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Abstract

In this paper, we introduce and study the positive (i.e., the negation-free and
implication-free) fragment of many-valued modal logic based on a finite MV-chain
as algebra of truth-degrees. Besides the usual Kripke semantics, we introduce richer
relational semantics based on partially ordered sets with local constraints on admis-
sible valuations. We study this logic algebraically via the varieties of modal n-valued
positive MV-algebras. Utilizing prior work on natural dualities for n-valued positive
MV-algebras and the close relationship between these algebras and their distributive
skeletons, we prove an algebraic completeness theorem. Furthermore, by means of
an example regarding canonicity, we illustrate how the richer relational semantics
presented in this paper are ‘better-behaved’ with respect to the positive many-valued
modal logic than Kripke (or other intermediate) semantics are.

Keywords: Positive modal logic, many-valued modal logic, finite M'V-chains,
positive MV-algebras, algebraic completeness, distributive skeleton.

1 Introduction

Positive modal logic, introduced by Dunn [10], is the negation-free (and
implication-free) fragment of classical modal logic. In this paper, we intro-
duce and study the positive fragment of the many-valued modal logics which
use some finite MV-chain L, as algebra of truth-degrees (see, e.g., [4,13]).

Algebraically speaking, moving from classical modal logic to positive modal
logic amounts to replacing Boolean algebras with operators by modal distribu-
tive lattices (Definition 2.1). Similarly, on the propositional level we shift from
MV, -algebras [12] to certain positive MV-algebras [2]. More specifically, we
work over the variety of PMV,,-algebras generated by the finite positive MV-
chain PL,, (Definition 2.8) for this purpose. While this shift clearly leads to
less structure on the algebraic side, at the same time we consider relational
semantics which carry more structure than usual Kripke frames (throughout
this paper, we refer to Kripke frames as Set-frames).

The semantics of positive modal logic on Set-frames originally considered
by Dunn [10] have the shortcoming that there are consequence pairs which, in
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the presence of negation, define the same class of Set-frames and are canoni-
cal, but which are not inter-derivable in positive modal logic. To remedy this
shortcoming, Celani and Jansana [5,6] introduced relational semantics on or-
dered frames (which we refer to as Pos-frames in this paper, see Definition 2.2).
Similarly, Hansoul and Teheux [13,23] studied richer semantics for L,-valued
modal logic on frames with local constraints (which we refer to as Set,,-frames,
see Definition 2.5). Taking both of these into account, we introduce seman-
tics for PL,,-valued modal logic on Pos, -frames, that is, frames which carry a
partial order and local constraints on valuations (Definition 3.2).

The methodology used in this paper is primarily algebraic. We introduce the
varieties mPMV,, of modal PMV,,-algebras (Definition 4.1), and prove a truth
lemma (Lemma 4.5) which leads to an algebraic completeness theorem (Theo-
rem 4.8). Furthermore, we show that the canonical frames arising from modal
PMV,,-algebras always are Pos,-frames (Proposition 4.4) and that mPMV,, is
generated by the complex algebras of Pos,-frames (Theorem 4.7). The proofs
of these main results rely on the author’s prior work [21], where topological
(natural) dualities for the varieties PMV,, were established. In particular, the
relationship between PMV,,-algebras and their distributive skeletons (Defini-
tion 2.9) studied therein [21, Subsection 4.2] provide a useful tool here.

While the distinction between Set-frames and Pos,-frames does not play
a role for the minimal modal logic, we show that it does make a difference
when it comes to axiomatic extensions thereof. Indeed, towards the end of
this paper we study an example of two consequence pairs which are canonical
in L,,-valued modal logic and define the same Set,-frames, but which are not
inter-derivable in PL,-valued modal logic. In our semantics, this is reflected
by the fact that these consequence pairs define different classes of Pos,-frames
(Section 5). A more exhaustive study of this topic is one of many directions
for future research we propose in the conclusion of this paper.

2 Preliminaries

In this section, we set up the scene by recalling some important definitions and
prior results from positive modal logic (Subsection 2.1), modal logic over finite
MV-chains (Subsection 2.2) and positive MV,,-algebras (Subsection 2.3).

2.1 Positive modal logic

Positive modal logic (with truth-constants), introduced by Dunn in [10], is
the {A,V,0,1,0, C}-fragment of classical modal logic. Algebraically speaking,
removing the negation from the language amounts to replacing the underly-
ing variety BA of Boolean algebras by the variety DL of bounded distributive
lattices. Since O and < are then no longer inter-definable, their interplay is
instead described by Dunn’s positivity-axzioms, that is, the axioms (P1)-(P2) in
the following.

Definition 2.1 [Modal distributive lattice] A modal distributive lattice is an
algebra (D,0,<), where D € DL is a bounded distributive lattice and
0,<$: D — D are unary operations satisfying the equations
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(B1) O1 =1, (D1) ©0 =0,
(B2) O(x Ay) = 0Ox A Oy, (D2) Oz Vy) =z V Oy,
(P1) O(z vy) <Oz V Oy, (P2) Oz A Oy <Oz Avy).

We denote the variety of modal distributive lattices by mDL.

The exact relationship between the variety mDL and positive modal logic
was described by Jansana in [14].

While Dunn [10] only considered the usual relational semantics on Set-
frames (throughout this paper, we use the term Set-frame instead of Kripke
frame to avoid confusion), Celani and Jansana [5] proposed some ‘better-
behaved’ semantics based on the category of quasi-orders, which we now recall.
For a slight increase in simplicity, in this paper we work with the category Pos
of posets instead of quasi-orders.

Given a poset (X, <), we use <gpm to denote the Egli-Milner-lifting of < to
the powerset P(X), defined for A, B C X by

Vae A: 3be€ B: a <b and

A<gm B &
—EM {VbGB:ElaEA:agb.

With this convention, we may paraphrase [5, Definition 4.1] as follows.

Definition 2.2 [Pos-frame & Pos-model] A Pos-frame is a structure (X, <, R),
where (X, <) is a poset and R C X? is a binary relation which satisfies that
R[z] := {2’ € X | zRx'} is always convex and for all z,y € X it holds that

r <y = Rlz] <pm R[y|.

