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Abstract

Non-classical generalizations of classical modal logic have been developed in the con-
texts of constructive mathematics and natural language semantics. In this paper,
we discuss a general approach to the semantics of non-classical modal logics via al-
gebraic representation theorems. We begin with complete lattices L equipped with
an antitone operation ¬ sending 1 to 0, a completely multiplicative operation 2,
and a completely additive operation 3. Such lattice expansions can be represented
by means of a set X together with binary relations ◁, R, and Q, satisfying some
first-order conditions, used to represent (L,¬), 2, and 3, respectively. Indeed, any
lattice L equipped with such a ¬, a multiplicative 2, and an additive 3 embeds into
the lattice of propositions of a frame (X,◁, R,Q). Building on our recent study of
fundamental logic, we focus on the case where ¬ is dually self-adjoint (a ≤ ¬b implies
b ≤ ¬a) and 3¬a ≤ ¬2a. In this case, the representations can be constrained so that
R = Q, i.e., we need only add a single relation to (X,◁) to represent both 2 and 3.
Using these results, we prove that a system of fundamental modal logic is sound and
complete with respect to an elementary class of bi-relational structures (X,◁, R).

Keywords: non-classical modal logic, orthologic, intuitionistic logic, fundamental
logic, lattices, weak pseudocomplementation, necessity, possibility, representation

1 Introduction

In classical modal logic, necessity and possibility are duals in the sense that
2a = ¬3¬a and 3a = ¬2¬a, putting the point algebraically, so typically
just one is taken as primitive and the other is treated as defined. The same is
true in certain non-classical modal logics, such as the epistemic orthologic of
[44]. However, in standard treatments of intuitionistic modal logic [24,9,56],
¬2a does not entail 3¬a, just as in intuitionistic predicate logic, ¬∀xP (x)
does not entail ∃x¬P (x). In this setting, both 2 and 3 must be taken as
primitive. Thus, a general approach to non-classical modal logic should do
the same. In this paper, building on [41,42], we study an approach to the
semantics of non-classical modal logics incorporating Ploščica’s [51] approach
to the representation of lattices, Birkhoff’s [7] approach to the representation of
negation, and the Jónsson-Tarski [45] approach to the representation of modal
operations; a similar approach without negation was earlier investigated in [10].
Here we add to our treatment of ¬ and 2 in [41,42] a new representation of 3.
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Our motivation for doing so comes from our recent study of fundamental
logic, a sublogic of both intuitionistic logic [37] and orthologic [34]. Fundamen-
tal propositional logic is defined in [42] in terms of a Fitch-style natural deduc-
tion system containing only introduction and elimination rules for the logical
connectives ∧, ∨, and ¬. Thus, unlike Fitch’s [25,26] proof system for classi-
cal logic, the Fitch-style proof system for fundamental logic does not contain
the rule of Reductio Ad Absurdum (if assuming ¬φ leads to a contradiction,
conclude φ) or the rule of Reiteration (which allows pulling previously derived
formulas into a subproof). Motivations for dropping Reductio Ad Absurdum
include the usual constructive ones, while motivations for dropping Reiteration
come from applications to natural language [44], as well as quantum logic [13].
Adding Reductio Ad Absurdum to fundamental logic yields orthologic, while
adding Reiteration yields intuitionistic logic in the {∧,∨,¬}-fragment. Adding
both Reductio and Reiteration gives us back classical logic.

In light of arguments that reasoning with epistemic modals motivates mov-
ing from classical logic to orthologic [44] and arguments that reasoning with
vague predicates motivates moving from classical to intuitionistic modal logic
[8], it is natural to inquire into extending fundamental logic with modalities.
Doing so calls for taking both 2 and 3 as primitive, as in intuitionistic modal
logic. To accomplish this, we can use two accessibility relations, say R for 2

and Q for 3. However, we shall see that in the setting of fundamental logic
(in which ¬ is dually self-adjoint, i.e., a ≤ ¬b implies b ≤ ¬a), just one natural
assumption about the interaction of possibility, necessity, and negation, namely
that 3¬a ≤ ¬2a, enables us to use a single accessibility relation for both 2

and 3. Thus, we will give a simple semantics for fundamental modal logic
using bi-relational structures (X,◁, R) in which (X,◁) determines a lattice of
propositions with negation, and R determines both 2 and 3 on the lattice.

In § 2, we review the background of this project: the system of fundamental
logic (§ 2.1), its algebraic semantics (§ 2.2), and its relational semantics (§ 2.3).
In § 3, we add modalities to the picture and present two representation theorems
for lattices with weak negations and independent 2 and 3 operations. At this
stage, no interaction axioms between ¬, 2, and 3 are assumed. We study such
interactions in § 4, which leads in § 5 to the appealing simplification mentioned
above: in the setting of fundamental logic, assuming 3¬a ≤ ¬2a allows us to
unify the two accessibility relations for 2 and 3. Then from a representation
theorem in § 5, we obtain the completeness of fundamental modal logic with
respect to our bi-relational semantics in § 6. We conclude in § 7.

2 Background

2.1 Fundamental logic

As noted in § 1, the primary definition of fundamental logic in [42] is in terms of
a Fitch-style proof system with introduction and elimination rules for ∧,∨,¬.
For the sake of space, here we will use a secondary but equivalent definition of
fundamental logic from [42] as a certain binary logic in the sense of [34].

Let L be the language of propositional logic generated from a countably
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infinite set Prop of propositional variables by ∧, ∨, and ¬.
Definition 2.1 An intro-elim logic is a binary relation ⊢⊆ L × L such that
for all φ,ψ, χ ∈ L:

1. φ ⊢ φ 8. if φ ⊢ ψ and ψ ⊢ χ, then φ ⊢ χ
2. φ ∧ ψ ⊢ φ
3. φ ∧ ψ ⊢ ψ 9. if φ ⊢ ψ and φ ⊢ χ, then φ ⊢ ψ ∧ χ
4. φ ⊢ φ ∨ ψ
5. φ ⊢ ψ ∨ φ 10. if φ ⊢ χ and ψ ⊢ χ, then φ ∨ ψ ⊢ χ
6. φ ⊢ ¬¬φ
7. φ ∧ ¬φ ⊢ ψ 11. if φ ⊢ ψ, then ¬ψ ⊢ ¬φ.

