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Abstract

We introduce a new natural deduction system for Kreisel-Putnam logic. Our system
is based on Schroeder-Heister’s calculus of higher-level rules, an extension of ordinary
natural deduction in which not only formulas, but also rules can act as assumptions
that may be discharged in the course of a derivation. We will establish a normalization
theorem, i.e., we will show that every deduction in our system can be converted into
a deduction without ‘detours’. The method used for this is new and might also be
applied to other non-classical logics. As a consequence of this result, we will obtain
an unrestricted subformula property and a separation theorem for our system.

Keywords: Kreisel-Putnam logic, intermediate logics, natural deduction, proof
theory, normalization, subformula property, calculus of higher-level rules.

1 Introduction

The intermediate logic KP, known as Kreisel-Putnam logic, can be defined as
the result of adding the scheme (—¢p — (¥ V x)) = ((m¢ = V) V (= — X))
to intuitionistic propositional logic (IPC). It was introduced in 1957 by Kreisel
and Putnam [9] in order to disprove a conjecture by Lukasiewicz [11] according
to which IPC is the only intermediate logic having the disjunction property.
In this paper, we provide a new natural deduction system for KP. Our sys-
tem is based on the so-called calculus of higher-level rules, a generalized nat-
ural deduction formalism introduced by Schroeder-Heister [18,19,20], in which
not only formulas, but also rules can be used as assumptions that may be
discharged in the course of constructing a proof tree. We present an innova-
tive normalization procedure which allows to convert every deduction in our
system into a normal deduction, i.e., a deduction containing no ‘detours’. The
underlying method might also be used to obtain normalization results for other
non-classical logics. 2 We will see that our system is fully analytic, in the sense
that normal deductions always satisfy an unrestricted subformula property.
1 valentin.johannes.mueller@gmail.com

2 We already succeeded in finding similar natural deduction systems for propositional in-
quisitive logic and for a small number of intermediate logics different from KP (cf. [13]).
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Over the years, proof theorists have developed various methods which allow
to construct analytic proof systems for non-classical logics in a more or less
uniform way [1,3,6,10,15]. The system KP occupies a somewhat special posi-
tion here, as most of these methods do not seem to work when applied to it. A
labelled sequent calculus for KP is presented in [7, Sect. 11.2], but this calculus
internalizes the semantic characterization of KP given in [2, p. 55], so it is not
purely syntactic in a strict sense. Simple natural deduction systems for KP and
related logics are provided in [4,16], along with a computational interpretation
in the style of Curry [5] and Howard [8]. These calculi, however, do not seem to
satisfy a full subformula property (for a closely related system, this was pointed
out in [14, pp. 35-36]). As far as we know, it is still an open question whether
KP admits an analytic hypersequent calculus or nested sequent calculus.

The paper is structured as follows. In Section 2, we first recall some basic
notions from the literature. In Sections 3—4, we introduce our natural deduction
system for KP and demonstrate its completeness in a syntactic way. The proof
of our normalization result is presented in Sections 5-7. In Section 8, we
establish the subformula property and a separation theorem for our system.

2 Basic Notions

We start by defining some basic notions from the theory of superintuitionistic
logics. For further details, we refer to [2, Sect. 4.1]. Throughout this paper, we
assume a fixed set P of propositional atoms, denoted by the meta-variables p,
q, T, etc. The language of intuitionistic logic, notation L, is defined as follows:

pu=p|lLllorpleVele—=e  (PEP).
As usual, we write - as an abbreviation for ¢ — L. A formula ¢ € £ is said
to be a prime formula, if it is either an atom from the set P, or it is of the form
@ = 1. And ¢ is called disjunction-free, if it does not contain any occurrences
of the symbol V. We also write IPC for the set of all formulas valid in intu-
itionistic logic and CPC for the set of all formulas valid in classical logic. By
a substitution, we will mean a function s : P — £, which assigns, to each atom
p € P, a formula s(p) € £;. Such a function s is extended to arbitrary formulas
by putting s(L) := L as well as s(p @) := s(p) © s(¢) for all ® € {A,V,—}.
Definition 2.1 [Superintuitionistic Logic] A set of formulas L C £; is said to
be a superintuitionistic logic (or an si-logic for short), if the following holds:
e IPCC L,
¢ L is closed under modus ponens: if ¢ € L and (p — v) € L, then ¢ € L,
¢ L is closed under substitution: for any substitution s, if ¢ € L, then s(¢) € L.

An si-logic L is consistent, if it satisfies the condition L ¢ L. It is not diffi-
cult to show that every consistent si-logic L is intermediate between intuition-
istic logic and classical logic, in the sense that IPC C L C CPC. A consistent
si-logic is therefore also referred to as an intermediate logic [2, p. 109].

Clearly, for any set of formulas I' C £, one can construct an si-logic by
adding the formulas from I'" to IPC and by closing the resulting set of formu-
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A1) o= (P = ¢) A2) (¢ = (b = x) = ((p = ¥) = (¢ = x))
(A3) (P AP) = @, (P Ap) = (ML) @ — (Y — (P A )

(45) ¢ = (pV¥), ¥ = (p V1) (A8) (v = x) = (¥ = x) = (¢ VY) = X))
A7) L= (KP) (= = (Y VX)) = (= ¥) V (= = X))

Modus ponens: from T' i and Ak ¢ — 9, infer T, A b 1.

Fig. 1. The Hilbert-style system HKP.

las under modus ponens and substitution. The si-logic thus obtained will be
denoted by IPC+T. If T is of the form I' = {¢1,...,¢,}, then we also write
IPC+ o1 + ...+ ¢, instead of IPC + I'. The intermediate logic KP, known as
Kreisel-Putnam logic, was first considered in [9] and can be defined as follows:

KP:=IPC+ (-p— (qVr) = (-p— q) V(-p = 1)).

The system KP has some historical significance, because it was the first coun-
terexample to a conjecture by Lukasiewicz [11] according to which IPC is the
only intermediate logic having the disjunction property. This conjecture was
refuted by Kreisel and Putnam [9] who proved that the disjunction property
also holds for KP: if we have (¢ V ¢) € KP, then also ¢ € KP or ¢ € KP.

A sound and complete Hilbert-style system for KP is presented in Figure 1.
The provability relation of this system is denoted by k and defined in the
usual way. That is, we write I' b ¢ and say that ¢ is provable from I' in HKP,
if one of the following holds: (1) ¢ is an element of T, or (2) ¢ is an axiom of
HKP, or (3) there are subsets A, ¥ C T" and a formula ¢ such that I' = AUX as
well as A b1 and X K ¢ — . Using essentially the same argument as in [14,
Theorem 1.5.4], it is easy to prove that HKP satisfies the deduction theorem.