Fixing a countable set Prop of propositional variables, a Pos-model is a structure
(X, <, R, Val) consisting of a Pos-frame together with a Pos-valuation Val: X x
Prop — {0, 1}, which satisfies

x <y = Val(z,p) < Val(y,p)

for all z,y € X and p € Prop.

The condition on Pos-frames (regarding the Egli-Milner order) ensures that
the extension of Val to all formulas ¢ built from Prop and connectives in
{A,V,0,1,0,$} also has the property that Val(—, ) is always order-preserving.

As pointed out in [5], one considerable advantage these Pos-based semantics
have over Set-based semantics comes to light in the study of canonicity. For
example, the two consequence pairs

OpkFpand pk <p

both define the class of reflexive Set-frames but are not mutually inter-derivable
in positive modal logic. In the richer semantics, however, both these formulas
are canonical and correspond to the classes of Pos-frames (X, <, R) where

Ro:=Ro<and Ro := Ro<™!
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are reflexive, respectively [5, Sections 5 & 7].

The advantages of Pos-based semantics over Set-based ones also become ap-
parent in the study of positive modal logic via duality theory [6] and coalgebras
[20,3,9]. In particular, the latter fully embraces this view and proposes positive
coalgebraic logic as the logic of ordered transition systems.

2.2 Modal logic over finite M'V-chains
Recall that the standard MV-algebra is the algebra

L= <[0a 1],@7@,/\,\/7‘|70, 1>

based on the real unit interval with its usual bounded lattice structure A, V, 0,1
and additional operations defined by

x @y =max{0,z+y— 1}, x®y=min{l,z + y}, —x=1-ux.

A detailed overview of MV-algebras and their relationship to Lukasiewicz logic
may be found in the books [7,18]. In this paper, we focus on (positive sub-
reducts of) finite MV-chains, that is, the following finite subalgebras of the
standard MV-algebra.

Definition 2.3 [Finite MV-chain] Let n > 1 be a natural number. The (n+1)-
element MV -chain is given by

b, = <{07 %7 s nT_lv 1}7®a &, AV, 7,0, 1>7

considered as a subalgebra of the standard MV-algebra. As usual, we use MV,,
to denote the variety HSP(L,,).

The varieties MV,,, axiomatized by Grigolia [12], provide algebraic counter-
parts to Lukasiewicz finitely-valued logics. Many-valued modal logic over finite
MV-chains was investigated by Hansoul and Teheux [13] (also see Bou et al.
[4]) as follows.

The modal MV-language Ly, = {®,®, A, V,—,0,1,0} consists of the sig-
nature of MV together with a unary operation symbol O. The collection of
modal MV formulas Formy,, is defined inductively from a countable collection
of propositional variables Prop and the connectives of Ly, as usual.

Similarly to how Pos-frames provide richer semantics for positive modal
logic, relational frames based on the following category were introduced by
Hansoul and Teheux [13] as richer semantics for L,-valued modal logic.

Definition 2.4 [The category Set,] The category Set, has objects (X, sub),
where X is a set and sub: X — S(L,) associates with every point of X a
subalgebra of L,,.

A Set,,-morphism (X,sub) — (X’,sub’) is amap f: X — X’ which satisfies
sub’(f(x)) C sub(x) for all z € X.

The duality-theoretical reason behind this choice of base category is that
Set,, is the ‘discrete counterpart’ of the category Stone, of structured Stone
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spaces dually equivalent to MV,, [15,8,17]. From the logical perspective, we
think of the additional structure on Set,, as putting constraints on the admissible
valuations. This becomes apparent in the following definition of Set,-based
relational frames and models [13, Definition 7.2].

Definition 2.5 [Set,-frame & Set,,-model] A Set,,-frame is a structure of the
form (X, sub, R), where (X,sub) is a member of Set,, and R C X? is a binary
relation such that the condition

xRy = sub(y) C sub(x)

holds for all z,y € X.

A Set,,-model is given by (X, sub, R, Val), consisting of a Set,-frame and a
Set,,-valuation Val: X x Prop — L,,, which needs to satisfy Val(z,p) € sub(x)
for all x € X and p € Prop.

The condition on the accessibility relation of Set,-frames is precisely what
is needed to ensure that the extension of valuations to the set of all formulas
in Formyyy, still satisfies the constraints on valuations. More specifically, if
(X, sub, R, Val) is a Set,,-model, we inductively extend Val to a map Val: X x

m

Formpyy — L, which is defined in the obvious way for the MV-connectives and
for formulas of the form Oy by

Val(z, O0¢) = A{Val(z',¢) | zRa'}.

The fact that sub(x) is a subalgebra of L, and the condition on Set,-frames
ensure that Val(z, ¢) € sub(x) holds for all z € X and ¢ € Formyy.

We say that a formula ¢ € Formy,, is satisfied at x € X in a Set,-model
(X,sub, R, Val) if Val(z, ¢) = 1 and Set,-frame validity is defined analogous to
classical modal logic. We denote by Ay, ~the set of all modal MV-formulas
which are valid in every Set,-frame.

Every Set-frame (X, R) can be identified with a Set,-frame (X,sub™, R)
which has the ‘trivial constraint’ sub(z) = L, at all z € X and it is easy to
see that ARy, ~coincides with the set of modal MV-formulas valid on all Set-
frames in this sense. The additional ‘richness’ of semantics over Set, -frames
again becomes visible when one considers canonicity [13, Sections 7-9] and
frame-definability [23]. For example, the formulas

O(z @ x) = Oz and Oz @ z) — Ox
both define the class of Set,-frames (X, sub, R) which satisfy
Vao: Vo' : 2Rz’ — sub(z') = Ly,

that is, frames where all states which are successors are crisp states (identifying
L; with the two-element Boolean algebra). Since the former formula is canoni-
cal [13, Example 8.28], the latter one is derivable from the axiomatic extension
it yields. In Section 5, we study a similar situation in the positive fragment of
the logic described here.
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The algebraic counterpart to many-valued modal logic over L, is given by
the following variety of modal MV,,-algebras.

