductively defined as h((A; @)) := 0 and h((A;T)) := max[h(8)|s € T'] + 1.

The sum of modal trees is the tree obtained by concatenating their roots
and children.

Definition 3.2 The sum of modal trees Ty = (A1;T1) and Ty = (Ay;Ty) is
defined as Ty +Tq:= <A1 ~ AQ; Fl ~ F2>

More generally, for A a finite list of modal trees, Y A is defined as (&; &)
if A =@ and T+ S Aif A =T ~ A. Note that h(T; +T2) = max{h(Ty), h(T2)}
for Ty, Ty € Tree®.

A standard numbering of the nodes of the tree by strings of positive integers
allows us to refer to positions in a tree. Specifically, the set of positions of a
tree includes the root position, defined as the empty string, and the positions
from its children which are obtained by appending the order of each child to
its positions.

Definition 3.3 (Set of positions) The set of positions of a modal tree T =
(A;T), denoted by Pos(T) € P(N*), is inductively defined as

e Pos((A;@)) := {e} for e € N* the empty string,
e Pos({(A;T)) := {e} U Ejl{ik|k € Pos(8;)} for I' = [(a1,81), ..., (an, Sp)]-

Using the precise position apparatus we can define derived notions like, for
example, that of subtree.

Definition 3.4 (Subtree) The subtree of T € Tree® at a position k € Pos(T),
denoted by T|k, is inductively defined over the length of k as

. T\E =T,
e T|ir :=S;|y for 1 <i < mn such that T = (A;[(a1,91), vy (Qny Sn)])-
We can now define subtree replacement based on the precise positioning

provided.

Definition 3.5 (Replacement) Let T,S € Tree® and k € Pos(T). The tree
obtained from T by replacing the subtree at position k by S, denoted by T[S],
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is inductively defined over the length of k as
e T[S :=5,
e T[S]ir := (A;[(01,81), .oy (3583 [8]e), oy (W, S)]) for 1 < i < n and
T = (A;[(a1,81), s (@n, Sn)])-
Here below we present useful results on positioning and replacement in a

modal tree.

Lemma 3.6 Let T,S,S € Tree® be modal trees. Then, for k and r belonging to
the adequate position sets we have

(1) (T|k)‘r = ler;

(i) T[T|k]k = T;
(iii) (T[Si)he = 8;
(iv) (T[S]k)[S]k = T[S]k (tramsitivity of replacement);

(v) (T[S [Shee = TIS[S]x -
Proof. We proceed by induction on the tree structure of T for each statement.
If T is a leaf, the results follow easily since k = e. Otherwise, we continue by
cases on the length of k. For € the statements trivially hold. Finally consider tk
for 1 < i <n and k € Pos(S;) such that T = (A;[(a1,81), s (@, Sp)]). Then,
by definition and each statement’s inductive hypothesis for S;, we conclude
(Thig)le = Silg)le = Silge = Tliges
2. [T‘zk] ik — [S | } ik = <A [(alvsl)v'“v(aivsi[si|1}]ﬁ)7"'7(anvsn)]> =T
3. (T8l lige = (A5 [(an, 81), oo, (@i, SilSlg), ooy (s Sn) )i = (SilSlg) I = S5
4

—_

il (an7 SH)D)[S]ifcr

4 Relating formulas and modal trees

Our tree rewriting system is based on a correspondence between the language of
L* and Tree®. Thereby we can ensure that transformations within the structure
of modal trees accurately simulate derivations in a considered proof system. For
this purpose, we introduce the tree embedding operator 7 inductively defined
over the set of strictly positive formulas mapping them to modal trees. This
definition is inspired by the canonical tree representation of strictly positive
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formulae presented by Beklemishev (see [7]) as a combinatiorial tool for proving
the polytime decidability of RC. Additionally, we define ¥ mapping modal
trees to formulas. Ultimately, we prove that composition T o F serves as the
identity over Tree®, while F o T acts as the identity on £ modulo equality for
K+.