We call the smallest intro-elim logic fundamental logic, denoted ⊢F.

Orthologic [34], denoted ⊢O, is obtained from fundamental logic by adding
double negation elimination: ¬¬φ ⊢ φ. Intuitionistic logic in the {∧,∨,¬}-
fragment [53] is obtained from fundamental logic by strengthening Definition
2.1.6/11 to the psuedocomplementation rule that if φ∧ψ ⊢ φ∧¬φ, then φ ⊢ ¬ψ,
and strengthening proof-by-cases in Definition 2.1.10 to proof-by-cases with
side assumptions: if α ∧ φ ⊢ χ and α ∧ ψ ⊢ χ, then α ∧ (φ ∨ ψ) ⊢ ψ. Classical
logic, denoted ⊢C, is obtained by strengthening fundamental logic with double
negation elimination and either of the intuitionistic rules just mentioned [44,
Prop. 3.7]. Of course, there are also weaker logics (in their common signature)
than fundamental logic (see [4] and Remark 1.2 of [42]).

Aguilera and Bydz̆ovský [1] show that fundamental logic can also be pre-
sented in terms of a Gentzen-style sequent calculus where sequents can have at
most one formula on the right, as for intuitionistic logic [30], and at most two
formulas altogether, as for orthologic [49]. By analyzing this sequent calcu-
lus, they show that unlike classical and intuitionistic logic, but like orthologic,
fundamental logic is decidable in polynomial time.

Theorem 2.2 ([1]) It is decidable in polynomial time whether φ ⊢F ψ.

Recall the negative translation of classical into intuitionistic logic [32,31]:

g(p) = ¬¬p g(φ ∧ ψ) = (g(φ) ∧ g(ψ))
g(¬φ) = ¬g(φ) g(φ ∨ ψ) = g(¬(¬φ ∧ ¬ψ)).

As shown in [42], this translation is also a full and faithful embedding of or-
thologic into fundamental logic.

Proposition 2.3 ([42]) For all φ,ψ ∈ L, we have φ ⊢O ψ iff g(φ) ⊢F g(ψ).

We can also carry out classical reasoning inside fundamental logic, but given
that the problem of checking φ ⊢C ψ is co-NP-complete and that of checking
φ ⊢F ψ is in P, we cannot hope for a polynomial-time reduction. Yet we can
carry out a reduction at the expense of an exponential blowup in formula length.
Given a propositional formula φ, let Prop(φ) be the set of variables occurring
in φ. Given a set P = {p1, . . . , pn} of propositional variables, we define the
set of state descriptions over P , sd(P ), as the set of all conjunctions of the
form ±1p1 ∧ · · · ∧ ±npn where ±i is ¬ or empty. The following result shows
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that ψ is classically derivable from φ iff ψ is fundamentally derivable from the
assumption that “there is some determinate way that reality is (in the relevant
respects) together with φ.” Hence classical propositional logic can be seen as
obtained from a logical core of fundamental propositional logic by strengthening
the premises of arguments with certain metaphysical assumptions.

Proposition 2.4 For any φ,ψ ∈ L, the following are equivalent:

(i) φ ⊢C ψ;

(ii)
∨

δ∈sd(Prop(φ)∪Prop(ψ))

(δ ∧ φ) ⊢F ψ.

We will prove Proposition 2.4 using the relational semantics in § 2.3.

2.2 Algebraic semantics

Algebraic semantics for fundamental logic can be given using bounded
lattices—crucially not assumed to be distributive—equipped with what
[22,23,3] call a weak pseudocomplementation.

Definition 2.5 A unary operation ¬ on a bounded lattice is a weak pseudo-
complementation if it satisfies:

(i) semicomplementation: a ∧ ¬a = 0;

(ii) dual self-adjointness: a ≤ ¬b implies b ≤ ¬a.
The following easy folklore lemma relates Definitions 2.5 and 2.1.

Lemma 2.6 ¬ is dually self-adjoint iff it is antitone (a ≤ b implies ¬b ≤ ¬a)
and double inflationary (a ≤ ¬¬a).

We assume familiarity with how a class C of lattices with a unary operation
¬ provides algebraic semantics for L and a consequence relation ⊨C ⊆ L× L.
Standard techniques of algebraic logic then yield the following (see [42]).

Proposition 2.7 Fundamental logic is sound and complete with respect to the
class WPL of bounded lattices equipped with a weak pseudocomplementation:
for all φ,ψ ∈ L, φ ⊢F ψ iff φ ⊨WPL ψ.

2.3 Relational semantics

A relational semantics for fundamental logic [42] can be given using
Ploščica’s [51] approach to the representation of lattices, Birkhoff’s [7] ap-
proach to the representation of negation, and appropriate additional first-
order conditions on the relations. For comparisons with related works
[3,13,15,16,17,18,19,20,21,22,23,47,55,40,57], as well as examples, see [42, § 4].
Here we only quickly summarize the key facts concerning this semantics.

Definition 2.8 A relational frame is a pair (X,◁) of a nonempty set X and
binary relation ◁ on X.

If x ◁ y, we say that x is open to y. As explained in Remark 4.2 of [42],
this reading of ◁ is associated with a four-way distinction between acceptance,
non-acceptance, rejection, and acceptance of the negation of a proposition A,
where propositions are fixpoints of the operation c◁ in Proposition 2.9 below:
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• x accepts A if x ∈ A;

• x does not accept A if x ̸∈ A;

• x rejects A if for all y ▷ x, y ̸∈ A;

• x accepts the negation of A if for all y ◁ x, y ̸∈ A.