Definition 2.6 [Modal MV,,-algebra] A modal MV,,-algebra or mMV,,-algebra
is an algebra (A,O), where A € MV,, is a MV-algebra and 0: A — A is a
unary operation satisfying the equations

(B1) O1 =1, (B2) O(x Ay) = O0Ox A Oy,
(B3) O(z ® x) = Oz @ O, (B4) O(z ® z) = Oz @ Ox.
We denote the variety of modal MV,,-algebras by mMV,,.
The following is a combined result of [13] and [4, Subsection 5.2].

Theorem 2.7 ([13,4]) Let ¢ be a modal MV-formula. Then
@ € Ay, if and only if MMV, E ¢ ~ 1.

One of the main results of this paper is a similar theorem for the correspond-
ing positive modal logic (see Theorem 4.8). On the underlying propositional
level we consider positive MV,,-algebras, introduced in the next subsection.

2.3 Finite positive MV-algebras

The quasi-variety PMV of positive MV-algebras, that is, negation-free (and
implication-free) subreducts of MV-algebras, was recently introduced and
finitely axiomatized in [2]. Here, we focus on finite positive MV-chains defined
as follows.

Definition 2.8 [Finite positive MV-chain] Let n > 1 be a natural number. The
(n + 1)-element positive MV-chain is given by

PL, = ({0,1,...221 1}, 0,®,A,V,0,1),

understood as a reduct of L,. We write PMV,, for the (quasi-)variety
ISP(PL,,) = HSP(PL,,) generated by PL,,, and we refer to members of PMV,,
as positive MV,,-algebras or PMV,,-algebras.

An axiomatization of PMV,, (involving a quasi-equation) can easily be ob-
tained as combination of the axiomatization of PMV from [2] with the one
of MV,, from [12], noting that the additional axioms which characterize MV,,
inside MV do not involve negation or implication (for a purely equational ax-
iomatization, also see the recent [1]).

Later on, we make frequent use of the fact that, for each £ € PL,,, the
unary map 7¢: {0, X ...,”T_l,l} — {O,%7...,"T_1,1} given by

1 ifé<uz,
Te(ﬂf){ N

0 otherwise

is term-definable in PL,,, since it can be term-defined in L,, as combination of
expressions of the form x ® x and = ® x only [19, pp. 344-345].
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Another useful tool later on is a close relation between a PMV,,-algebra
and its distributive skeleton, defined similarly to the Boolean skeleton of a
MV,,-algebra.

Definition 2.9 [Distributive skeleton] Let A € PMV,, be a positive MV,,-
algebra. The distributive skeleton of A is the bounded distributive lattice
GS(A) with carrier set G(A) = {a € A | a ® a = a} and the bounded lattice
structure inherited from A.

The following fact about distributive skeletons is crucial for the purposes
of this paper. In practice, it means that prime filters of G(A) can be uniquely
extended to PMV,,-homomorphisms A — PL,,.

Theorem 2.10 ([21, Theorem 4.4]) For every A € PMV,,, there is a bijec-
tion between the sets of homomorphisms

PMV,,(A,PL,) =2 DL(&(A),2)

given by restriction u — u|G(A).

In Section 4, we consider modal extensions of PMV,,-algebras as algebraic
counterpart of the PL,,-valued modal logic introduced in the next section.

3 Positive modal logic over finite MV-chains

We work in the language L3,y = {®, B, A, V,0,1,0,$}, that is, the signature
of PMV together with two unary operation symbols O and . We define the
set Formpy,y of modal PMV-formulas inductively from a countable collection
Prop of propositional variables and the connectives in L5,,-

Similarly to what is discussed in Subsections 2.1 and 2.2, we consider rela-
tional semantics on frames with additional structure. We choose the following
base-category, which entails both the categories Pos and Set,,.

Definition 3.1 [The category Pos,| We define the category Pos, as follows.
The objects of Pos,, are structures of the form (X, <,sub), such that (X, <) is
a poset and (X, sub) € Set,, that is, sub: X — S(PL,,).

A morphism f: (X, <,sub) — (X’,<’,sub’) in Pos,, is an order-preserving
map f: (X, <) — (X', <’) which is also a Set,,-morphism, that is, sub’(f(z)) C
sub(z) holds for all z € X.

Note that we can really consider the reduct (X, sub) of an object of Pos,, as
a member of Set,,, since the subuniverses of PL,, coincide with the ones of L,,,
as shown in [21, Proposition 3.2]. We also think of PL,, itself as a member of
Pos,, which we denote by

PL, = ({0,1,..., 21 1}, < sub®").

Here, < is the the usual chain-order and sub®"(¢) = (¢) is the subalgebra of
PL,, generated by {¢}.

Members of Pos,, endowed with a compatible accessibility relation constitute
our semantics for positive modal logic over finite MV-chains.
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Definition 3.2 [Pos,-frame] A Pos,, -frame is a structure of the form
§ = (X, <,sub, R),

where (X, <,sub) € Pos,, and R C X? is a binary relation such that R[x] is
always convex and the following two compatibility conditions are satisfied:

(i) For all 2,y € X it holds that
z <y = Rlz] <gm R[y].
(ii) Whenever z,y € X satisfy y € Rx], there exist v/, y” € R[x] with
e ¢y <y <y” and
* sub(y'),sub(y”) C sub(x).

Here, in condition (i) the subscript EM denotes the Egli-Milner lifting of
< to P(X) as defined in the paragraph before Definition 2.2. The significance
of the compatibility conditions (i) and (ii) should become clear after Proposi-
tion 3.5.

Example 3.3 The following are special examples of Pos,-frames.
(1) Every Pos-frame (X,<,R) as in Definition 2.2 can be identified with

the Pos,-frame (X, <,sub™, R), where sub® are the ‘trivial constraints’
sub™(z) = PL,, for all z € X.