Theorem 2.2 (Deduction Theorem) We have T, ok ¢ iff Tk o — 1.

For later purposes, we also need to show that every negated formula of our
language is intuitionistically equivalent to a disjunction-free formula. We first
assign, to each ¢ € L), a disjunction-free formula ¢ in the following way:

e 1%:= 1 and p® := ——p for all atoms p € P,

* (pOY)¢ =" Oy for © € {A, =}, and (p V) i= =(=p% A =)

This translation is also known as the Gdédel-Gentzen negative translation [21,
p. 49]. We will write ¢ =pc ¥, if ¢ and v are equivalent in IPC, i.e., if we have

(p = ¢) € IPCand (¥ — ¢) € IPC. One can now establish the desired result:
every negated formula - is IPC-equivalent to the disjunction-free formula —¢°.

Lemma 2.3 For any ¢ € L}, we have ¢ =pc —¢°.

Proof. Using induction on ¢, it is easy to prove that == =pc ¢°. Moreover,
we clearly have —¢ =pc =——¢. Hence, it follows = =jpc === =pc —¢°. O
3 Higher-Level Rules and Natural Deduction for KP

We will now introduce an analytic natural deduction system for Kreisel-Putnam
logic. As explained above, our system is based on Schroeder-Heister’s calculus
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of higher-level rules, a generalization of ordinary natural deduction in which not
only formulas, but also rules can serve as assumptions that may be discharged
in the course of a derivation [18,19,20]. The basic idea is as follows: each
proof tree in our system will be built up from two types of rules, which we
will call primitive rules and assumption rules. The primitive rules are used to
formalize the ‘meaning’ of the logical symbols in our language, so an application
of such a rule will never count towards the open assumptions of a derivation. An
application of an assumption rule, on the other hand, is treated as a supposition
(rather than as a valid inference step), and it is considered to be open as long
as it has not been discharged by another rule application in the proof tree.

First, we need to characterize the class of assumption rules that may occur
in a proof tree of our system. An assumption rule of level 0 simply amounts
to a formula ¢ € L), so it behaves just like a hypothesis in ordinary natural
deduction. By an assumption rule of level 1, we will mean a rule of the form

w1 g2 e on
P

where n > 1. That is, a rule of level 1 simply allows to infer a formula ¢ from
a given set of premises 1, ..., @y, without discharging any other rules in the
proof tree. In what follows, we will also use the linear notation ‘¢1, ..., ¢, = ¢’
as a name for the level-1 rule with premises 1, .. ., ¢, and conclusion . It will
sometimes be convenient to treat a level-0 rule ¢ (i.e., an ordinary hypothesis)
as a level-1 rule with an empty set of premises. For this reason, we also write
‘) = ¢’ instead of ‘©’. An assumption rule of level £ > 1 is a rule of the form

(Ca]* o] [Tn]
Dy Do Dn
w1 ©2 ¥n
u
¥
where A = {T'y = ¢1, ..., = ,} is a non-empty set of rules whose maximal
level is £ — 1.3 In other words, a rule of this kind allows to infer a formula v
from a set of premises ¢1, ..., ©,, while discharging all open applications of the

rules from I'; in the subtree ending with the premise ¢;. A rule of this form will
also be denoted by ‘(T'y = ¢1,...,I'w = ¢,) = ¢’. Throughout this paper,
the discharging of rules will be indicated by square brackets and by writing a
suitable label (such as w, v, w) to the left of the corresponding inference line.

Definition 3.1 The class of assumption rules is defined in the following way:
¢ Every formula ¢ € £ is an assumption rule of level 0.

o If p € L is a formula and T' = {Ry,...,R,} with n > 1 is a set of rules
whose maximal level is ¢ > 0, then I' = ¢ is an assumption rule of level £+ 1.

Note that, according to this definition, assumption rules are always non-
schematic, in the sense that they are built up from specific formulas, rather than
from syntactic meta-variables ranging over arbitrary formulas. Furthermore,
we do not assign any order to the expressions occurring on the left-hand side of

3 That is, each I'; = ; is of level < £ and at least one I'; = ; is of level exactly £ — 1.
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Side condition: In the rule VE, we require © to be a finite set of negative rules.

Fig. 2. Primitive rules of the natural deduction system NKP.

the symbol = in an assumption rule. So, for example, ¢1, (2, P3 = p1) = 5
and (vs3, 02 = @4), 1 = p5 will be treated as identical assumption rules.

Definition 3.2 The subrules of an assumption rule are defined as follows:
e Every assumption rule is a subrule of itself.

e IfR=(T1= p1,...,n = pn) = ) is a rule of level £ > 2, then every
subrule of the rules contained in I'y U...UT, is also a subrule of R.

In other words, R is a subrule of R’, just in case we either have R = R/, or
R is one of the rules that are discharged by R’ or by one of its other subrules.

Definition 3.3 [Prime Rule, Disjunction-Free Rule, Negative Rule] Consider
an arbitrary assumption rule R = (I = ). We will say that:

* Ris a prime rule, if every formula occurring in I' U {¢} is a prime formula.
e R is disjunction-free, if every formula occurring in I'U{p} is disjunction-free.
* R is negative, if R is disjunction-free and of the form R = (I' = L) for T # ().

We are now ready to introduce a higher-level natural deduction system for
Kreisel-Putnam logic.# Our system will be denoted by NKP and comprises the
primitive rules depicted in Figure 2. As can be seen, the rules for conjunction,
implication and falsum as well as the introduction rule for disjunction are sim-
ply the familiar ones from intuitionistic logic. In fact, the only new ingredient
of our system is the elimination rule VE, which should be read as follows: let
O be a finite set of negative rules and suppose that there exists a proof tree
D; for ¢ V ¢ such that each of the rules from © possibly has an undischarged
application in D;. Furthermore, let Dy and D3 be two proof trees for y such
that © = ¢ possibly occurs among the open assumptions of Dy, and © = ¢
possibly occurs among the open assumptions of D3. Then, using the rule VFE,
we are allowed to infer y and to discharge all open applications of the rules
from © in Dy, all open applications of ©® = ¢ in Dy, and all open applications
of © = ¥ in Dj. It is easy to see that the standard elimination rule for V can
be obtained as a special case of the rule VE, by taking © to be the empty set:

4 A similar proof system for inquisitive logic was recently developed by the author in an
unpublished manuscript [13]. An earlier version of this system was presented in [14, Ch. 2].
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in this case, nothing is discharged in the subtree Dy, and the additional rules
O = ¢ and © = ¢ simply amount to the level-0 rules ¢ and v, respectively.

Given an arbitrary application of VE, we will also use the following termi-
nology: the negative rules from the set © are said to be the auziliary rules of
this application of VE. And the side rules are the two rules of the form © = ¢
and © = ¢ which are discharged in the subtrees Dy and D3, respectively.