Definition 4.1 (7) The modal tree embedding is the function T : LT —
Tree® inductively defined over the structure of strictly positive formulae as
T(T) = (2;9),
T(p) == ([p]; @) for p € Prop,
s T({)e) = (@;[(a, T(p))]) for o € LT,

T(eAY) :=T(p) + T(Y) for g, € LT,

a QA ~ Ay

@© @ Q2

@I(T) () T0) T() T(9)
T(e) (d) T A¥)

Fig. 1. Modal tree embedding
The modal depth of a formula coincides with the height of the modal tree
which it is mapped to.
Lemma 4.2 h(T(p)) = md(p) for ¢ € LT.
Proof. By an easy induction on the structure of . a
We also introduce a corresponding embedding in the opposite direction.

Definition 4.3 (§) The strictly positive formulae embedding is the function
F : Tree® — LT defined as

FUAT)) == AAA ALa)F(9)|(a,8) €T,

For the sake of readability, we will simply write <I' to denote
[(@)F(S)|(a,5) € T,

We conclude this section by providing a relation among strictly positive
formulas and modal trees through the composition of the embeddings.

Proposition 4.4 (Embedding composition) T o F = idreee and Fo T =
idﬁ+/EK+ .
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Proof. We firstly prove T o F(T) =T for T € Tree® by induction on the modal
tree structure. The leaf case follows by definition since T(F((A; @))) = T(A\ AA
T) = (A; @). Otherwise, assuming T(F(S)) = 8 for every S € I', we conclude

TEFUAD)) =T(A\AA A\oD) =T(A\A)+T(/\or)
= (A;2) + Y _[T((@)F(9))|(@,8) €T]
= (A;2) + > _[(2; (o, T(F(S))) (e, 8) €T
= (8;2) + > _[(@; (e, 9))I(e,8) € T] = (AT).

Finally, we prove F o T(p) =+ ¢ for ¢ € LT by induction on the structure
of ¢.

¢ FoT(T)=TAT=x+ T;FoT(p)=(AT)AT =+ p.
e Let us assume F o T(¢) =i+ . Then,

FoT(a)y) = F(Z; [(a, TW)]) = T A {)F o T(Y) AT =k+ ()¢

e Let T(¢) = (Ay;Ty) and T(¢) = (Ap;Ty). Assuming Fo T(¢) =+ ¢ and
Fo “T(d)) =K+ ¢7

FoT(YA@) =+ /\AwA/\QFQﬁ/\/\A(b/\/\OF(b =K+ YA Q.
O

5 The tree rewriting system for RC

We introduce the tree rewriting system for RC, an abstract rewriting system
for Tree® which will be proven adequate and complete w.r.t. RC in the next
section. Additionally, we present useful results for the rewriting, along with
the Inside Rewriting Property which involves transforming a subtree while
preserving the remaining parts invariant.

An abstract rewriting system is a pair (A, {—"},er) consisting of a set A
and a sequence of binary relations <—* on A, also called rewriting rules (r.r.).
Instead of (a,b) € —* we write a —* b and call b is obtained by applying p to
a or b is obtained by performing one step u to a. The composition of rewriting
rules p1 and po is written a <—#1 o <#2 b and denotes that there is @ € A such
that a =+ a —#"2 b.

In particular, the rewriting rules of the tree rewriting system for RC trans-
form a tree by replacing a subtree with a predetermined tree. The rules are
classified into five kinds according to the performed transformation: atomic,
structural, replicative, decreasing, and modal rewriting rules. Atomic rules du-
plicate or eliminate propositional variables in the lists labeling the nodes; the
structural rule permutes the order of a node’s children; the replicative rule du-
plicates a child of a node; decreasing rules either eliminate a child or remove a
node and its children under certain conditions; and modal rules either decrease
the label of an edge or apply a transformation simulating the J axiom of RC.
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Atomic r.1. T " T(ATH Tk pT-rule
0<i<|A| T THATHT)]x p -rule
Structural r.r.
0<i,j<|T, T 7 T{A; T%7) ) o-rule
i# ]
Replicative r.r. )
P T €_>7r+ T[(A; F'Hﬂk mt-rule
0<i<|T
Decreasing r.r. T ™ T[(A; I‘*i>]k 7w -rule
0<i<|T| T <4 T(A; T((8,8))i) )k
. ~ o ~ 4-rule
0<j<|T| for #,I" = (B, (A;T)) and #,T" = (8,5)
Modal r.r. T —* T[(A;T[(8,8)]i) )k
A-rule
a>f for #,I' = («,8)
0<i,j<IT| | T TA;(T[(c, (AT ~ (8,8))]:) ) Lrule
i for #,T' = (a, (A;T)) and #,T = (8,9)
Table 1