(2) Every Set,-frame (X, sub, R) as in Definition 2.5 can be identified with the
Pos,,-frame (X, <dis gyp, R), where <dis j5 the discrete order on X.

(3) In particular, combining (1) and (2), every Set-frame (X, R) can be iden-
tified with the Pos,-frame (X, <% sub™, R).

Not surprisingly, the corresponding Pos,,-models are also defined as a blend
of Pos-models and Set,,-models.

Definition 3.4 [Pos,-model] A Pos,-model is a structure of the form
M = (X, <,sub, R, Val),
where (X, <,sub, R) is a Pos,-frame and the Pos, -valuation Val: X x Prop —
PL,, satisfies the following two conditions:
(i) If © <y, then Val(z,p) < Val(y,p) for all p € Prop.
(ii) Val(z,p) € sub(z) for all z € X and p € Prop.

For example, every Pos-model, Set,-model or Set-model can be seen as a
Pos,,-model analogous to Example 3.3.
Given a Pos,-model (X, <,sub, R,Val), we inductively extend its Pos,-
valuation to a map
Val: X x Formpyy, — PL,,

which is defined in the obvious way for the PMV-connectives and for formulas
of shape Oy or $yp via

Val(z, Op) = /\{Val(m’,go) | zRz'} and Val(z, O¢) = \/{Val(ac’,go) | zRx'}.
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Conditions (i) and (ii) of Definition 3.4 are equivalent to the fact that
Val(—,p): (X, <,sub) — PL, is always a morphism in Pos,, (where we identify
PL,, with a member of Pos, as described after Definition 3.1). In the follow-
ing, we show that the compatibility conditions required of Pos,-frames (Defini-
tion 3.2) assure that this property extends to Val(—, ¢) for every ¢ € Formpyy .-

Proposition 3.5 Let (X, <,sub, R,Val) be a Pos,-model. Then, for every
modal PMV-formula ¢ € Formpy,y, the following two conditions hold.

(i) If x <y then Val(z, ) < Val(y,¢) for all z,y € X.
(ii) Val(z,p) € sub(z) for allx € X.

Proof. We proceed by induction on the formula ¢. The case ¢ = p € Prop
is covered by Definition 3.4. If ¢ = 91 * 1y with * € {®,®,A,V} being a
PMV-connective, condition (i) holds because all of these connectives are order-
preserving and (ii) holds because sub(z) always is a subalgebra of PL,,.

This leaves us with the case ¢ = O (the case ¢ = Ot being analogous).
To prove condition (i), suppose that Val(y,p) < 1. Then there exists some
y' € Rly] with Val(y, ) = Val(y', ). Since R[z] <gm R]y|, there exists some
a2’ € R[x] with 2’ <y’ and therefore, by the inductive hypothesis, Val(z’/, 1) <
Val(y', ). This yields

Val(z, 0y) = /\{Val(&,v) | eRi} < Val(z',¢) < Val(y/, ¢)) = Val(y, Ov)

as desired.

To prove condition (ii), suppose towards contradiction that Val(xz,Ov) ¢
sub(x). Since 1 € sub(z), there needs to exist some y € R[z] with Val(z, ) =
Val(y, ). By Definition 3.2(ii), there is some y' € Rz] with ' < y and
sub(y’) C sub(z). By the inductive hypothesis we have Val(y’, ) # Val(y, ¢)
(since otherwise Val(y’,v) ¢ sub(y’) C sub(z)). This yields

Val(y',v) < Val(y,v) = Val(z,0¢) = A\{Val(j,¢) | zRg},

a contradiction to zRy’. O

We say that a modal PMV-formula ¢ € Formpy,, is satisfied at x € X in a
Pos,,-model (X, <,sub, R, Val) if Val(z, p) = 1. As usual, we say that ¢ is valid
in a Pos,-frame if it is satisfied at every state in every model based on that
frame. We denote by Apyy  the set of all modal PMV-formulas which are valid
in every Pos,-frame. More generally, similar to [10], we consider consequence
pairs ¥ F ¢ and say that such a consequence pair is valid in a Pos,-frame if
Val(x, 1) = 1 implies Val(z, ) = 1 in every Pos,-model based on that frame.
We say the consequence pair is valid if it is valid in all Pos,-frames. In this
case, we write ¢ =, . The valid formulas ¢ € Apyy, ~are thus precisely the
ones for which 1 |=,, ¢ holds.

As we show in the following, regarding the minimal modal logic over PL,,,
the distinction between Pos,-based semantics and Set-based semantics is ‘re-
dundant’.
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Proposition 3.6 A consequence pair ¢ = ¢ is valid (in all Pos,-frames) if
and only if it is valid in all Set-frames.

Proof. If the consequence pair is valid in all Pos,-frames, then it is valid
in all Set-frames, since the latter can be identified with Pos,-frames as in
Example 3.3(3).

Conversely, if the consequence pair is not valid in all Pos,-frames, then
there is a Pos,-model (X, <,sub, R, Val) witnessing this. The underlying Set-
model (X, R, Val) then witnesses that the consequence pair is not valid in the
Set-frame (X, R). O

Nevertheless, as in the case of classical positive modal logic (Subsection 2.1)
and modal logic over L, (Subsection 2.2), the additional structure of Pos,-
frames becomes interesting when considering questions about modal definability
or canonicity. We begin to touch upon these questions (with a specific example)
in Section 5. Before that, we study the logic introduced here algebraically in
the following section.

4 Algebraic framework

In this section, we study the logic introduced in the previous section by alge-
braic means. The corresponding variety of modal algebras arises as a combina-
tion of the axioms of modal distributive lattices (see Definition 2.1) and modal
MV, -algebras (see Definition 2.6) as follows.

Definition 4.1 [Modal PMV,,-algebra] A modal PMV,,-algebra or mPMV,,-
algebra is an algebra (A, 0, <), where A € PMV,, is a positive MV,,-algebra
and 0,0: A — A are unary operations satisfying the equations

(Bl) O1 =1, (D1) ©0 =0,

(B2) O(x Ay) = 0Ox A Oy, (D2) Oz Vvy) =Sz vV Oy,
(B3) O(z ® 2) = Ox @ O, (D3) Sz @) = Cx @ O,
(B4) O(z ©® z) = Ox © Ox, (D4) O(z 0 z) = Oz 6 O,
(P1) O(x Vy) < Oz V Oy, (P2) Oz A Oy < Oz Avy).