Definition 3.4 [The System NKP] We define NKP to be the higher-level nat-
ural deduction system having the primitive rules depicted in Figure 2.

Every proof tree built up from the primitive rules of our system and arbi-
trary (open or discharged) applications of assumption rules will be referred to
as a quasi-deduction. By a deduction in NKP, we will mean a quasi-deduction
in which all undischarged assumption rules are of level 0 (so these assumption
rules are just ordinary hypotheses). The derivability relation of our system will
be denoted by k. Thus, given an arbitrary set of assumption rules I', we will
write I' i ¢ and say that ¢ is derivable from T, if there exists a quasi-deduction
D with conclusion ¢ such that all open assumption rules in D are contained
in I'. In this case, D is also said to be a quasi-deduction for T ) ¢. If T k& ¢
holds for a set of formulas I' C L, then ¢ is said to be provable from T.

Example 3.5 The following proof tree is a deduction in our system:

[pA gl N [ﬁp]’i [p]” N [ﬁp]i[p]’” N
o= 1) vole=D=el e le= D=l
ﬂ(pAq)ﬁ(sonJ)uﬁ(p/\Q):I wﬁp%«p_ﬂ vl yﬁpﬁw_ﬂ I
LPVY (=p =)V (=p— ) (ﬂp—w)V(ﬁp—W)vE

(p—=9) V(P =)

In applications of primitive and non-primitive rules, we in general also per-
mit vacuous discharge of assumption rules. However, one can show that, in
applications of VE, vacuous discharge is always redundant. More precisely,
every quasi-deduction D in our system can be rewritten in such a way that (1)
each auxiliary rule and each side rule of any application of VE in D is in fact
discharged by this application, and (2) every proper subrule of an auxiliary rule
(resp., side rule) of VE in D is in fact discharged by at least one application of
this auxiliary rule (resp., of a side rule). In what follows, we will tacitly assume
that quasi-deductions always satisfy the conditions (1) and (2). In most cases,
this does not make a big difference and the reader can easily transfer our argu-
ments to the more general setting in which such a convention is not adopted.

4 Soundness and Completeness

We will now prove that our system is sound and complete with respect to the
Hilbert-style system HKP (see Figure 1). First, we establish the completeness
of our system: everything which is provable in HKP is also provable in NKP.

Lemma 4.1 LetT C L) be a set of formulas. IfT K ¢ holds in the Hilbert-style
system HKP, then T' | ¢ holds in the natural deduction system NKP.
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Proof. By induction on the structure of a Hilbert-style proof for I' K ¢. It
suffices to show that all axioms of HKP are provable in NKP. For the schemes
(A1)—(AT), this is straightforward. In order to show the provability of (KP),
let ¢ be an arbitrary formula. By Lemma 2.3, we have ¢ =pc —¢¢, so there
must be a deduction D; for —p K —~¢® and a deduction Dy for ¢ I =y in
our system. Using these proof trees, we now construct the following deduction:

[—]® [—¢]?
€] o D1 D1
[p¢ = L1]? e Gl —oC [T
n ¢ [9°] ¢ [¢°]
u—s T - ‘ —E - ‘ —E
® v—[(¢% = 1) = ¢]* T—[(¢¢ = 1) = x]*
D2 w v —I ZJL—H
[~ = (VX —p —p =P —p =X
—F VI VI
AR (—p = P) V (=p = x) (W-W)V(W%x)vE

" (- =)V (e = X) 7
(= = (P VX)) = ((me = P) V (e = X))
Note that, since ¢© is disjunction-free, ¢ = 1 is a negative rule (see Defini-
tion 3.3), so the application of VE in this deduction is in fact correct. ]

In order to establish the soundness of our system, we first assign, to each
assumption rule R, a corresponding formula F'(R) in the following way:

e If R = ¢ is of level 0, then we put F(R) := ¢.
e If R=(Ry,...,R, = ¢) is of level £ > 1, then F(R) := (A, F(R;)) — .

For any set of rules I', we also put F(T') := {F(R) | R € T'}. It is now easy to
show that, if ¢ is derivable from a set of assumption rules I' in NKP, then ¢ is
provable from the set of formulas F (') in the Hilbert-style system HKP.

Lemma 4.2 Let T be a set of assumption rules. If T i ¢ holds in the natural
deduction system NKP, then F(T') b ¢ holds in the Hilbert-style system HKP.

The proof proceeds by induction on the structure of a quasi-deduction for
I' i ¢ in our system. A few representative cases are considered in Appendix A.

Theorem 4.3 (Soundness and Completeness) Let T be a set of formulas.
We have T b ¢ in the system NKP iff Tk o holds in the system HKP.

Proof. The statement follows directly from Lemma 4.1 and Lemma 4.2. O

5 Detours in Deductions

In this and the next two sections, we will establish a normalization theorem for
our system, so we will show that every deduction in NKP can be converted into
a normal deduction. Intuitively, a deduction is said to be normal, if it does not
contain any ‘detours’. In order to make this precise, we first need to recall some
standard terminology. Given an arbitrary application of a rule of inference, we
will call the formula occurrences directly above the line the premises and the
formula occurrence directly below the line the conclusion of the application.
In applications of elimination rules, we will distinguish between two types of
premises: the major premise is the premise which contains the ‘eliminated’
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occurrence of the connective; all other premises (if any) are said to be minor
premises. So, for example, the major premise of an application of —F is the
premise of the form ¢ — 1, and the minor premise is the one of the form ¢.
The major premise of an application of VE, on the other hand, is the premise
of the form ¢ V v, and the minor premises are the two premises of the form x.
A detour in a deduction may now be conceived as a formula that is both the
conclusion of an introduction rule and the major premise of an elimination rule.
However, deductions may also contain repetitions of formulas, since the minor
premises and the conclusion of an application of VE are always of the same
shape. Thus, rather than considering only single occurrences of formulas, we
must consider sequences of consecutive occurrences of the same formula. Such
a sequence is also referred to as a segment. The intuitive notion of a detour is
now formalized by the concept of a cut segment, which is defined as follows.

Definition 5.1 [Cut Segment] A cut segment of length n in a proof tree D is a
sequence &y, ..., &, of n consecutive occurrences of a formula ¢ in D such that:

e £ is the conclusion of an introduction rule,
e each & with 1 <4 < n is a minor premise of VFE,
e £, is the major premise of an elimination rule.