Rewriting rules of R for T € Tree®, k € Pos(T) and T|x = (A;T).

To define the rewriting rules, we introduce the following notation.
Let T = (A;T) be a modal tree, 0 < 4,5 < || and n < |A]
such that T' = [(a1,81),..s (@m,Sm)].  The ith element of T is de-
noted by #;I. The list obtained by erasing the ith element of I, i.e.
[(1,81)s ey (i1,8i-1), (Qis1,Si41);s e (Qm, S )], is denoted by I'"¢. The list
obtained by duplicating the ith element of I" and placing it at the beginning,
ie. (a;,S;) ~ T, is denoted by I't. Analogously, the list obtained by erasing
the nth element of A and the list obtained by duplicating the nth element of
A and placing it at the beginning are denoted by A~=" and A*", respectively.
The list obtained from T' by replacing its ith element by («,S) is defined by
F[(Oé, S)]l = [(011, Sl), veoy (Cl{i,h Sifl), (Ol, S), (()éi+1, Si+1), ceey (Olm, Sm)} Note
that we use the same notation for replacement in a list of pairs and replace-
ment in a modal tree since the context allows for a clear distinction. Finally,
the list obtained by interchanging the ith element with the jth element, i.e.
(F[#ZF]])[#]F]Z, is denoted by 1_‘“—>]

We can now present the tree rewriting system for Reflection Calculus.

Definition 5.1 (TRC) The tree rewriting system for RC, denoted by
TRC, is the abstract rewriting system (Tree®,{—#},cx) for R =
{pT,p~ 0,7, 7 ,4,)\,J}. The rewriting rules of R are defined in Table 1.

Due to the transformations they induce, the rules are named as follows:
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|
A i A s’ A
6 Ac / B N
’ A T /,’/ 5\ A s A
Y \ 7 \ | /
e ' 3 SN
S r I s

Fig. 2. 4-rule and J-rule.

the pT-rule is called atom duplication, the p~-rule is called atom elimination,
the o-rule is called child permutation, the T -rule is called as child duplication,
the 7~ -rule is called child elimination, the 4-rule is called transitivity, and the
A-rule is called monotonicity.

More generally, the tree rewriting relation is the union of the rewriting rules.

Definition 5.2 (<) The tree rewriting relation — is defined as
+ - o xt T 4 A J
== U= U=U=" U= Uty U

We say that the step in T < T’ has been performed at position k if the
applied rule replaces the subtree at position k € Pos(T). We say that T rewrites
to T/, denoted by T —* T/, if T’ is the result of applying zero, one or several
rewriting rules of R to T. In other words, —* denotes the reflexive transitive
closure of <. The trees T and T' are TRC-equivalent, denoted by T <& T/, if
T —* T and T/ <—* T. If T rewrites to T by applying the rewriting rule u zero,
one or several times, we write T —** T’. For Q a list of rewriting rules, we
define T —% 8 inductively as T —* T by applying no rewriting rules if 2 = &,
and T —# 0 2 S for O = oA~ Q). Likewise, for ; and Qs lists of rewriting
rules, T <™ o <22 8 denotes that there is § such that T <1 § <2 g,

Modal trees with permuted lists labeling the nodes are TRC-equivalent.