We denote the variety of modal PMV ,-algebras by mPMV,,.

In practice, the following equivalent axiomatization of mPMV,,, using the
unary terms 7, defined in Subsection 2.1, will usually be more convenient to
work with.

Lemma 4.2 An algebra (A,0,O) with A € PMV,, is a modal PMV,,-algebra
if and only if it satisfies (B1)-(B2), (D1)-(D2), (P1)-(P2) and

(BT) Om(z) = 7¢(0Ox) for all ¢ € PL,\{0},
(D7) Ome(x) = 10(C) for all ¢ € PL,\{0}.

Proof. It is shown in [19, pp. 344-345] that every 74(x) can be obtained
exclusively as a combination of terms z & x and z ® x. Therefore, the axioms
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(B3)-(B4) imply (B7) and (D3)-(D4) imply (D7). Conversely, note that the
equations

Te(x @ ) = 7r29(2) and T(z © ) = T(ZLZI](IE)

are satisfied in PL,,, where for ¢ € Q we define [¢] to be the smallest element
of PL,, which is above ¢. Therefore, using (B1), for every ¢ € PL,\{0} we can
compute

7¢(0z @ Ox) = T’—%](DI’) = DT[%](I) =0On(z @) = 7(0(z @ x)).

But this implies Oz @ Oz = O(x @ z) since PL,, satisfies the quasi-equation
N\ (@) = mu(y) = w ~y.
£#£0
The case for O(xz © x), O(z @ ) and O(x @ x) is analogous. 0
Next, we explain how to obtain Pos,,-frames from mPMV,,-algebras.
Definition 4.3 [Canonical frame of a mPMV,-algebra] Let (A,0,0) be a
modal PMV,,-algebra. The canonical Pos,,-frame of (A, O, O) is the Pos,,-frame

(A,0,0)T := (PMV,,(A, PL,), <P¥,im, R™),

where <PV is the point-wise order, im takes a homomorphism u to its image
im(u) = u(A) C PL,, and the binary relation R™ is defined via

uR™u' <= Va € A : w(Oa) < v (a) < u(<a).

This definition is justified, since in the following we show that canonical
frames of mPMV ,-algebras really are Pos,,-frames.

Proposition 4.4 Let (A,0,$) be a modal PMV,,-algebra. Then its canonical
frame (A, 0, 0)T is a Pos,,-frame.

Proof. It is clear by definition that (PMV,(A,PL,),<P¥ im) is an object
of the category Pos,. We need to show that R™ satisfies the compatibility
conditions (i) and (ii) from Definition 3.2.

To verify (i), first suppose that u,w € PMV,, (A, PL,,) are homomorphisms
for which u <PV w and wR™w’ hold. Then we need to find v/ which satisfies
uR™u’ < w'. We define a filter F C G(A) on the distributive skeleton of A
(recall Definition 2.9) by

F={be&(A)|u@b) =1}
and an ideal J C G(A) generated by the set

{b e &(A) | w'(b) =0 or u(<4b) = 0}.
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If b € J, there are V', 0"’ € G(A) with b < ¥ Vb, w' (') = 0 and u(Ob”’) = 0.
We then compute

w(0b) < u(O(b V"))
< u(3b) V u(Ob") (P1)
< w(3d') vV u(ob”) (u <PY w)
<w'(b) Vu(ob') =0. (wR™w")

Therefore, b ¢ F and we showed that F' and J are disjoint. There is a prime
filter U’ extending F' with U’ N J = &, and by Theorem 2.10 there is a homo-
morphism u': A — PL,, which extends (the characteristic function of) U’.

We show that «’ has the desired properties. To see that u'(a) < w'(a), in
case w'(a) # 1 we can use £ = w'(a) + L and find 7,(a) € J, which yields

7e(u(a)) = v/ (r(a)) = 0,
that is, u/(a) < ¢ as desired. The argument for v/(a) < u(<$a) is similar, using
(D7), and for u(Oa) < u/(a) using the construction of F' and (B7).
For the second half of condition (i) we proceed similarly. Assuming that

u <P¥ w and uwR™u' hold, we want to find w’ with wR™w’ and v <P¥ w'.
This time, let FF C &(A) be the filter generated by

{be S(A) | (b) =1 or w(Ob) =1},
and let J C G(A) be the ideal
J={be &(A) | w("b) =0}.

Given b € F, we have b > b’ AV’ for some V', b"” € G(A) which satisfy v/ (V') =
w(Od") = 1. We compute

w(Oh) > w(OH AY)
> w(O) Aw(Ob") (P2)
> u(Ob') A w(Db") (u <PV w)
>u' (V) Aw(Ob") = 1. (uR™u’)

Therefore, b ¢ J and we showed that J and F are disjoint. The filter F' can
be extended to a prime filter W’ C G&(A) which is disjoint from J, and by
Theorem 2.10, there is a homomorphism w’: A — PL,, which restricts to (the
characteristic function of) W' on G(A).

To see that w’ has the desired properties,

u'(a) < w'(a)

follows from 7y(a) € F with £ = «/(a) and similarly we get w(Oa) < w’(a). To
see that w'(a) < w(<a) holds, suppose w(<a) # 1 and set £ = w(<Ca) + L.
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Then 7¢(a) € J implies 0 = w'(1¢(a)) = 7¢(w'(a)), which means w’'(a) < w(<a)
by our choice of ¢.