Example 5.2 The following deduction contains a cut segment of length 2:
Dy Do
v Y
X1V xe AN M oA
pAY
©
The unique formula occurring in a cut segment is said to be the cut formula
of the segment. Our main goal is to show that cut segments can always be
eliminated. However, this alone does not suffice to obtain a strong subformula
property for our system, since there are also other types of detours that need
to be considered. One problem arises from the intuitionistic absurdity rule L;,
because this rule, too, can ‘introduce’ a formula which might then serve as
the major premise of an elimination rule. This issue can easily be resolved by
restricting L; to instances in which the conclusion is atomic. Another, more
severe, problem is related to the assumption rules involved in an application of
VE. In order to understand this problem, consider the following deduction:

VE

NE

A ql”? A q|*
) ra yuw
[pl* g [-p]* p [-p]Y »p
nat 1 F I F
%[p/\qﬁl}z v—[(pAg=1)=ri]* c—[(pAg= 1) =ra]*
T T
u——1 w ! —1 Yy 2 —1
-p—(r1Vra) -p -p— 71 —p — 7o
—F \24 \24
ZnVrg (=p—=711)V(—p—r2) (ﬁp—>r1)v(ﬁp—>r2)vE

(=p = 7r1) V (7p = 72)

This deduction contains the formula pAg (acting as the premise of the auxiliary
rule pAg = 1), but this formula is neither a subformula of an open hypothesis
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nor a subformula of the conclusion of the deduction. Note that, in a sense, pAq
behaves just like a cut formula here: it is the conclusion of an introduction rule
in the subtree on the left-hand side, and it is the major premise of an elimination
rule in the two subtrees on the right-hand side. In order to avoid detours of
this kind, we must not only eliminate cut segments, but we must also show
that auxiliary rules can be restricted to prime rules (see Definition 3.3).

Definition 5.3 [Pure Quasi-Deduction] A quasi-deduction D is pure, if it sat-
isfies the following two conditions: (1) all auxiliary rules of applications of VE
in D are prime rules, and (2) every conclusion of L; in D is an atomic formula.

Definition 5.4 [Normal Quasi-Deduction] We will say that a quasi-deduction
is normal, if it is a pure quasi-deduction and it also contains no cut segments.

Our normalization proof consists of two main steps: in Section 6, we will first
see that every deduction can be turned into a pure deduction. In Section 7, we
will then see that every pure deduction can be turned into a normal deduction.

6 Purification of Deductions

Let us start by showing that every deduction can be transformed into a pure
deduction. We first note that, in every quasi-deduction of our system, 1; can
be restricted to instances in which the conclusion is an atomic formula. The
proof works in essentially the same way as in intuitionistic logic (see, e.g., [12,
Proposition 4.2]). Thus, it only remains to show that auxiliary rules of VE can
be restricted to prime rules. To this end, we first assign, to each disjunction-free
rule R = (I' = ¢), a finite set of prime rules pr(R) in the following way:

e if ¢ is prime, then pr(T' = ¢) := {pr(I') = ¢} for pr(T) := Ug cp pr(R),”
s pr(l= ¢ Ax):=pr(l'=y)upr(l = X),
s prl' =19 = x) = pr(l, ¢ = x).
Given any set of disjunction-free rules T', we also define pr(I') := Jpcp pr(R).
Note that, if I is finite, then pr(T') is finite as well. The basic idea is to show
that, if a formula ¢ is derivable using a disjunction-free rule R as an assumption,
then it is also derivable using the prime rules from pr(R) as assumptions.
Definition 6.1 The rank of a formula ¢, notation 7%(p), is defined as follows:
e rk(L):=1and rk(p) := 1 for p € P,
e k(v ©x) :=rk(¥) + rk(x) + 1 for © € {A,V,—}.

In other words, 7k () simply amounts to the length of the string ¢, provided
that parentheses are ignored. By the degree of a rule R = (I' = ), notation
dg(R), we will mean the sum of the ranks of all formulas occurring in I' U {¢}.

For any set of rules T, we also write I' k5 ¢, if ¢ is derivable from I' by a pure
quasi-deduction. We are now ready to prove the desired result: if a disjunction-

5 If T' = (), then we put pr(T") := @). So, in this case, we have pr(I' = ¢) = {0 = ¢} = {¢}.
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free rule R occurs as (a component of ) an open assumption in a quasi-deduction,
then we can always replace R be the corresponding set of prime rules pr(R).

Lemma 6.2 Let I' and A be arbitrary sets of assumption rules and suppose
that A is finite. Furthermore, let R be a disjunction-free rule. It holds:

(i) f T, Rz ¢, then T, pr(R) Iz ¢,
(ii) if T, (A, R = ) k& ¢, then T, (A, pr(R) = ) I+ .

Proof. Both statements are proved simultaneously, by induction on the degree
of R. The base case is trivial. For the inductive step, let dg(R) > 2 and suppose
that both of the claims hold for all disjunction-free rules of degree smaller than
dg(R). Without loss of generality, we may assume that R = (Il = x), where
X is a disjunction-free formula and IT = {21 = ¢1,...,3, = @, } is a possibly
empty set of disjunction-free rules. There are the following possibilities.

Case 1: x is a prime formula. In this case, one can easily derive (i) from
the induction hypothesis for (ii), and (ii) from the induction hypothesis for (i).

Case 2: x is not prime. In order to prove part (i), let D be a pure quasi-
deduction for ', R |+ . We select a topmost open application of R = (IT = x)
in D and rewrite this application using one of the following two conversions:

[Zl]u [E ]u [El]u [E"]u [Zl]v [Zn]v
n
D D Dl Dn Dl Dn
! n Y1 on Y1t Pn
X=aApB: u901 @nH:a/\IB ~> Ufﬂﬁa ’U?Hiﬁ
aAp NI
D aAp
0 DO
Bl S S
D, Dp,
b1 Dn 1 o [
X=a—=>p: ©$1 - ¥n ~ y——————TJla=
y——— I =>a—f B8
a—f v -7
D a—pB
] Do

We only consider the case in which y is of the form y = a — [, so we assume
that the second of these conversions has been performed. As can be seen, the
selected application of R is now replaced by an open application of I, a = 3.
Thus, by repeating the procedure for all other open applications of R, we finally
obtain a pure quasi-deduction for T', (Il,« = 3) ks ¢. Now, observe that we
have dg(Il,« = ) < dg(R). Hence, by the induction hypothesis for (i), we
may conclude T', pr(IT, « = 3) ks ¢ and therefore T', pr(R) b+ ¢, as desired.