Lemma 5.3 <A1 ~ AQ,F> (i) <A2 ~ Al,F>
Proof. It suffices to show (A1 ~ Ag;T) —* (Ay ~ Ay;T') by induction on
the length of Ag. If Ay is empty, the result trivially holds. Assuming (A ~
Ag; Ty —* (Ay ~ A;T) for any list of propositional variables A, using atom
duplication and atom elimination rewriting rules we conclude
(Ar~ (p~ A2);T) = (A1 ~ p) ~ Ay T) =7 (Ag ~ (A ~ p)iT)
S (p~ By ~ Ay A pT) S ((p~ Ag) ~ AgT).

Here are some useful results on rewriting a sum of modal trees.
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Lemma 5.4 Let Ty, Ty, T3,S1,S82 € Tree®. Then,
() T & Ty +Ty;
) Ty 4+ Ty & To 4 Ty;
) Ty 4+ Ty —=* Ty and Ty + Ty —* To;
(iv) If T; —* 81, then Ty + To <—* 81 + Ta;
) If Ty —=* Ty and Ty <—* T3 then Ty —* Ty + T3;
(vi) If S; —* Ty and S —* Ty, then S1 + So —* Ty + Ta.

Proof. The implication from left to right of the first statement holds by atom
and child duplication, and the inverse implication by atom and child elimina-
tion. The second result holds by Lemma 5.3 and child permutation. The third
follows by atom and child elimination. The fourth result holds by induction on
the number of rewriting steps performed in Ty <—* S; and by cases on the rewri-
ting rules. The fifth statement holds by the fourth result using the statements
one and two:

Ty —* T +Ty —* To + Ty —* Ty +To —* T3 + To —* To 4+ T3.

Finally, by the fifth statement it suffices to show S; 4+ S5 —* T; and S; +
Sy —* Ty to prove the sixth result, which follow by the third statement and
the hypotheses. a

The following results state that transformations in subtrees can be extended
to the entire tree, allowing for systematic and consistent modifications through-
out the tree. In consequence, we can effectively manipulate and modify complex
tree structures while leaving the other parts untouched.

Proposition 5.5 (Inside Rewriting Property) IfS <—* ', then T[S]x —*
T[S ]k-

Proof. By induction on the number of rewriting steps that are performed in
S —* s’ If no rewriting step is performed the result is trivially satisfied. Now
assume T[S]k ¥ T[ Ji for S <* S by performing n rewriting steps. Moreover,
let 8 —* § <—# §[S], for § € Tree® and r € Pos(S) according to the rewriting
rule y. Since T[S]x —* T[S]x by the inductive hypothesis, it suffices to show
T[Sk —* T[S[S]e]k = (T[S]k)[S]kr by Lemma 3.6. We proceed by induction on
the tree structure of T. For T a leaf, by the hypothesis,

T[é]é =§# é[é]r = (T[é]e)[é]er

Let T = (A;[(a1,81); ., (m, Sim)]) such that S;[S]; —* (S;[Sh)[She for 1 €
Pos(S;) and 1 < ¢ < m. We continue by cases on the length of k. For k = ¢,
the result is trivially satisfied. For k = ik such that k € Pos(S;) and 1 < ¢ < n,
we conclude by performing u at position kr using the inductive hypothesis for
S; as follows,

T[] = (A5 [(@1,81), .y (i, Sil8]g
=" (A;[(a1,81), - (i, (Si

)5+ (@ Sm)])
S1g)Slge)s - (@, Sm)]) = (T[S],) 8],
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Corollary 5.6 If T|x —* S, then T —™* T[S]x for k € Pos(T).

Proof. By Proposition 5.5 since T = T[T|x]x (Lemma 3.6). 0

6 Adequacy and completeness

We aim to show how the tree rewriting system TRC faithfully simulates logical
derivations in RC thanks to the embeddings defined in Section 4. Thereby,
adequacy and completeness theorems are presented as key results that under-
score the efficacy of tree rewriting systems in relating logical inference and
structural transformation.

Firstly, we show adequacy by proving that if a rewriting step is performed,
the sequent of formulas which the trees are mapped to is provable in RC.

Proposition 6.1 If T — T/, then F(T) Frc F(T') for T, T’ € Tree®.