We now verify condition (ii) of Definiton 3.2, using an argument similar to
[13, Lemma 7.4]. For the first part of condition (ii), let u € PMV,,(A,PL,)
with im(u) = PLj and let uR™w. Suppose towards contradiction that there is
no w' <P¥ w with uR™w’" and im(w’) < PLj. Choose @ € R™[u] and a € A
such that @ <P¥ w and w(a) = L € PL,\PLy is the minimal value obtained
by a member of R™[u] below w. By the duality for PMV,, established in [21],
we can think of (PMV,,(A,PL,,), <PV) as Priestley space in which the subsets
PMV,,(A,PL;) and R™[u] are closed. The algebra A can be identified with
the collection of structure-preserving continuous maps PMV,, (A, PL,) — PL,,
via the isomorphism a — ev,. Now consider the closed sets

F = R™[u] N PMV,,(A, PLy) and G = R™[u] N .

We have FT N G|l = o, since otherwise there would be w' € R™[u] N
PMV,,(A,PL;) with w’ <P¥ @ <P¥ w, contradicting our initial assumption.
Therefore, there exists a clopen down-set €2 which contains G and is disjoint
from F. Now we define the element

A
a’ = alg Ullpyy, (AP, )0

which is a well-defined member of A since (2 is downwards closed. Now by
Lemma 4.5 below we find

u(Ca’) = \{o(@) | v € R™[ul} = Afola) | v € R®[u] 0 Q} = i(a),

which yields a contradiction to im(u) = PLy, since w(a) ¢ PLy.

For the proof of the second part of condition (ii) we proceed similarly.
Take u € PMV,,(A,PL,) with im(u) = PLj; and uR™w and suppose towards
contradiction that there is no w <PV w” with uR™w"” and im(w”) C PLy.
Choose W € R™[u]Nw? and a € A such that @(a) = ™= is the maximal value
obtained by a member of R[u] above w. Separate the closed sets

F = R™[u]|Nwt and G = R™[u] N PMV,,(A,PLy),
by a clopen upset 2 O F' and take

a = a|Q U O|PMVn(A,PLn)\Q7

which is a well-defined member of A since 2 is upwards closed. Then, using
Lemma 4.5, we compute

w(Ca') = \/{U(a’) |v e R™u]} = \/{v(a) | v e R™[u] N Q} = w(a),

which yields u(¢a’) = =1 ¢ PLy, which is a contradiction to our assumption
im(u) = PLy. O

As usual, the following truth lemma is the most significant ingredient to
obtain an algebraic completeness result.
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Lemma 4.5 (Truth Lemma) Let (A, 0,) be a mPMV,,-algebra. Then, in
the canonical frame (A, 0, OV we have

/\{v ) | uR™v} and u(<a) \/{v ) | uR™v}

for allu € PMV,,(A,PL,) and a € A.

Proof. We start with the first equation. It is clear by definition that u(Oa) <
N{v(a) | uR™v} holds. Suppose towards contradiction that this inequality is
strict, say

u(Oa) < /\{v | uR™ v} =:d

holds for some a € A. We define a filter ' and an ideal J on the distributive
skeleton G(A) as follows. Set

F={be&A)|uOb) =1},

which is a filter due to axioms (B1) and (B2) and let J C G(A) be the ideal
generated by the set

{ra(a) VY € S(A) | u(Ob) = 0}.

If b € J, then b < 74(a) V by V --- Vb, for some b),...b), with u(Cb)) =0
for all i = 1,...,n. Then we use the fact that u is a homomorphism and the
properties of modal PMV,,-algebras to find

b) < u(O(r4(a) V (b) V ---vb’n))) (B2)
< u(O7y(a) vV O (b -V b;)) (P1)
= u(O74(a)) V (<>b’ -V Ob) (D2)
= r4(u(0a)) v (<>b’) SV u(OH,) = 0. (B7)

Therefore, «(0b) = 0, which implies b ¢ F. So we showed that F and J are
disjoint. By the prime ideal theorem for distributive lattices, we can find a
prime filter W C S(A) with F C W and W N J = &. By Theorem 2.10,
there is a homomorphism w: A — PL,, which restricts to (the characteristic
function of) W on G(A).

We now show that uR™w holds. Indeed, take a’ € A and set u(Oda’) = ¢.
Then

To(w(a")) = w(r(a’)) =1

because u(O7¢(a’)) = 7¢(u(0a’)) = 1 implies 7¢(a’) € F. Therefore, we have
w(Oa') < w(a') for all a’ € A.
Similarly, if u(<¢a’) # 1, set £ = u(<a’) 4+ £ and find

Te(w(a’)) = w(re(a’)) =0
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because 14(a’) < 74(a) V 1¢(a’) € J implies 74(a’) € J. Therefore, we have
w(a’) < u(<¢a’) + L, which implies
w(a') < u(Cd) for all a’ € A
as desired.
So we showed that uR™w holds. However, note that 74(a) € J implies that

7a(w(a)) = w(ra(a)) = 0,

which by our choice of d means w(a) < A{v(a) | uR™v}, a contradiction to
uR™w. This finishes the proof of the first equation.
To prove the second equation, suppose towards contradiction that

\/{v(a) | uR™v} < u(<Ca)

holds for some a € A. Set d := \/{v(a) | uR™v} + L. Define a filter F’ and an
ideal J of G(A) as follows. Let

J={be &(A) | u(ob) =0},

which is an ideal due to axioms (D1)-(D2) and let F' be the filter generated by
the set

{ra(a) Ab | w(Ob') = 1}.
If b € F, then 7q(a) ADy A--- Abl, <b for some b],...b), with «(0b;) =1 for
alli=1,...,n. We compute

u(Ob) = u(O(rala) A (BY A+ ADL))) (D2)
> u(Ora(a) A DA - AB)) (P2)
= u(O7g(a)) Au(Ob) A--- A DY) (B2)
= 1a(u(Ca)) Au(Db)) A+ Au(Db)) = 1. (D7)

Therefore, u(<$b) = 1, which implies b ¢ J and we showed that F' and J
are disjoint. As before, we can find a homomorphism w: A — PL, with
w(F) = {1} and w(J) = {0}.

We show that uR™w holds. Given o' € A, let £ = u(Oa’). Then 7o(a’) >
Ta(a) A 1e(a’) € F implies w(r¢(a’)) = 1 and thus we showed

w(da') < w(a') for all a € A.