In order to establish part (ii) of the lemma, let now D be a pure quasi-deduc-
tion for T, (A, R = v) I+ ¢. We select a topmost open application of A, R = 1)
in D and rewrite this application using one of the following conversions (the
vertical dots represent a collection of subtrees corresponding to the rules in A):
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u (o] (r
A [H] . D1 D1
: Dy A anB aAnp
Xx=ahB: I anp VoL T Mg AE
UTA,R:MZ) “ ; A= ao),I=8) =1y
Do Do
I
: (o] . D1
:A D1 A a8 o
x=a—p8: a=B ~ L T F
uT yR=1 uTA,(H,a:»ﬁ)éw
Do Do

Again, let us suppose that x = a — 3, so the selected application of A, R = 9
is now replaced by an open application of A, R’ = ¢, where R’ := (II, o« = f3).
By repeating the procedure, we thus obtain T, (A, R’ = ) k& ¢. Since we have
dg(R') < dg(R) and pr(R’) = pr(R), this implies T, (A, pr(R') = %) k& ¢ and
therefore T, (A, pr(R) = 1) k& ¢ by the induction hypothesis for part (ii). O

Proposition 6.3 Let " be a set of formulas. If there exists a deduction for
I I ¢ in our system, then there also exists a pure deduction for Tk .

Proof. Suppose that there exists a deduction D for I' ks . Without loss of
generality, we may assume that every conclusion of 1; in D is atomic. We now
select an uppermost application of VE in D such that not every auxiliary rule
of this application is prime, and we then rewrite this application as follows:

e [©=Y1]* [© = a]¥ pr(®)]" [pr(®) = 1]* [pr(©) = ]
D3 D1 Do ’Dé ,Dll 'D’2
uwwzﬁa X XyE ~ u7/11\/¢2 X XyE
X X
Dy Da

where each of the proof trees D} with ¢ = 1,2, 3 is obtained from D; by applying
Lemma 6.2 to the disjunction-free rules in ©. Observe that pr(©) is still a finite
set of negative rules, so the new application of VFE is in fact correct. Therefore,
by repeating the procedure, we finally obtain a pure deduction for I' i ¢. O

7 Normalization

Next, we will show that every pure deduction can be transformed into a normal
deduction. For technical reasons, we first note the following fact: if Dy is a
quasi-deduction containing some open occurrences of a rule © = ¢, and if Dy
is another quasi-deduction with conclusion ¢, then we can always construct a
new quasi-deduction D1(Ds : © = ¢) by ‘substituting’ Dy for all undischarged
applications of © = ¢ in D;. Moreover, if © contains only prime rules, then ¢
is the only new cut formula that may arise in the course of this construction.

Lemma 7.1 Let © be a finite set of prime rules, let Dy be a pure quasi-deduc-
tion for T',(© = ¢) kv ¢ and let Dy be a pure quasi-deduction for A,© K .
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Then there exists a pure quasi-deduction D3 for T') A k1) such that every cut
formula occurring in D3, except possibly v, already occurs as a cut formula in
Dy or Ds. Furthermore, if the conclusion of D3 belongs to a segment that starts
with the conclusion of an introduction rule, then so does the conclusion of Dy,
provided that o # 1. This quasi-deduction D5 is denoted by D1(Dy : © = ).

A proof is provided in Appendix B. By the rank of a cut segment o, notation
rk(0), we will mean the rank of the cut formula occurring in o. A cut segment
o in a deduction D is said to be mazimal, if it is a cut segment of highest rank
in this deduction. And by the cut rank of a deduction D, we will mean the pair
of natural numbers CR(D) = (m,n) defined as follows: if D contains no cut
segments, then we put crR(D) := (0,0). Otherwise, we put CrR(D) := (m,n),
where m is the rank of a maximal cut segment in D, and n is the number of
maximal cut segments in D. As usual, we will assume that cut ranks are ordered
lexicographically. That is, given two deductions D and D’ with CR(D) = (m,n)
and cr(D') = (m/,n’), we will write CR(D) < CR(D’) and say that the cut
rank of D is smaller than the cut rank of D', if we either have m < m/, or we
have both m = m' and n < n’. We first show that cut ranks of non-normal
deductions can always be decreased: every pure deduction containing at least
one cut segment can be transformed into a pure deduction of smaller cut rank.

Lemma 7.2 Let D be a pure deduction for T' i ¢ such that crR(D) > (0,0).
Then there exists a pure deduction D' for Tk ¢ with crR(D') < cr(D).

Proof. Let D be a pure deduction for I |t ¢ such that cr(D) > (0,0). We
select an uppermost maximal cut segment o in D, so ¢ is a cut segment of
highest rank in D, and it holds rk(7) < rk(c) for every cut segment 7 occurring
above the conclusion of the elimination rule at the bottom of o. Let ¥ be the
cut formula occurring in o. While o is of length greater than 1, we first permute
the major premise at the end of ¢ over the minor premises of VE in the ‘middle
part’ of o. This is achieved by applying the following permutation conversion,
where (E) stands for an instance of an elimination rule with major premise :

e [©= ¢i]* [0 = ga]* CEXNK [© = @a]*
Ds D1 Do e D1 Do
Ve Y S
(B) u VE
X X
Ds Ds

A small difficulty arises from the fact that (E) itself could be an instance of VE
and, in this case, it might also discharge some open applications of auxiliary
rules occurring in the subtree D3. Applying the permutation conversion in such
a situation would turn these auxiliary rules into open assumptions. However,
this problem has an easy solution, since it is always possible to ‘shift’ the
corresponding auxiliary rules from the lower application of VE to the upper
application of VE. An explanation of the procedure is provided in Appendix C.

Clearly, after a finite number of permutations, we obtain a pure deduction
in which ¢ has been turned into a cut segment of length 1. We now eliminate
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the cut formula 1 using one of the following detour conversions (i = 1,2):

D1 Do
pY1 - P2 N D;
=01 Np2: pLAP2 o ~ Pi
i D3
D3
u
[p1] Dy
D1
02 D ®1
=1 p2: Covenrapwinel 2 ~ D
LN L NS SN ®2
D3
e
D O = 1] O = pa]*
: ©= e 0= el Di(Ds: 0= 1)
Pi D, Do
Ve ven: pives X X - X
u VE Dy
X
Dy

where D; (D3 : © = ;) is the proof tree obtained from Lemma 7.1. It is easy to
see that every new cut formula possibly arising from the conversion is of smaller
rank than . Hence, the resulting deduction D’ satisfies CR(D’) < cr(D). O

Given an arbitrary deduction D, we can now first apply Proposition 6.3 in
order to convert D into a pure deduction D’. Afterwards, we can repeatedly
apply Lemma 7.2 in order to construct a sequence of pure deductions Dy, D,
D3, etc., such that the associated cut ranks form a descending chain CrR(D’) >
CR(D1) > CR(D2) > ... After a finite number of steps, this must yield a normal
deduction, so we now obtain the desired normalization result for our system.

Theorem 7.3 (Normalization Theorem) LetT be a set of formulas. Every
deduction for Tk ¢ can be transformed into a normal deduction for Tk .