Proof. By induction on the tree structure of T. For T a leaf the result follows
easily by cases on the performed rewriting rule. Now consider T = (A;T") for
I' = [(o1,81), .., (@, Sim)] such that F(S;) Fre F(S) if S; — S’ for 1 <i < m.
Assuming (A;T) —* T’ for p a rewriting rule, we show F(T) Frc F(T') by
cases on the length of the position at which p is performed.

First consider a rewriting at a position ik € Pos(T). By definition, T is
of the form (A;[(a1,81),..., (@, '), ..., (@, S )]} for 8; —# 8’ by rewriting at
position k. Hence, by the inductive hypothesis, F(S;) Frc F(S'). Thus,

gj(T) =K+ /\A N <Oéz>3~(sz) A /\ O(F_l)
Frc /\ AN (o@&"(s’) A /\<>(F71) =K+ H:(T,).

For rewriting performed at position €, the proof concludes easily by cases
on p. Let see in some detail the cases of transitivity and J rewriting rules.
g-rule: Consider T —4 (A;T'[(3,8)];) such that #;I" = (8, (A;T)) for 0 < i <

IT'| and #,I"' = (3,8) for 0 < j < |I'|. By Lemma 2.2 and transitivity rule
for RC we conclude,

F(T) =x+ \ANBFATD)) A\ o)
A

J-rule: Consider T —J (A;
B

xS Dl(a, (AT ~ (8.8)]:)~7) such that #.I =
(aa <AaF>) and #jr = ( ’ )

for 0 < 4,7, < |I'| satisfying ¢ # j. Let i < j
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without loss of generality. By the J rule for RC we conclude,

F(T) =k+ /\A/\(a}&"(( /\/\<> (T79)
Fre [\ A A (@) (F((A; > 8)) A\ (™)
=x+ N\ AN (@)(FUA;T /\/\<> ((079)

=+ TN (T[(a, (AT ~ (B, )>)]) 7). -

Theorem 6.2 (Adequacy) If T —* T/, then F(T) Frc F(T') for T,T' €
Tree®.

Proof. By an easy induction on the number of rewriting steps that are per-
formed using Proposition 6.1. a

We conclude this section by showing that TRC is complete with respect to
RC.

Theorem 6.3 (Completeness) If ¢ Frc ¥, then T(p) <=* T(Y) for p,¢ €
L.
Proof. By induction on the length of the RC derivation.

If ¢ Fre ¢, then T(p) —* T(p) by applying no rewriting rule; if ¢ Frc T,
then T(¢) —=* T(T) by atom and child elimination.

(Cut): If ¢ Fre ¢ and ¥ Fre ¢ such that T(¢) —=* T(¢) and T(y) —=* T(6),
then T(p) —=* T(¢) —=* T(d).

(Elimination of conjunction): If oAy Frc ¢, by Lemma 5.4 follows T(pAY) =
T(p) + T() —=* T(p). Analogously, if o A9 Frc ¥ then T(p AY) —=* T(¥)
by Lemma 5.4.

(Introduction to conjunctwn) If p Fre ¥ and ¢ Fre ¢ such that T(p) —*
T () and T(p) —* T(¢), by Lemma 5.4 we conclude T(p) —* T()+T(¢) =

TWNe).
(Distribution): If ¢ Frc 9 such that T(p) —* T(¢), then T((a)p) —*
T({)®)) by the inside rewriting property (Corollary 5.6).

(Transitivity): Tf (a)(a)p Fre (@), by the 4-rule,
T(a)(a@)p) = (@5 [(, (@ [(a, T()])]) = (@5 [(a, T(9))]) = T({@)9).
(Monotonicity): If (a)y Fre (B)¢ for a > B, by the A-rule,
T({@)p) = (2; [(a, T()]) = (@:[(8, T(@))]) = T((B)e)-

(J): Consider a > 8 and T(p) = (A;T). If (a)o A {B) Frc (a) (@ A (B)Y), by
the J-rule,

T({a)e A (B)Y) = (3 [(a, (A T)), (B, TW)]) = (@ [(a, (AT ~ (8, T ()
= (2 (@, T(0) + TUB)YY)]) = T{e) (0 A (B)Y))-
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d

This concluding corollary states that a sequence can be shown in RC by
identifying transformations within the trees in which the involved formulas are
embedded into. Likewise, a rewriting can be proven by showing the correspon-
ding RC sequence for the formulas embedding the corresponding trees.