Non-acceptance should not entail rejection, since a state may be completely
noncommittal about A; and rejection should not entail acceptance of the nega-
tion, since we would like to accommodate, e.g., intuitionists who reject instances
of excluded middle but of course do not accept their negations. Given these dis-
tinctions, we can provide more intuition to the notion of “openness” intended
for ◁: x is open to y iff x does not reject any proposition that y accepts.

Proposition 2.9 Let (X,◁) be a relational frame.

(i) The following operation c◁ : ℘(X) → ℘(X) is a closure operator:

c◁(A) = {x ∈ X | ∀y ◁ x∃z ▷ y : z ∈ A}.

(ii) The fixpoints of c◁, i.e., those A ⊆ X with c◁(A) = A, form a complete
lattice L(X,◁) with meet as intersection and join as closure of union:∨

i∈I
Ai = {x ∈ X | ∀y ◁ x∃z ▷ y : z ∈

⋃
i∈I
Ai}.

(iii) The operation ¬◁ : ℘(X) → ℘(X) defined by

¬◁(A) = {x ∈ X | ∀y ◁ x, y ̸∈ A}

sends c◁-fixpoints to c◁-fixpoints, is antitone with respect to ⊆, and sends
the 1 of L(X,◁), namely X, to the 0 of L(X,◁), namely c◁(∅).

For fundamental logic, we want ¬◁ to have additional properties. For the
following result, say that an x ∈ X is non-absurd if there is some y ◁ x. Given
x, z ∈ X, say that z pre-refines x if for all w ◁ z, we have w ◁ x. It follows
that for all c◁-fixpoints A, if x ∈ A, then z ∈ A [42, Lemma 4.12].

Proposition 2.10 ([42], Proposition 4.14.1-2) For any relational frame
(X,◁), in each of the following pairs, (a) and (b) are equivalent:

(i) (a) for all c◁-fixpoints A, we have A ∩ ¬◁A = 0;
(b) pseudo-reflexivity: for all non-absurd x ∈ X, there is a z ◁ x that

pre-refines x.

(ii) (a) for all c◁-fixpoints A, we have A ⊆ ¬◁¬◁A;
(b) pseudo-symmetry: for all x ∈ X and y ◁ x, there is a z ◁ y that

pre-refines x.

The facts above yield the soundness of fundamental logic with respect to
relational frames that are pseudo-reflexive and pseudo-symmetric, interpreting
L in the algebras (L(X,◁),¬◁). That is, a relational model adds to a relational
frame (X,◁) a valuation V interpreting propositional variables as fixpoints of
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c◁. The forcing relation ⊩ between states x ∈ X and formulas is defined in the
obvious way in light of Proposition 2.9(ii)-(iii) [42, Definition 4.19].

For completeness, we use the following representation theorem.

Theorem 2.11 ([42], Theorems 4.24 and 4.30) Any bounded (resp. com-
plete) lattice L equipped with an antitone operation ¬ sending 1 to 0 embeds
into (resp. is isomorphic to) (L(X,◁),¬◁) for some relational frame (X,◁).

Moreover, if ¬ satisfies a ≤ ¬¬a (resp. a∧¬a = 0) for all a ∈ L, then ◁ may
be taken to be pseudo-symmetric (resp. pseudo-reflexive—in fact, reflexive).

Theorem 2.12 ([42]) Fundamental logic is sound and complete with respect
to the class of relational frames that are pseudo-reflexive and pseudo-symmetric.

As an example application of Theorem 2.12, let us prove Proposition 2.4.

Proof. From 2 to 1, φ ⊢C

∨
δ∈sd(Prop(φ)∪Prop(ψ))

(δ ∧ φ) ⊢F ψ and hence φ ⊢C ψ.

Now suppose 2 does not hold. Then there is δ ∈ sd(Prop(φ) ∪ Prop(ψ))
such that δ ∧ φ ⊬F ψ, for otherwise 2 holds using Definition 2.1.10. Then by
Theorem 2.12, there is a pseudo-reflexive and pseudo-symmetric model M =
(X,◁, V ) and x ∈ X such that M, x ⊩ δ∧φ but M, x ⊮ ψ. Define a valuation
π : Prop → {0, 1} by π(p) = 1 if M, x ⊩ p and 0 otherwise. Let π̃ : L → {0, 1}
be the usual recursively defined extension of π as in classical semantics.

We prove by induction that for any propositional formula χ with Prop(χ) ⊆
Prop(φ) ∪ Prop(ψ), we have:

(a) π̃(φ) = 1 iff M, x ⊩ χ; (b) π̃(φ) = 0 iff M, x ⊩ ¬χ.
Suppose χ is a propositional variable p. Then since χ ∈ Prop(φ)∪Prop(ψ),

from M, x ⊩ δ it follows that either M, x ⊩ p, in which case π̃(p) = 1 by
definition of π, or M, x ⊩ ¬p, which implies M, x ⊮ p by the pseudo-reflexivity
of ◁, so π̃(p) = 0 by definition of π. This establishes (a) and (b) for p.

Suppose χ is ¬α. If π̃(α) = 0, then by the inductive hypothesis, M, x ⊩
¬α, in line with π̃(¬α) = 1. On the other hand, if π̃(α) = 1, then by the
inductive hypothesis, M, x ⊩ α, which by the pseudo-symmetry of ◁ implies
M, x ⊩ ¬¬α, in line with π̃(¬α) = 0. Thus, (a) and (b) hold for ¬α.

Suppose χ is α∧ β. Simply consider the four possible truth assignments to
α, β by π̃ and use the fact that M, x ⊩ ¬γi implies M, x ⊩ ¬(γ1 ∧ γ2).