8 Properties of Normal Deductions

We will now establish an unrestricted subformula property for our system. First,
we need to find a suitable notion of a track in a deduction. Intuitively, a track
may be seen as a sequence of formula occurrences that are sufficiently ‘related’
to each other by their syntactic shape. In particular, any two consecutive for-
mulas in a track (except possibly those involved in L;) should satisfy some kind
of local subformula property, in the sense that one of these formulas is always
a subformula of the other (cf. [21, Sect. 6.2]). Defining tracks for our system
turns out to be somewhat complicated, because a deduction may now also con-
tain premises of assumption rules, and it is not obvious what the successor of
such a formula should be in a track. In order to address this difficulty, we first
need to take a closer look at the relationship between the auziliary rules and
the side rules of an application of VE. We will say that ¢ is a P-formula (resp.,
a C-formula) of an assumption rule R, if ¢ is a premise (resp., the conclusion)
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of some subrule of R.% Given any instance of VE with set of auxiliary rules ©
and major premise ¢ V 1, it is now easy to verify the following facts:

e if a formula y occurs as a P-formula in an auxiliary rule R € ©, then x also
occurs as a C-formula in each of the two side rules © = ¢ and © = ¥,

e if ¥ occurs as a P-formula in one of the side rules ©® = ¢ and © = 9, then
X also occurs as a C-formula in at least one auxiliary rule R € O.

In other words, for every pP-formula of an auxiliary rule of VE, there exists a
corresponding C-formula in each of the two side rules of this application of VE.
And for every p-formula of a side rule, there exists a corresponding c-formula
in one of the auxiliary rules. The notion of a track is now defined as follows.

Definition 8.1 [Track] A track in a deduction D is a sequence of pairwise
distinct formula occurrences &1, ..., &, in D such that the following holds: ”

(i) &1 is a hypothesis of D, but not a c-formula of a side rule of VE.

(ii) Each & with 1 < ¢ < n is not a minor premise of —E and it holds:

(a) If & is the major premise ¢ V ¢ of an application of VE, then &1 is
the conclusion of one of the side rules of this application.

(b) If & is a P-formula of an auxiliary rule (resp., side rule) of VE, then
& +1 is an occurrence of the corresponding c-formula belonging to one
of the side rules (resp., auxiliary rules) of this application of VE.

(c) If & is neither a major premise of VFE nor a premise of an assumption
rule, then ;41 is the formula occurrence standing directly below &;.

(iii) &, is a minor premise of —FE or the conclusion of D.

A track in a deduction D is said to be a main track, if it ends with the
conclusion of D. For example, the normal deduction displayed below contains
exactly six tracks: the main tracks of the deduction are the sequences 7 =
(1,5,9,10,11,18) and 7 = (1,5,15,16,17,18). And the other four tracks are
the sequences 73 = (6,8,3,4), 74 = (12,14, 3,4), 75 = (2,7) and 76 = (2,13).

©) [=p]™ ) [p]” a2y [-p]¥ a3 [p]”
N ————E —————E
@ [p] ; & L ; g L .
—[p=1] v—[(p= 1) =] z—[(p= 1) = ]
3 L (CI (15) P
Uu——J1 wW—————] Yy——--1I
@ -p—= (V) (@ -p (10) —p — (16) —p — P
— vI VI
(572 eV a1 (-p = @)V (-p =) an (—p = @)V (-p = ) vE

8) (-p = @) V (—p — )

Lemma 8.2 Let D be a deduction. Every formula occurrence in D belongs to
some track. Thus, in particular, D has at least one main track.®

6 In this definition, a level-0 rule 1) is treated as a zero-premise rule with conclusion 1.

7 We say that two formula occurrences are distinct, if they are distinct occurrences of formu-
las (but not necessarily occurrences of distinct formulas). Requiring 1, ..., &, to be pairwise
distinct is not essential here, but it simplifies our treatment a little: without this restriction,
a deduction might also contain infinitely many tracks. Further details are provided in [13].

8 Here, we are assuming the discharge convention introduced at the end of Section 3.
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The proof idea is explained in Appendix D. By a strictly positive subformula
(or an sp-subformula) of ¢, we will mean (an occurrence of) a subformula of
@ which is not included in the antecedent of an implication. A formula ¢ is
said to be a Harrop formula, if it does not contain an sp-subformula with main
connective V. Obviously, every track in a deduction may also be divided into
a sequence of segments, rather than into a sequence of single occurrences of
formulas. Here, a segment is understood to be any (maximal) subsequence of a
track that consists of repeated occurrences of the same formula. So, in partic-
ular, a segment may now also contain repetitions of formulas arising from the
‘switching’ between P-formulas and c-formulas. We will say that a segment o
is the conclusion (resp., a premise) of a rule application, if the first (resp., last)
formula occurrence in o is the conclusion (resp., a premise) of this application.

Proposition 8.3 (Structure of Tracks) Let D be a normal deduction, let T
be a track in D, and let o1,...,0, be the sequence of segments in 7. There
erists a segment oy, in T, called the minimum segment of the track, such that:

(i) Each o; with 1 <i < k is a major premise of an elimination rule and the
formula occurring in o; is an sp-subformula of the one occurring in oy.

(ii) If k # n, then oy is a premise of an introduction rule or a premise of L;.

(iil) Each o; with k < i < n is a premise of an introduction rule and the formula
occurring in o; 18 an sp-subformula of the one occurring in oy,.

Proof. Let D be a normal deduction, let 7 be a track in D, and let oy,...,0,
be the sequence of segments in 7. We first show that every major premise of
an F-rule in 7 must precede all premises of I-rules and all premises of L; in 7.
Towards a contradiction, suppose that there exists a premise of an I-rule or a
premise of 1; that precedes a major premise of an E-rule in 7. Then, clearly,
there must be a segment o; which is both the conclusion of an I-rule or the
conclusion of 1, and the major premise of an E-rule. By the pureness of D,
we know that o; cannot be a conclusion of L;, and it also cannot contain any
premises of assumption rules: otherwise, the formula occurring in o; would be
prime, and such a formula can never be the major premise of an E-rule. Hence,
o0; is the conclusion of an I-rule and every formula occurrence in o, except the
last one, is a minor premise of VE. But this means that o; is a cut segment,
which is a contradiction to the assumption that D is normal. Thus, every major
premise of an E-rule precedes all premise of I-rules and all premises of L; in 7.
Using a similar argument, it is also easy to show that there can be at most one
premise of L; in 7, and this premise must precede all premises of I-rules in 7.