Corollary 6.4 T(¢) —* T(¢) = ¢ Frc ¢ and F(T) Frc F(T') = T <*
T.

Proof. By adequacy and completeness (Theorems 6.2 and 6.3, respectively)
using the embedding composition property (Proposition 4.4). a

7 The Rewrite Normalization Theorem

In this section we present our rewriting normalization theorem, which allows
us to perform rewriting in a designated sequence of rewriting rules according
to their kinds. Specifically, we can always perform the rewrite process using
normal rewriting sequences.

Definition 7.1 (Normal rewrite) A list of rewriting rules €2 is a normal rewri-
ting sequence if it is of the form

Qe ~ Qo ~ Qs ~Q, ~Q,

for Q,+,€Q,€5,8, and €2, lists of replicative, modal, decreasing, atomic and
structural rewriting rules, respectively.

The order of the presented normal rewriting sequence adheres to the follo-
wing principles. Firstly, performing any kind of rewriting rule before a replica-
tive one cannot be equivalently reversed. Similarly, the order of modal and
decreasing rewriting rules cannot be interchanged (for example, it may be ne-
cessary to decrease the label of an edge in order to apply 4-rule). Finally, atomic
and structural rewriting rules, which pertain to node labels and child permu-
tation, are placed last because nodes and children may be removed during the
rewriting process.

In the following, we disclose the results needed to establish the normal
rewriting theorem. Their proofs delve into technical intricacies, requiring meti-
culous attention to the rewritten positions and the arguments determining the
application of the concerned rewriting rules. If two rewriting rules are applied
in different positions of the tree such that their outcome transformation is
disjoint, their permutation is proven straightforward. However, if their appli-
cation intersects, additional transformations may be required. To illustrate
these scenarios, we provide simplified examples alongside the proofs.

Lemma 7.2 IfT —% o =# 8, then T =+ 0 =7* 8 for p € R\ {o}.

Proof. By cases on u. Each case is proven by induction on the length of the
position of ¢ and by cases on the position of u. a

Corollary 7.3 If T —7* 0 =@ 3, then T —? 0 <7* S for Q a list of atomic,
replicative, decreasing and modal rewriting rules.
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Proof. By induction on the length of 2 and by induction on the number of
o-steps performed using Lemma 7.2. a

Lemma 7.4 Let p be an atomic rule. If T <P o <" S, then T < o —P* §
forpe{nt, 77, 4,7, J}.

Proof. By cases on pu. Each case is shown by induction on the length of the
position of p and by cases on the position of u. If u is 7™, we prove that
cither T <™ 0 < S or T <™ o <3” 0 <* § holds (see Figure 3). If i is a
decreasing rewriting rule, then either T —# S or T —* o —* S. Otherwise we
show T <»# o <P 8. a
Corollary 7.5 Let €, be a list of atomic rewriting rules. If T =
then T <M o =% g for pe{rt, 7 ,4,\,J} and Q), a list of atomic rewriting
rules.

Proof. By an easy induction on the length of {2, using Lemma 7.4. a

SV ;>7r+
// « // « : «
// a
’ |
S § S S

Tf—)“of—> (for 8 —# §).

A AR A

(b) T<—>’T+ ol o ks,
Fig. 3. Tl o™ S= T ol oyh S,pu € R\ {r"}.

Proposition 7.6 Let § be a decreasing rule. If T <0 o < S, then T —H*
o =% 8 for p e {mt A J}.

Proof. By induction on the length of the position of § and by cases on the
length of the position of .

Let 6 be 7=. If uis 7+, we show that either T T o 3™ Sor T "
o =™ o™ § holds (see Figure 3). Otherwise we prove T <* o <™ .