Finally, suppose χ is α ∨ β. Again consider the four possible truth as-
signments to α, β by π̃ and use the fact that M, x ⊩ ¬α ∧ ¬β implies
M, x ⊩ ¬(α ∨ β). To see this, suppose M, x ⊩ ¬α ∧ ¬β and y ◁ x. For
contradiction, suppose M, y ⊩ α ∨ β. Given y ◁ x and the pseudo-symmetry
of ◁, there is a z ◁ y that pre-refines x, so M, z ⊩ ¬α∧¬β. Since M, y ⊩ α∨β
and z ◁ y, there is a w ▷ z with M, w ⊩ α or M, w ⊩ β. Given w ▷ z and
the pseudo-symmetry of ◁, there is a u ◁ z that pre-refines w, so M, u ⊩ α or
M, u ⊩ β. But this contradicts u ◁ z together with M, z ⊩ ¬α ∧ ¬β. Thus,
we conclude M, y ⊮ α ∨ β, which shows that M, x ⊩ ¬(α ∨ β).

Now given (a), M, x ⊩ φ implies π̃(φ) = 1, and M, x ⊮ ψ implies π̃(ψ) ̸= 1.
Then by the soundness of classical logic with respect to its standard valuation
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semantics, φ ⊬C ψ, so we are done. 2

3 Modalities

3.1 Algebras and frames

To add modalities to our story, let us recall the following standard definitions.

Definition 3.1 A unary operation f on a lattice L ismonotone if a ≤ b implies
f(a) ≤ f(b). We say that f is multiplicative (resp. completely multiplicative) if
for any finite (resp. arbitrary) subset S of elements of L (such that

∧
S exists),

f(
∧
S) =

∧
{f(a) | a ∈ S}.

Dually, f is additive (resp. completely additive) if for any finite (resp. arbitrary)
subset S of elements of L (such that

∨
S exists),

f(
∨
S) =

∨
{f(a) | a ∈ S}.

As suggested in § 1, the first idea for extending the relational semantics
of § 2.3 to handle necessity and possibility modals is to add two accessibility
relations to (X,◁); see [10] for a similar approach but without negation in the
signature. Other related approaches to representing lattices with modalities
can be found in, e.g., [5,11,14,27,33,35,36,38,39,50].

Definition 3.2 A modal frame is a triple (X,◁, R,Q) such that ◁, R, and Q
are binary relations on X, and for all x, y, z ∈ X,

if xRy ▷ z, then ∃x′ ◁ x ∀x′′ ▷ x′ ∃y′′: x′′Ry′′ ▷ z.

x y

z

⇒

x

x′

x′′ y′′

y

z

∃∃
∀

Fig. 1. Illustration of the modal frame condition in Definition 3.2. A solid line from
w to v indicates w ▷ v, and a dashed line from w to v indicates wRv.

From R we define a necessity modality 2R as usual. However, from Q we
will define our possibility modality 3Q using a more intricate quantificational
pattern, as shown in Fig. 2 below. For any S ⊆ X2, let S(x) = {y ∈ X | xSy}.

Proposition 3.3 Given a modal frame F = (X,◁, R,Q), define operations
2R and 3Q on the lattice of c◁-fixpoints of F as follows:
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2RA= {x ∈ X | R(x) ⊆ A};
3QA= {x ∈ X | ∀x′ ◁ x ∃y′ ∈ Q(x′)∃y ▷ y′ : y ∈ A}.

Then 2R and 3Q send c◁-fixpoints to c◁-fixpoints, 2R is completely multi-
plicative, and 3Q is monotone.

Proof. First, we show that 2RA is a c◁-fixpoint for any c◁-fixpoint A. Equiva-
lently, we show that if x ∈ X\2RA, then ∃x′ ◁ x ∀x′′ ▷ x′ x′′ ̸∈ 2RA. Suppose
x ̸∈ 2RA, so there is some y such that xRy ̸∈ A. Then since A is a c◁-fixpoint,
there is a z ◁ y such that (⋆) for all z′ ▷ z, we have z′ ̸∈ A. Since xRy ▷ z, by
the modal frame condition we have ∃x′ ◁ x ∀x′′ ▷ x′ ∃y′′ : x′′Ry′′ ▷ z. Now
z ◁ y′′ implies y′′ ̸∈ A by (⋆), which with x′′Ry′′ implies x′′ ̸∈ 2RA.

Next, we show that 3QA is a c◁-fixpoint for any c◁-fixpoint A. Suppose
x ̸∈ 3QA, so ∃x′ ◁ x ∀y′ ∈ Q(x′) ∀y ▷ y′ : y ̸∈ A. Then clearly there is no
x′′ ▷ x′ with x′′ ∈ 3QA. Hence ∃x′ ◁ x ∀x′′ ▷ x′ x′′ ̸∈ 3QA, as desired.

That 2R is completely additive and 3Q monotone is obvious from the
definitions. 2

x

x′ y′

y

∀

∃

∃

A

Fig. 2. Illustration of the condition for x ∈ 3QA from Proposition 3.3. The dotted
line from x′ to y′ indicates x′Qy′.

The definition of 3Q can be understood intuitively as follows, using notions
from § 2.3. First, let 2Q be the necessity modality defined from Q in the usual
way, so 2QA = {x ∈ X | Q(x) ⊆ A}. (So when we take Q = R in § 5, this is
just 2R.) Then x ∈ 3QA in effect means that according to x,

it’s not the case that A is necessarily (relative to Q) rejected .

For given our interpretation of ‘not’, the displayed condition means there is
some x′ ◁ x that does not accept that A is necessarily (relative to Q) rejected,
which in turn means there is some y′ that is Q-accessible from x′ and does not
reject A, which in turns means there is a some y ▷ y′ with y ∈ A.

Remark 3.4 Without further conditions, 3Q is not guaranteed to be additive.
But this is a feature, rather than a bug, of the above approach to possibility,
since there are contexts in which additivity is not desired for 3. For example,
Wijesekera [56] intentionally designed his system of intuitionistic modal logic
so that 3 does not distributive over ∨, since this is not wanted for some appli-
cations of intuitionistic modal logic in computer science. For another example,
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we recall Kenny’s [46] argument that the ability modality does not distribute
over ∨: you may be able to ensure that your dart hits the top half of the dart
board or your dart hits the bottom half of the board; it does not follow that
you are able to ensure that your dart hits the top half or that you are able to
ensure that your dart hits the bottom half, since that may be beyond your skill.