Conversely, if u(Ca’) # 1, take £ = u(<a’) + 2. Then u(<O7y(a’)) = 0 yields
Te(a’) € J and thus w(r¢(a’)) = 0. This means w(a’) < u(<a) . Thus we
showed

1
n

w(a’) < u(Cad’) for all @’ € A,

and altogether that uR™w holds.
However, since 74(a) € F holds, we have 74(w(a)) = w(r4(a)) = 1, which
by our choice means \/{v(a) | uR™v} < w(a), a contradiction. O

In the converse direction, we now explain how to obtain mPMV,-algebras
from Pos,,-frames.
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Definition 4.6 [Complex algebra of a Pos,-frame] Let § = (X, <,sub, R) be a
Pos,,-frame. The complex mPMV,, -algebra of § is the mPMV,,-algebra

3. = (PLS,Og, OR),

where PLS consists of all Pos,,-morphisms (X, <,sub) — PL,, with point-wise
PMV,,-operations and

(Ora)(z) = /\ a(z') and (Ora)(z) = \/ a(z).
Rz’ Rz’
It is easy to check that this really is a mPMV,,-algebra.

Every mPMV,,-algebra can be embedded in the complex algebra of its
canonical frame and vice versa. The proof of the following theorem is mostly
straightforward.

Theorem 4.7 (Representation Theorem) Let A be a mPMV,,-algebra and
let § be a Pos,-frame.

(i) There is an embedding A < (A1) via evaluations a — ev,.
(ii) There is an embedding § — (F1)T via evaluations x — ev,.

Proof. The ‘non-modal parts’ of (i) and (ii) are both consequences of the
dualities established in [21]. For the ‘modal part’ of (i), we need to show that
Ogmev, = evo, and Ogmev, = eve,. This follows from a direct computation

Opmevy(u) = /\ ev,(v) = /\ v(a) = u(0Oa) = evog,
uR™v uR™v
where we used Lemma 4.5. The other equation is shown completely analogous.
For the ‘modal part’ of (ii), we need to show

zRz < evyR™ev,.
The direction ‘=" is immediate by definition since

ev, R™evyr & evy(Opa) < evar (@) < eva(Ora) & /\ a(y) < aa) < \/ a(y)
TRy TRy

and the latter clearly holds for all « if zRz’.

For the direction ‘<=’ suppose 2’ ¢ R[z]. Then R[z]Nz't = @ or R[z]Na'] =
@ needs to hold (since otherwise z Rz’ holds by convexity of R[z]). In the former
case, define a: § — PL,, by a(y) = 0if y € R[z]] and a(y) = 1 otherwise.
Then

evy (a) = a(z’) =1 but ev,(Ora) = \/ aly) =0
zRy

shows ev, ¢ R™[ev,]|. In the other case a similar argument works with a(y) = 1
if y € R[z]T and a(y) = 0 otherwise. O

We are now ready to state the main result of this section. In the presence
of the prior results of this section (in particular Lemma 4.5), the proof is fairly
routine.
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Theorem 4.8 (Algebraic Completeness) Let 1), ¢ € Formpyy -

(i) ¥ En ¢ if and only if mMPMV,, =1 < .
(ii) In particular, ¢ € Ay if and only if MPMV,, = ¢ ~ 1.

Proof. Let (F,0,0) = Freempmy,, (Prop) be the free mPMV,,-algebra gener-
ated by the countable set of propositional variables Prop. The canonical Pos,,-
model is based on its canonical frame (F,0, )T together with the canonical
Pos,, -valuation defined by

Val®*(u, p) = u([p]),

where [p] denotes the equivalence class of p. By Proposition 4.4, we know that
(F,0,0)T really is a Pos,-frame. Furthermore, we can easily check that the
canonical Pos,-model really is a Pos,-model (Definition 3.4) since

(i) If w <P¥ v, then Val®(u, p) = u([p]) < v([p]) = Val®" (v, p).
(i) Val®(u,p) = u([p]) € im(u).
Using the Truth Lemma (Lemma 4.5), it is easy to verify that the property

Val®™(u, @) = u([#])

extends to all modal PMV-formulas ¢ € Formpyy.

Now suppose that mPMV,, &1 < . Then in particular [¢)] < [¢] does not
hold in F. Thus, there exists a homomorphism u: F — PL,, with u([¢)]) =1
and u([¢]) = 0. This means that Val®"(u, [¢)]) = 1 and Val**"(u, [¢]) = 0,
witnessing that ¢ £, ¢ in the canonical Pos,-model. a

For the minimal PL,,-valued modal logic, the additional structure of Pos,,-
frames is ‘redundant’ (recall Proposition 3.6). However, in the next section we
study a consequence pair which is only canonical with respect to the semantics
over Pos,,.

5 A case study in canonicity

In this section, we give an example of a consequence pair which is canonical
with respect to the semantics over Pos,,-frames but isn’t with respect to either
of the semantics over Pos-frames or Set,,-frames.

From now on, for simplicity we assume that n is a prime number, which
implies S(PL,,) = {PL,,, PL;}. We consider the consequence pairs

O(z @ z) - Oz and O(z @ z) F O

As noted in Subsection 2.2, over MV,, (i.e., with negation) the formula O(z &
x) — Oz is canonical [13, Example 8.28] and defines the class of Set,-frames
in which ‘all successors are crisp’. In particular, this means that the formula
O(z@dx) — <Oz which defines the same class of Set,,-frames is derivable from the
corresponding axiomatic extension of modal logic over MV,,. In this section,
we show that in modal logic over PMV,, this is not the case anymore. In
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the following, we identify the classes of Pos,-frames which are defined by the
above consequence pairs. As it turns out, the former consequence pair defines
Pos,,-frames in which ‘every successor has a crisp successor of the same element
below’ while the latter one defines the ones in which ‘every successor has a crisp
successor of the same element above’. Note that a Pos,-frame (X, <,sub, R)
can be identified with a first-order structure where sub is described by unary
relations for all PLy € S(PL,,).