Let 6 be 4. If 1 is 7+ we show that either T <™ o <4 S or T <™ o <4
o <34 3 (see Figure 3). For u being A\ we prove that either T <* o <4 S or
T «—* 0 <3 0 <34 § (see Figure 4). Finally, for u being J we show that either
T/ o4SorT—’ o’ 0345 (see Figure 5). O

Corollary 7.7 Letd and 0 be decreasing and modal rewriting rules respectively,
and Qs be a list of decreasing rewriting rules.

() IfT—=%o eyt S, then T o g for Qs a list of decreasing rules.
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« A «Q B B
=4 | B A A =4 B
o O o o Ié] O
@) @) @)
(a) T4 0= s. (b) T—=* 0=t oes4s.

Fig. 4. T4 0 3* S =T = 0 = 0 34 8,

(ii) If T <% 0 0% 8, then T —0* 0 <9 8.

iii) If T <2 o <#* 8 for p € {mT,\,J}, then T —H* o % S for U a list
2 B
of decreasing rewriting rules.

Proof. The first statement follows by induction on the length of 25 and Propo-
sition 7.6. The second one is shown by induction on the number of modal
rewriting rules applied and Proposition 7.6. The third result follows by cases
on u. For i € {\,J}, we conclude by induction on the length of Qs and the se-
cond statement. Otherwise, we conclude by induction on the number of p-rules
applied and the first statement. |

Proposition 7.8 Let § be a modal rewriting rule. If T —? o eyt S, then
T ™ % o b o yor g,

Proof. By induction on the length of the position of § and by cases on the
length of the position of 7. If 6 is A, we show that either T <™ o <3* § or
T <™ o <X 0 <A § holds (see Figure 3). For 6 being J, we prove that either
T™ o) SorT—™ o< o) 8 (see Figure 3) or T ™ o " o eyd
o <) 8 (see Figure 6) or T =™ o <) 0 «3d 0 <37 § (see Figure 7). O

We now want to show permutation of the application of multiple 7+-rules af-
ter multiple modal rewriting rules. To show permutability of 7 -rules following
a J-rule, we need to reorganize duplications applied at positions in increasing
depth in the tree. Furthermore, we require flexibility to choose which branch
to duplicate first.

For readability, we write T <7 (ki) § to denote that S is obtained by
applying the 7 -rule to duplicate the ith child at position k € Pos(T). Similarly,
T (k%) g denotes the application of the o-rule to permute the ith and jth
children at position k € Pos(T). Given this notation, the following result aids
in reorganizing duplications at positions in increasing depth.

Lemma 7.9 (Depth-level permutability of =)
() IfT =™ i) o 7 (D) § for j £ 1, then T =™ (61) o ™ (HDkd) g,

(ii) If T =™ ki) o 77 (0d) 8 then T 7™ (63) o ™ (DK o cym ' (1ksd)
S.
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B
j\ AN )

O =@ O
« e
@) O

(a) T—% 0?8,

B N T
%J _>J Ta
a B s
N
O T
O

(b) Tl ol o4,

B
@)

=)

Fig. 5. T=% 0o’ = T o =) o 43,
(iii) If T <™ (ki) o 7" (knd) g for |nk,| < |lk;|, then T <™ (kn.d)
o e (ki) g
Proof. The first two statements are trivially satisfied by definition. The third
follows by induction on the tree structure of T. a

Likewise, the lemma below permits to choose which branch to duplicate
first.

Remark 7.10 (Width-level permutability of 7™)
() T =7 () o 7€) S for 1 < j and j # i + 1, then T —7 (€31
° (_>7r+(e,i+1);)a(e,1,2) S,
(i) IfT s (nknsi) o <y (Ik1d) § for n %1, then T ey (ki) o ey (nknsi) g

Therefore, we can show permutation of the application of arbitrary 7 -rules
after a J-rule.