When we want 3Q to be completely additive, as we now do, we simply
impose a condition analogous to that of Definition 3.2 for Q but with ◁ flipped.

Definition 3.5 A modal frame (X,◁, R,Q) is additive if for all x, y, z ∈ X,

if xQy ◁ z, then ∃x′ ▷ x ∀x′′ ◁ x′ ∃y′′: x′′Qy′′ ◁ z.

x y

z

⇒

x

x′

x′′ y′′

y

z

∃

∀

∃

Fig. 3. Illustration of the additivity condition in Definition 3.5.

Proposition 3.6 If (X,◁, R,Q) is an additive modal frame, then the opera-
tion 3Q is completely additive.

Proof. Suppose w ∈ 3
∨
{Ai | i ∈ I}. Toward showing w ∈

∨
{3Ai | i ∈ I},

consider some x ◁ w. Then since w ∈ 3
∨
{Ai | i ∈ I}, there are y, u such that

xQy ◁ u ∈
∨
{Ai | i ∈ I}. Since u ∈

∨
{Ai | i ∈ I} and y ◁ u, it follows that

there is some z ▷ y such that z ∈ Ai for some i ∈ I. Then picking x′ as in
Definition 3.5, we have x′ ∈ 3Ai. Thus, for every x ◁ w, there is an x′ ▷ x
and i ∈ I such that x′ ∈ 3Ai, which shows that w ∈

∨
{3Ai | i ∈ I}. 2

In summary, for 2R we impose an interaction condition on R and ◁ to
ensure that 2R send c◁-fixpoints to c◁-fixpoints, but no interaction condition
is required for 2R to be completely multiplicative. By contrast, for 3Q no
interaction condition on Q and ◁ is required for 3Q to send c◁-fixpoints to
c◁-fixpoints, but we impose an interaction condition when we want 3Q to be
completely additive.

3.2 Representation

The representational power of the relational frames from the previous subsec-
tion is shown by the following result.

Theorem 3.7 Let L be a complete lattice equipped with ¬, 2, and 3 where

• ¬ is an antitone unary operation on L with ¬1 = 0,
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• 2 is a completely multiplicative unary operation on L, and

• 3 is a completely additive unary operation on L.

Then define:

• X = {(a, b) | a, b ∈ L,¬a ≤ b}, and for x = (a, b) ∈ X, x0 = a, and x1 = b;

• x ◁ y iff x1 ̸≥ y0;

• xRy iff for all a ∈ L, x0 ≤ 2a⇒ y0 ≤ a;

• xQy iff for all a ∈ L, 3a ≤ x1 ⇒ a ≤ y1.

Then (X,◁, R,Q) is an additive modal frame, and (L,¬,2,3) is isomorphic
to (L(X,◁),¬◁,2R,3Q).

To prove Theorem 3.7, we make use of the following definition and propo-
sition from [41,42].

Definition 3.8 Let L be a lattice and P a set of pairs of elements of L. Define
a binary relation ◁ on P by (a, b) ◁ (c, d) if c ̸≤ b. Then we say P is separating
if for all a, b ∈ L:

(i) if a ̸≤ b, then there is a (c, d) ∈ P with c ≤ a and c ̸≤ b;

(ii) for all (c, d) ∈ P , if c ̸≤ b, then there is a (c′, d′) ◁ (c, d) such that for all
(c′′, d′′) ▷ (c′, d′), we have c′′ ̸≤ b.

Proposition 3.9 Let L be a lattice and P a separating set of pairs of elements
of L. For a ∈ L, define f(a) = {(x, y) ∈ P | x ≤ a}. Then:

(i) f is a complete embedding of L into L(P,◁);

(ii) if L is complete, then f is an isomorphism from L to L(P,◁).

In (i), L(P,◁) is the MacNeille completion of L (see [29, Thm. 2.2]). For a
proof of Proposition 3.9, see [42, Proposition 4.23]. We now prove Theorem 3.7.

Proof. We first prove a preliminary lemma that we will use repeatedly. For
any x ∈ X, let

ρ(x) = (
∧

{b | x0 ≤ 2b},¬
∧

{b | x0 ≤ 2b})

σ(x) = (1,
∨

{b | 3b ≤ x1}),

so ρ(x), σ(x) ∈ X. Then obviously (a) xRρ(x) and (b) xQσ(x). In addition:

(c) if x0 ̸≤ 2a, then ρ(x)0 ̸≤ a. Contrapositively,∧
{b | x0 ≤ 2b} ≤ a

⇒2
∧

{b | x0 ≤ 2b} ≤ 2a by monotonicity of 2

⇒
∧

{2b | x0 ≤ 2b} ≤ 2a by complete multiplicativity of 2

⇒ x0 ≤ 2a.

(d) if 3a ̸≤ x1, then a ̸≤ σ(x)1. Contrapositively,
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a ≤
∨

{b | 3b ≤ x1}

⇒3a ≤ 3
∨

{b | 3b ≤ x1} by the monotonicity of 3

⇒3a ≤
∨

{3b | 3b ≤ x1} by the complete additivity of 3

⇒3a ≤ x1.

Now we show that (X,◁, R,Q) is a modal frame as in Definition 3.2:

if xRy ▷ z, then ∃x′ ◁ x ∀x′′ ▷ x′ ∃y′′: x′′Ry′′ ▷ z.

Suppose xRy ▷ z. Then x0 ̸≤ 2z1, for otherwise xRy implies y0 ≤ z1, con-
tradicting y ▷ z. Now let x′ = (1,2z1), so x

′ ◁ x. Consider any x′′ ▷ x′, so
x′′0 ̸≤ x′1 = 2z1. Let y′′ = ρ(x′′), so x′′Ry′′ by (a). Then x′′0 ̸≤ 2z1 implies
y′′0 ̸≤ z1 by (c), so y′′ ▷ z, which establishes the modal frame condition.