The desired minimum segment can now be determined as follows: if 7
contains a premise of an I-rule or a premise of 1;, then let i be the segment
that ends with the first such formula in 7. Otherwise, let oy, be the end segment
of 7. By what was said above, every segment preceding o in 7 is a major
premise of an E-rule, and every segment succeeding o in 7, except the last one,
is a premise of an I-rule. Hence, o} does in fact have the desired properties.O

We are now ready to establish an unrestricted version of the subformula



580 Natural Deduction, Normalization and Subformula Property for Kreisel-Putnam Logic

property for our system: every formula occurring in a normal deduction D is a
subformula of an open hypothesis or a subformula of the conclusion of D.

Theorem 8.4 (Subformula Property) Every formula occurring in a nor-
mal deduction for Tk ¢ is a subformula of some formula in T U {p}.

Proof. Let I be a set of formulas and let D be a normal deduction for I' k¢ (.
Towards a contradiction, suppose that D contains a formula v which is not a
subformula of some element of I' U {¢}. Without loss of generality, we may
assume that v is also a largest such formula in D, i.e., every formula of rank
greater than rk(¢) in D is a subformula of some element of T' U {¢}. Let 7 be
a track to which v belongs and let £, . ..,&, be the sequence of formulas in 7.

First, assume that v occurs after the minimum segment in 7. Then, by
Proposition 8.3, v is a subformula of £, which is either the conclusion of D or
a minor premise of —FE. If £, would be the conclusion of D, then 1 would be
a subformula of ¢, which is a contradiction to our assumption. Thus, &, must
be a minor premise of —F. But then, clearly, v is a proper subformula of the
associated major premise &,, — x, which is a formula of rank greater than rk (1))
and therefore a subformula of some element of I' U {¢}. As a consequence, 1)
must also be such a subformula, so we arrive again at a contradiction.

Next, assume that ¢ occurs in the minimum segment or before the minimum
segment in 7. Then, by Proposition 8.3, ¢ is a subformula of the hypothesis &;
occurring at the top of 7. Clearly, &; cannot be discharged by an assumption
rule: in this case, it would be a C-formula of an auxiliary rule of VE, so there
would be a corresponding P-formula (belonging to a side rule of this application
of VE) which would precede & in 7. Hence, &; is either an open hypothesis, or
it is discharged by —I. If & is an open hypothesis, then v is a subformula of
some element of I', which is a contradiction to our assumption about . And if
£ is discharged by an application of —1I, then 1) must be a proper subformula
of the conclusion £ — x of this application, which is a formula of rank greater
than rk(1) and therefore a subformula of some element of I' U {¢}. Hence, 9
must also be such a subformula, so we obtain again a contradiction. a

As an immediate consequence of this result, we now also obtain a separation
theorem for our system. Furthermore, using Proposition 8.3, it is easy to
establish a strong form of the disjunction property for KP in a proof-theoretical
manner. The argument is essentially the same as in [17, pp. 55-56].

Theorem 8.5 (Separation) The only primitive rules applied in a normal de-
duction for T b ¢ are the rules for the logical symbols occurring in T U {¢}.

Theorem 8.6 (Disjunction Property) Let T be a set of Harrop formulas.
If we have T I ¢ V ¢ in our system, then also Tl ¢ or T .

9 Conclusion

We introduced a higher-level natural deduction system for KP, presented a new
normalization procedure and established an unrestricted subformula property
for our system. Our results might be of interest not only with regard to KP
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itself, but also with regard to the proof theory of non-classical logics in general.
In this area of research, one focuses primarily on sequent-style proof systems
(such as, e.g., hypersequents, nested sequent calculi or labelled sequent calculi),
but natural deduction systems often play only a minor role. Using the expres-
sive power of higher-level rules, one might be able to overcome this limitation
and to find analytic natural deduction systems for logics that do not admit a
full subformula property within the framework of ordinary natural deduction.

For future work, we plan to adapt our normalization strategy to other non-
classical logics, which might include not only intermediate logics different from
KP, but also various modal logics. This is not entirely trivial, because some of
our arguments are tailored to cases in which certain assumption rules are re-
quired to be disjunction-free (this applies primarily to the proof of Lemma 6.2).
Apart from considering specific examples of non-classical logics, we also intend
to develop a more general procedure which allows to construct higher-level nat-
ural deduction systems for modal and intermediate logics in a systematic way.
This might be done by converting axiom schemes directly into ‘equivalent’ nat-
ural deduction rules and by establishing a generic normalization result for the
proof systems thus obtained. First attempts in this direction have already led
to various promising ideas that we plan to address in a subsequent study.
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Appendix
A  Proof of Lemma 4.2

Let ' be a set of assumption rules and suppose that there exists a quasi-de-
duction D for I k¢ ¢ in the system NKP. Using induction on the structure of
D, we show that there also exists a Hilbert-style proof for F(T') b ¢ in HKP.
For the base case, assume that D = ¢ is a one-element quasi-deduction.
Then, since ¢ € I and F(p) = ¢, we trivially also have F(T') k ¢ in HKP.
For the inductive step, suppose that D ends with a primitive rule of NKP
or with an assumption rule of level £ > 1. We only consider the following cases.
Case 1: D ends with an application of VE. In this case, D is of the form

e [© = y1]* [© = o]
D3 Dy Do
uwl V P2 ® ?E
%)

where © = {II; = L,...,II,, = L} is a finite set of negative rules, each D; with

i = 1,2 is a quasi-deduction for T, (© = ;) i ¢, and D3 is a quasi-deduction

for T, © I 41 V 95. Using the induction hypothesis, we first obtain
FI),FO© =)k ¢ fori=1,2, (A1)
F(D), F(©) k1 V o (A.2)
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in the system HKP. For simplicity, let us assume that © # (). In this case, we
have F(© = ;) = A F(O) — 1, for each ¢ = 1,2. Thus, from (A.1), it follows

b (\F(©) = ¢i) = ¢ fori=1,2 (A.3)

by the deduction theorem for HKP (Theorem 2.2). For every k with 1 < k < n,
let now 7 be the formula given by m, := A F(Ilx). Then, clearly, we have
F(II = L) = -m for all 1 < k < mn, so it follows F(©) = {-m,...,m,}.
Consequently, from (A.2), we obtain F(T'), =y, ..., =7, by 1 V ,. Using the
deduction theorem and a subsequent application of axiom scheme (KP), this
implies F'(T), =7a,...,~m, hr (=71 — 1) V (=71 — 12). By repeating the
argument and by using intuitionistic reasoning, it is easy to derive

D) b (A\F(©) = 1) V (\ F(©) — ). (A.4)

The desired Hilbert-style proof for F(T') b ¢ can now be obtained from (A.3)
and (A.4) using axiom scheme (A6) and three applications of modus ponens.
Case 2: D ends with an application of an assumption rule R of level £ > 1.
Clearly, this application must be open, so D is a quasi-deduction for A, R ¢,
where A is a set of rules satisfying I' = A U {R}. By assumption, R is of the
form R = (Il = ¢), where Il = {3 = ¢1,...,3, = ¥,} is a set of rules
whose maximal level is £ — 1. As a consequence, D must be of the form