Proposition 7.11 IfT <) 0 <™ * S, then T <™ * 0 <3 0 <39* g,

Proof. If the J-rule and the 7 -rules are applied in different positions of the
tree such that the performed transformations are disjoint, their permutation
is proven straightforward as shown in Proposition 7.8. Therefore, we will use
Lemma 7.9 and Remark 7.10 to reorganise the application of the 7T -rules
to easily permute the disjoint cases. Otherwise, in cases where the subtree
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. @ N
8 -
o <
B B B
O
«
/D\ " a
5 - N
@) o O O B B

(b) To™ o™ oeylosds,

. + + +
Fig. 6. T’ o™ §=T<=" o=" o=’o=’s

affected by the J-rule is duplicated, we use a unique labeling of the nodes to
track the number of times those subtrees are duplicated. Specifically, we label
the nodes with their positions. For T <+?<+* S such that J has been performed
at position nk € Pos(T), we call the J-label to the label n. Moreover, if J has
been performed at the empty position relating the ith and the jth children
according to the notation of its definition, we call the upper J-label to the label
1 and the lower J-label to the label j.

Therefore, the proof proceeds by induction on the length of the position
in which the J-rule has been applied. For the J-rule applied at the empty
position, we proceed by induction on the occurrences of the upper J-label. The
inductive step is shown by Proposition 7.8 and Corollary 7.3, using Lemma
7.9 and Remark 7.10 to get a suitable reorganisation of the applications of the
mT-rules. The base case in which the upper J-label occurs once in S is shown
by induction on the occurrences of the lower J-label using the same strategy.

Lastly, if the J-rule is applied at a non-empty position, we proceed by in-
duction on the occurrences of the J-label. The base case follows by Proposition
7.8 using Lemma 7.9 and Remark 7.10 together with the inductive hypothesis
on the position in which J has been performed. The inductive step is similarly
proven by Proposition 7.8 and Corollary 7.3 using Lemma 7.9 and Remark
7.10. O

Corollary 7.12 Let €, be a list of modal rewriting rules.

() If T —=* o ey S, then T e g ey g by applying the same number
of 7T -rules.

(ii) If T =% o A S, then T T o 3 o ey g for QL a list of modal
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. + +
Fig. 7. T—=' o™ §=T<=" o=o—lo=s.

rewriting rules.

Proof. The first statement follows by induction on the number of 7 ¥-rules
applied and Proposition 7.8. The second statement follows by induction on the
length of Q.. The inductive step is shown by cases on the considered modal
rewriting rule: the A-rule case follows by the first statement and the J-rule case
is shown by Proposition 7.11 and Corollary 7.2. a

Finally, we present the main theorem of the section.

Theorem 7.13 (Rewrite Normalization Theorem) If T <—* S, then
T =2 S for Q a normal rewriting sequence.

Proof. By induction on the number of rewriting steps that are performed using
Corollaries 7.3, 7.5, 7.7 and 7.12. a

8 Conclusions and future work

We have provided a method for designing tree rewriting systems for different
strictly positive logics and in particular re-cast the reflection calculus in this
framework. Although not explicitly stated, it easily follows from the presented
techniques that a rewriting system for K™ can be defined by only conside-
ring atomic, structural, extensional and 7-rules, and we are confident that our
framework will find applications in positive fragments for other (poly)modal
logics. The use of abstract rewriting systems aids in the analysis of further
properties like subformula property and admissibility of rules and provides a
foundation for computationally efficient implementation.
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Our work is based on a type-theoretic presentation of trees, which has the
dual benefit of allowing for rules to be described in a precise and succinct
manner and being particularly amenable to formalization in proof assistants.
Many of our results have already been implemented in the proof assistant Coq
and our goal is to fully formalize our work. Since rewriting normalization
theorem and proof-theoretic investigations in general require checking multi-
ple distinct cases in detail, the benefit of formalization is particularly clear in
this type of proof, and indeed the community has been gravitating towards
formalized proofs (see e.g. [18]). In the framework of RC, this has the added
advantage that results often need not only to be true, but provable in suitable
systems of arithmetic, and the latter can be made no more transparent than
via formalization. Last but not least, proofs implemented in Coq can be auto-
matically extracted into fully verified algorithms, paving the road to reasoners
with the highest degree of reliability attainable by current technology.
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