Next we show that (X,◁, R,Q) is additive as in Definition 3.5:

if xQy ◁ z, then ∃x′ ▷ x ∀x′′ ◁ x′ ∃y′′: x′′Qy′′ ◁ z.

Suppose xQy ◁ z. Since y ◁ z, we have z0 ̸≤ y1, which with xQy implies
3z0 ̸≤ x1. Then where x′ = (3z0,¬3z0), we have x′ ▷ x. Now consider any
x′′ ◁ x′, so 3z0 ̸≤ x′′1 . Let y′′ = σ(x′′), so x′′Qy′′ by (b). Then 3z0 ̸≤ x′′1
implies z0 ̸≤ y′′1 by (d), so y′′ ◁ z, which shows that the frame is additive.

Now we prove that (L,¬,2,3) is isomorphic to (L(X,◁),¬◁,2R,3Q).
First, we claim that X is separating as in Definition 3.8. For part (i) of Def-
inition 3.8, take (c, d) = (a,¬a). For (ii), suppose (c, d) ∈ X and c ̸≤ b. Let
(c′, d′) = (1, b). Since b ̸= 1 and ¬1 = 0 ≤ b, (1, b) ∈ X, and since c ̸≤ b,
(c′, d′) ◁ (c, d). Now consider any (c′′, d′′) ∈ X with (c′, d′) ◁ (c′′, d′′). Then
c′′ ̸≤ d′ = b, so (ii) holds. Thus, by Proposition 3.9, the f defined there is an
isomorphism from L to L(P,◁). Next, we show that f preserves ¬, 2, and 3.

To show f(¬a) = ¬◁f(a), first suppose (x, y) ∈ f(¬a), so x ≤ ¬a, and
(x′, y′) ◁ (x, y). If x′ ≤ a, then ¬a ≤ ¬x′, which with x ≤ ¬a implies x ≤ ¬x′,
which with ¬x′ ≤ y′ implies x ≤ y′, contradicting (x′, y′) ◁ (x, y). Thus,
we have x′ ̸≤ a, so (x′, y′) ̸∈ f(a). Hence (x, y) ∈ ¬◁f(a). Conversely, let
(x, y) ∈ X \ f(¬a), so x ̸≤ ¬a. Then (a,¬a) ◁ (x, y), so (x, y) ̸∈ ¬◁f(a).

To show f(2b) = 2Rf(b), first suppose x ∈ f(2a), so x0 ≤ 2a. Then xRy
implies y0 ≤ a and hence y0 ∈ f(a). Thus, x ∈ 2Rf(a). Conversely, suppose
x ̸∈ f(2a), so x0 ̸≤ 2a. Let y = ρ(x), so xRy by (a). Then x0 ̸≤ 2a implies
y0 ̸≤ a by (c), so y ̸∈ f(a) and hence x ̸∈ 2Rf(a).

To show f(3a) = 3f(a), first suppose x ∈ f(3a), so x0 ≤ 3a. Further
suppose x′ ◁ x, so x0 ̸≤ x′1 and hence 3a ̸≤ x′1. Let y′ = σ(x′), so x′Qy′ by
(b). The 3a ̸≤ x′1 implies a ̸≤ y′1 by (d), so y′ ◁ (a,¬a). Since (a,¬a) ∈ f(a),
this shows that x ∈ 3f(a).

Conversely, suppose x ̸∈ f(3a), so x0 ̸≤ 3a. Let x′ = (1,3a), so x′ ◁ x.
Now consider any y′ such that x′Qy′, which with 3a ≤ x′1 implies a ≤ y′1.
Then for any y ▷ y′, we have y0 ̸≤ y′1 and hence y0 ̸≤ a, so y ̸∈ f(a). Thus,
∃x′ ◁ x ∀y′ ∈ Q(x′) ∀y ▷ y′ y ̸∈ f(a), which shows x ̸∈ 3f(a). 2
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Dropping the completeness of L, we can prove the following result (note
the proof can be carried out in ZF without the Axiom of Choice, in the spirit
of [6]), which embeds L into its canonical extension (see [28]). This is closely
related to the topological representations of bounded lattices in [51] and [12],
building on [54] and [2], and the topological representation of Boolean algebras
in [6]. The treatment of negation was added in [41].

Theorem 3.10 Let L be a bounded lattice with ¬, 2, and 3 where

• ¬ is an antitone unary operation on L with ¬1 = 0,

• 2 is a multiplicative unary operation on L, and

• 3 is an additive unary operation on L.

Then define:

• X = {(F, I) | F is a filter in L, I is an ideal in L, and {¬a | a ∈ F} ⊆ I};
• (F, I) ◁ (F ′, I ′) iff I ∩ F ′ = ∅;

• (F, I)R(F ′, I ′) iff for all a ∈ L, 2a ∈ F ⇒ a ∈ F ′;

• (F, I)Q(F ′, I ′) iff for all a ∈ L, 3a ∈ I ⇒ a ∈ I ′.

Then (X,◁, R,Q) is an additive modal frame; (L,¬,2,3) embeds into
(L(X,◁),¬◁,2R,3Q); and (L,¬,2,3) is isomorphic to the subalgebra of
(L(X,◁),¬◁,2R,3Q) consisting of c◁-fixpoints that are compact open in the
topology on X generated by {â | a ∈ L}, where â = {(F, I) | a ∈ F}.
Proof. For the following, given an element a of a lattice, let ↑a (resp. ↓a) be
the principal filter (resp. ideal) generated by a.

We first show that (X,◁, R,Q) is a modal frame as in Definition 3.2:

if xRy ▷ z, then ∃x′ ◁ x ∀x′′ ▷ x′ ∃y′′: x′′Ry′′ ▷ z.