[Z]* [Zn]*
D1 Dn
W Yn R
v

where each D; is a quasi-deduction for A, ¥; k1. Let now ¢ with 1 < i <n
be arbitrary and let R; := (¥; = 1;). By induction hypothesis, we have
F(A),F(3;) bt ¢ in the system HKP. We first show that this yields F(A) Kt
F(R;). For simplicity, let us assume that ¥; # (. From F(A), F(3;) K ¢4,
it follows F(A) kr A\ F(2;) — v; by Theorem 2.2 and intuitionistic reasoning.
But then, since F(R;) = A\ F(Zi) — i, we also have F(A) bt F(R;), as de-
sired. Now, as we have seen, it holds F(A) b F(R;) for all 1 <i < n. Hence,
using axiom (A4) and modus ponens, we may conclude F(A) ki A F(IT). More-
over, since F(R) = A\ F(II) — ¢, it also holds F(R) kr A F(II) — ¢. Together
with F(A) k- A F(IT), this implies F(A), F(R) bt ¢ by modus ponens. O

B Proof of Lemma 7.1

Let © be a finite set of prime rules, let D; be a pure quasi-deduction for T', (6 =
¢) k1 and let Dy be a pure quasi-deduction for A, © k. We establish the
existence of D1 (D3 : © = ¢) by induction on the level of R:= (0= ¢).
For the base case, assume that R is of level £ = 0, so © is empty and R = ¢.
In this case, we define D1 (D5 : © = ¢) to be the pure quasi-deduction obtained
by writing the tree Dy above each open occurrence of the hypothesis R = ¢ in
D;. Clearly, ¢ is the only new cut formula that may arise in the course of this
construction, so D1(Ds : © = ¢) does in fact have the desired properties.
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For the inductive step, suppose that R is of level £ > 1, so © = {II; =
X1,---sp = Xn} # 0, where each II; = x; is a prime rule of level < £. We
select a topmost open application of © = ¢ in Dy, i.e., we write D; in the form

[Hl}u [Hn]u
D; D;,
WX Xng
®
Do
Y
where none of Dj,...,D; contains another open application of ©® = ¢. For

each ¢ with 1 <14 < n, let now X; be the smallest set of rules such that D} is
a quasi-deduction for 3;, II; k+ x;. By assumption, D, is a quasi-deduction for
A, (T = x1),--., (I, = xn) ks ¢, and each II; = x; is of level < £. Hence,
using the induction hypothesis n times, we obtain the pure quasi-deduction

D* :=Do(D; : 11 = x1) -+ (D : I, = xn)

for A,%1,..., %, k¢ such that all cut formulas occurring in D*, except pos-
sibly X1,...,Xn, already occur in Dy or in one of the trees Dj,..., D} (and
therefore in Dp). But note that, by assumption, each x; is prime, and such a
formula can never be a cut formula. Thus, every cut formula in D* already oc-
curs as a cut formula in D; or Dy. We now construct the pure quasi-deduction

D

]

Do

P
Clearly, ¢ is the only new cut formula possibly arising from this construction.
Hence, by repeating the procedure for the other open applications of © = ¢,
we finally obtain the desired quasi-deduction D;(Ds : © = ¢) for I, A k1. O

C Supplement to the Proof of Lemma 7.2

We need to show that the permutation conversion can also be performed, if the
elimination rule (E) at the bottom of a cut segment is itself an instance of VE.
In order to understand the problem, let us consider a deduction D of the form

©1“ Q" [©=@]"[Q" [6= @] [

D3 Dy Dy Q= 1]"  [Q=y]”
L1V P2 w;v% %Vd&vE Da Ds
. 1 2 X X\/E
X
Dg

The upper application of VE in this proof tree has the set of auxiliary rules
O, and the lower application has the set of auxiliary rules 2. As indicated by
the label v, the lower application of VFE also discharges some of the rules from
) in the subtree D3, so we cannot apply the desired permutation conversion
directly, as this would turn the respective rules into open assumptions.
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In order to resolve this issue, we will now demonstrate that one can ‘shift’
each of the auxiliary rules from €2 in D3 to the upper application of VE. For
this purpose, let us say that a quasi-deduction is structural, if it contains only
applications of assumption rules, but no applications of primitive rules. The
following fact can be verified by an easy induction on the level of a rule I' = ¢.

Fact C.1 (Modus Ponens for Assumption Rules) For every assumption
rule T = o, there exists a structural quasi-deduction for (I = ¢),T Kk ¢.

Suppose now that, in the deduction above, © and € are the sets of negative
rules given by @ = {Il; = L1,....I, = 1} and Q= {31 = 1,..., 5, = L}.
By applying Fact C.1 to the rules in 2, we may obtain, for each 1 <i < m, a
structural quasi-deduction D} for (X; = 1),%; kv L and thus for Q,3; K L.
Let now k = 1,2 be arbitrary and let D,:' be the quasi-deduction obtained from
the subtree Dy, by rewriting every open application of © = ¢}, as follows:

[Hl]w [Hn]w [Hl}w [Hn}w Q [El]w Q [Em]w
12 D, D D, Dy Dy,
DRI e e e
w29:>4pk wJ‘ L = L@,Qigok
Pk Pk
Do Do

In the course of this conversion, additional open occurrences of the rules from
Q) are added to the proof tree, and each open application of © = ¢ is replaced
by an open application of O, = ¢. Note that, since every D} is structural,
the conversion does not introduce any new cut formulas. Using the proof trees
D and Dy thus obtained, we now transform the whole deduction D into

0,9 [0,2=¢i]"[Q]" [0,2= wo]" [

Ds DY Dy Q= 1]’ Q= o]
PV P2 %7),/ 1{!/2w 1 Vo VE Dy Ds
" 1 2 X X VE
X
Deg

Clearly, this deduction has the same cut rank as the original one. However, the
lower application of VE does not discharge any assumption rules in the subtree
D3 anymore, so one can now safely apply the desired permutation conversion.

D Proof of Lemma 8.2

We first define the notion of a pre-track in a quasi-deduction in exactly the same
way as the notion of a track, except that (1) a pre-track may also start with
an arbitrary Cc-formula belonging to an open application of an assumption rule,
and (2) a pre-track always stops as soon as a p-formula of an open application
of an assumption rule is encountered. Using induction on the structure of an
arbitrary quasi-deduction D, it is now possible to show that every formula
occurrence in D belongs to some pre-track. The desired statement now follows
from the fact that, if D is a deduction (i.e., if each assumption rule of level
greater than 0 is discharged in D), then every pre-track in D is also a track.O
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