Proposition 5.1 Let § = (X, <,sub, R) be a Pos, -frame.
(i) The consequence pair O(p @ p) - Op is valid in § if and only if § satisfies
VaVy: (zRy — 3y : (zRy Ay’ <y Asub(y’) = PLy)).
(ii) The consequence pair O(p @ p) B Op is valid in § if and only if § satisfies
VaVy: (ny — " (xRy" Ny <y Asub(y”) = PLl)).

Proof. We first prove part (i) of the proposition. Assume that § satisfies the
first-order condition in the statement and let (X, <,sub, R, Val) be an arbitrary
Pos,-model based on § which satisfies Val(z,O(p®p)) = 1 and R[z] # &
(otherwise, the consequence pair is trivially satisfied at z). If y € R[z], there is
some y' € R[z] Nyl with sub(y’) = PL;. Then it must hold that Val(y',p) = 1
(since otherwise Val(y’,p) = 0 implies Val(xz, O(p @ p)) = 0). Since y’ < y, this
now implies Val(y,p) = 1 as well. Since y was an arbitrary successor of z, we
get that Val(z,Op) = 1 as desired.

For the converse, assume that § does not satisfy the first-order formula of
the statement. In other words, there are xRy such that no xRy’ with ' <y
satisfies sub(y’) = PL;. Then choose some ¢ € PL,, with 1 < ¢ < 1 and
consider any Pos,-valuation which satisfies

¢ ifzRwand w <y

Val =
al(w,p) {1 if tRw and w £ y.

The Pos,-model thus arising witnesses Val(z, O(p ®p)) = 1 but Val(z, Op) = ¢,
which shows that the consequence pair is not valid in §.

To similarly prove part (ii) of the proposition, first suppose that § satisfies
the first-order formula in the statement, and suppose (X, <,sub, R,Val) is a
Pos,,-model based on § with Val(z,O(p @ p)) = 1. Then there exists some
successor y € R[z] with Val(y,p) > % By our assumption, there exists another
successor ¥y’ € R[x] with y < y” and sub(y”) = PL;. Since Val(y,p) # 0 and
y" is crisp, we necessarily have Val(y”,p) = 1, which implies Val(z, Op) =1 as
desired.

For the converse, assume that the § does not satisfy the first-order condition
in the statement. Then there exist some 2Ry such that all w € R[x] with y < w
satisfy sub(w) = PL,,. Now pick some ¢ € PL,, with % < ¢ < 1 and consider
any valuation which satisfies

{ if zRw and y < w

Val(w,p) =
al(w. p) {O if tRw and y £ w.
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The Pos,-model thus arising witnesses Val(z, O(p@®p)) = 1 but Val(xz, Op) = ¢,
which shows that the consequence pair is not valid in §. ]

To conclude this section, we note that the consequence pair O(p ® p) - Op
is canonical with respect to Pos,-frames. Together with Section 4, this is a
consequence of the following.

Proposition 5.2 Let (A,0,<) be a modal PMV,,-algebra which satisfies the
equation O(x @ x) < Oz. Then the canonical frame (A,0, OV satisfies the
first-order condition from Proposition 5.1(3).

Proof. The idea is similar to the proof of part (ii) of Proposition 4.4. Suppose
towards contradiction that there are some u,v € PMV, (A, PL,) with uR™v
and R™[u] N PMV,,(A,PL;) Nv] = @. Consider the closed sets

F = R™u| N PMV,,(A,PL) and G = R™[u] Nvl.

As in the proof of Proposition 4.4, we can separate these sets by a clopen
downset © D G with QNF = @. Thus, from a € A with v(a) = L (which exists
because im(v) = PL,), we can construct a witness for u(0a’) = v(a) = %,
which yields u(0(a’ ® a’)) > u(Oa’), contradicting the initial assumption that
O(a’ @ a’) < 0Od’ holds in A. 0

Together with Proposition 5.1 and the results of Section 4, this implies
that the consequence pair O(p @ p) F Op is not derivable in the correspond-
ing axiomatic extension. While the semantics over Pos,, reflect this situation
adequately, the semantics restricted to Set, Set,, or Pos all fail to do so.

6 Conclusion and further research

We introduced the positive fragment of L,,-valued modal logic and studied it
via its algebraic counterpart, modal PMV,-algebras. We introduced relational
semantics on Pos,-frames for this logic and showed that canonical frames of
modal PMV,,-algebras are Pos,-frames. In an example, we illustrated how these
richer semantics are ‘well-behaved’ with respect to canonicity. In the following,
we collect some potential directions for future research along similar lines.

(1) Establish a ‘J6énsson-Tarski-style’ topological duality for the variety mPMV,,
similar to the topological duality for mDL from [6] (which should correspond
to the special case n = 1). Similarly to how the duality for mDL may be
seen as extending Priestley duality, a duality for the variety mPMV,, may
be be obtained as extension of the natural duality for PMV,, from [21].

(2) Investigate canonicity and frame-definability over Pos,-frames more rigor-
ously, for example by providing an analogue of the Sahlqvist Theorem or
the Goldblatt-Thomason Theorem. This will likely be similar to what is
found in [6] for classical positive modal logic and in [13,23] for L,-valued
modal logic.

(3) Study positive modal logic over PL,, coalgebraically, similarly to [3,9] for
classical positive modal logic. Similarly to [16], one could also attempt
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to study the relationship between classical positive modal logic and PL,,-
valued positive modal logic coalgebraically.

(4) Find axiomatizations and ‘richer’ semantics for broader classes of positive
many-valued modal logics. For example, consider positive versions of some
of the common infinitely-valued modal fuzzy logics [13,22,24]. Further-
more, the author agrees with one of the anonymous referees, who deemed
it interesting to which extent the results of this paper can be extended to
arbitrary finite lattice-based algebras of truth degrees (for which natural
dualities always exist by [8, Corollary 3.3.9]).

In general, we hope this paper inspires future discussions of relational semantics
beyond Set, in particular in many-valued modal logic where it still is customary
to exclusively consider Set-based semantics (see, e.g., [11,4,22]).
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