The proof slightly adapts that of Proposition 4.10 of [41] to account for the role
of ¬ in the definition of X. Suppose (F, I)R(G,H) ▷ (J,K), which implies K∩
G = ∅ and henceK∩{a | 2a ∈ F} = ∅. Then where F ′ = ↑1 and I ′ is the ideal
generated by {2a | a ∈ K}, we claim that I ′ ∩ F = ∅, so (F ′, I ′) ◁ (F, I). For
if b ∈ I ′ ∩F , then for some a1, . . . , an ∈ K, we have b ≤ 2a1 ∨ · · · ∨2an, which
implies b ≤ 2(a1∨ · · · ∨an), so 2(a1 ∨ · · · ∨ an) ∈ F , whence a1∨ · · · ∨an ̸∈ K,
contradicting a1, . . . , an ∈ K. Now suppose (F ′, I ′) ◁ (F ′′, I ′′), so I ′∩F ′′ = ∅.
Let G′′ = {b | 2b ∈ F ′′}, which is a filter, and let H ′′ be the ideal generated by
{¬a | a ∈ G′′}. We claim K ∩ G′′ = ∅, so (J,K) ◁ (G′′, H ′′). For if a ∈ G′′,
then 2a ∈ F ′′, so 2a ̸∈ I ′, whence a ̸∈ K. Thus, (F ′′, I ′′)R(G′′, H ′′) ▷ (J,K),
which establishes the condition.

Now we show that (X,◁, R,Q) is additive as in Definition 3.5:

if xQy ◁ z, then ∃x′ ▷ x ∀x′′ ◁ x′ ∃y′′: x′′Qy′′ ◁ z.

Suppose (F, I)Q(G,H) ◁ (J,K), which implies H ∩ J = ∅ and hence
{a | 3a ∈ I} ∩ J = ∅. Let F ′ be the filter generated by {3a | a ∈ J} and
I ′ the ideal generated by {¬a | a ∈ F ′}, so (F ′, I ′) ∈ X. We claim that
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I ∩ F ′ = ∅, so (F ′, I ′) ▷ (F, I). If b ∈ F ′, then there are a1, . . . , an ∈ J such
that 3a1∧· · ·∧3an ≤ b, which implies 3(a1∧· · ·∧an) ≤ b. If in addition b ∈ I,
then 3(a1 ∧ · · · ∧ an) ∈ I, so a1 ∧ · · · ∧ an ̸∈ J , contradicting a1, . . . , an ∈ J .
Now consider any (F ′′, I ′′) ◁ (F ′, I ′), so I ′′ ∩ F ′ = ∅. Let G′′ = ↑1 and
H ′′ = {a | 3a ∈ I ′′}, which is an ideal, so (F ′′, I ′′)Q(G′′, H ′′). We claim that
H ′′ ∩J = ∅, so (G′′, H ′′) ◁ (J,K). For if b ∈ H ′′, then 3b ∈ I ′′, which implies
3b ̸∈ F ′ and hence b ̸∈ J . This completes the proof of the condition.

The claimed embedding sends a to â. We verify that it preserves 2 and 3.
For its other claimed properties, see the proof of Theorem 4.30 in [42]. 1

Let us show 2̂a = 2Râ. Suppose (F, I) ∈ 2̂a, so 2a ∈ F . Then if
(F, I)R(F ′, I ′), we have a ∈ F ′ and hence (F ′, I ′) ∈ â. Thus, (F, I) ∈ 2Râ.
Conversely, suppose (F, I) ̸∈ 2̂a, so 2a ̸∈ F . Let F ′ = {b | 2b ∈ F}, which is a
filter, and let I ′ be the ideal generated by {¬b | b ∈ F ′}, so (F ′, I ′) ∈ X. Then
2a ̸∈ F implies a ̸∈ F ′ and hence (F ′, I ′) ̸∈ â, and by construction of F ′, we
have (F, I)R(F ′, I ′). Thus, (F, I) ̸∈ 2Râ.

Finally, we show 3̂a = 3Qâ. Suppose (F, I) ∈ 3̂a, so 3a ∈ F . Consider
any (F ′, I ′) ◁ (F, I), so 3a ̸∈ I ′. Let G′ = ↑1 and H ′ = {b ∈ L | 3b ∈ I ′},
which is an ideal, so (F ′, I ′)Q(G′, H ′). Let G = ↑a and H = ↓¬a, so
(G,H) ∈ â. We claim that H ′ ∩ G = ∅, so (G′, H ′) ◁ (G,H). For other-
wise a ∈ H ′, so 3a ∈ I ′, contradicting what we derived above. This proves
that (F, I) ∈ 3Qâ. Conversely, suppose (F, I) ̸∈ 3̂a, so 3a ̸∈ F . Let F ′ = ↑1
and I ′ = ↓3a, so (F ′, I ′) ◁ (F, I). Consider any (G′, H ′) and (G,H) such that
(F ′, I ′)Q(G′, H ′) ◁ (G,H). Then since 3a ∈ I ′, we have a ∈ H ′ and hence
a ̸∈ G, so (G,H) ̸∈ â. This proves that (F, I) ̸∈ 3Qâ. 2

4 Interactions

We now consider the interaction of 2 and 3 via ¬. Of course, if 2 and 3 come
from different flavors of modality, e.g., 2a means that the agent believes a and
3a means that a will hold sometime in the future, there need be no interaction
between them via ¬. But even if 2 and 3 are of the same flavor of modality,
the interactions between them via ¬ may be subtle (see Remark 4.3).

One may also consider interactions between 2 and 3 via other operations,
such as ∧. In classical modal logic, we have 2a∧3b ≤ 3(a∧ b). However, this
is not desirable in epistemic orthologic [44, Example 3.39], so we do not wish to
impose this constraint. Of course, the simplest interaction to consider is 2a ≤
3a, but this cannot be imposed for doxastic logic with possibly inconsistent
agents. By contrast, some interactions between 2 and 3 via ¬ seem generally
acceptable—when 2 and 3 come from the same flavor of modality—and will
allow us to simplify our semantics by setting R = Q in § 5 (cf. [52] on when a
single relation suffices for distributive modal logics). Thus, here we focus only
on interactions via ¬ and leave the study of further interactions for future work.

1 That proof assumes F ∩ I = ∅ for each filter-ideal pair, in which case ◁ is reflexive, but
the proof easily adapts to drop that assumption. Cf. the proof of Theorem B.7 of [42].
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4.1 Lattice inequalities

Consider the following axioms, implicitly universally quantified:

3¬a ≤ ¬2a (3¬)
2¬a ≤ ¬3a (2¬)
¬3a ≤ 2¬a (¬3)

¬2a ≤ 3¬a. (¬2)

First we observe that over the most general algebras considered in § 3.1, the
above axioms are all independent.

Proposition 4.1 Each of (3¬), (2¬), (¬3), and (¬2) is independent of
all the others over finite lattices equipped with an antitone ¬ sending 1 to 0,
multiplicative 2, and additive 3.

Proof. The independence of (¬3) and (¬2) will be shown in Propositions
4.4.(ii) and 4.5, respectively. For (3¬), consider the following four-element
lattice equipped with the following ¬, 2, and 3:

0

a b

1 x ¬x 2x 3x
1 0 1 1
a 0 a 1
b a b b
0 1 0 0

Then ¬ is antitone and sends 1 to 0, 2 is multiplicative, 3 is additive, and
(2¬), (¬3), and (¬2) hold. However, 3¬b = 3a = 1 ̸≤ a = ¬b = ¬2b, so
(3¬) does not hold. For (2¬), consider the same lattice as above with the
same ¬ but with the following 2 and 3:

x ¬x 2x 3x
1 0 1 1
a 0 1 1
b a 0 1
0 1 0 0

Then ¬ is antitone and sends 1 to 0, 2 is multiplicative, 3 is additive, and
(3¬), (¬3), and (¬2) hold. However, 2¬b = 2a = 1 ̸≤ 0 = ¬1 = ¬3b, so
(2¬) does not hold. 2

4.1.1 Interactions in fundamental logic

In the context of fundamental logic, we collapse one distinction from § 4.1.

Proposition 4.2 If ¬ is dually self-adjoint and 2 and 3 are monotone, then
(3¬) is equivalent to (2¬).

Proof. Assume ¬ is dually self-adjoint and hence antitone and double infla-
tionary by Lemma 2.6. Assuming f is a monotone unary operation and g an
arbitrary unary operation, we prove that if for all a ∈ L, f(¬a) ≤ ¬g(a), then
for all a ∈ L, g(¬a) ≤ ¬f(a), from which the statement in the lemma follows.
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Assume f(¬a) ≤ ¬g(a) for all a ∈ L. By dual self-adjointness, f(¬a) ≤
¬g(a) implies g(a) ≤ ¬f(¬a), so for all a ∈ L, we have g(¬a) ≤ ¬f(¬¬a).
Then since a ≤ ¬¬a, we have f(a) ≤ f(¬¬a) by the monotonicity of f , so
¬f(¬¬a) ≤ ¬f(a) by the antitonicity of ¬. Hence g(¬a) ≤ ¬f(a). 2

Remark 4.3 Consider the interpretation of the modalities where2ameans the
agent is certain that a and3ameans the agent considers it possible that a. Then
(3¬) and (2¬) are plausible. Yet (¬3) is questionable: from the assumption
that an agent does not consider it possible that a, it does not follow that the
agent is certain that ¬a; for the agent may be totally unaware of a, neither
entertaining the possibility of a nor having any attitude with the content ¬a.
Similarly, (¬2) is questionable: from the fact that the agent is not certain that
a, it does not follow that the agent considers it possible that ¬a, again because
the agent may have unawareness. Thus, neither (¬3) nor (¬2) belongs in a
base system of fundamental modal logic.

4.1.2 Interactions in intuitionistic logic

In intuitionistic modal logic, where ¬ is pseudocomplementation (a ∧ b = 0
implies b ≤ ¬a, and a∧¬a = 0) and hence dually self-adjoint, it is standard to
have not only (3¬) and (2¬) but also (¬3), despite the concern about (¬3)
in Remark 4.3. Note that (¬3) is an additional condition, even classically.

Proposition 4.4

(i) (¬3) is independent of (3¬) and (2¬) over Boolean algebras equipped
with a multiplicative 2 and additive 3.

(ii) (¬3) is independent of (3¬), (2¬), and (¬2) over Heyting algebras
equipped with a multiplicative 2 and additive 3.

Proof. For part (i), consider the four-element Boolean algebra equipped with
the following 2 and 3:

0

a b

1 x 2x 3x
1 1 1
a 0 1
b 0 0
0 0 0

Then 2 is multiplicative, 3 is additive, 2x ≤ 3x, and (3¬) and (2¬) hold.
However, we have ¬3b = ¬0 = 1 ̸≤ 0 = 2a = 2¬b, so (¬3) does not hold.

For part (ii), consider the following five-element Heyting algebra with 2

and 3 operations:

0

a b

c

1 x 2x 3x
1 1 1
c 1 1
a c 1
b 0 0
0 0 0
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Then 2 is multiplicative, 3 is additive, 2x ≤ 3x, and not only (3¬) and (2¬)
but also (¬2) holds:
• ¬21 = ¬1 = 0 ≤ 3¬1; ¬2c = ¬1 = 0 ≤ 3¬c; ¬2a = ¬c = 0 ≤ 3¬a;
• ¬2b = ¬0 = 1 = 3a = 3¬b; ¬20 = ¬0 = 1 = 31 = 3¬0.
However, we have ¬3b = ¬0 = 1 ̸≤ c = 2a = 2¬b, so (¬3) does not hold. 2

As noted in § 1, (¬2) is generally not assumed in intuitionistic modal logic.

Proposition 4.5 (¬2) is independent of (3¬), (2¬), and (¬3) over Heyting
algebras H equipped with a multiplicative 2 and additive 3, even assuming that
2a ≤ 3a for all a ∈ H.

Proof. Consider the three-element Heyting algebra equipped with the follow-
ing 2 and 3:

0

a

1 x 2x 3x
1 1 1
a 0 1
0 0 0

Then 2 is multiplicative, 3 is additive, and (3¬), (2¬), and (¬3) hold. But
¬2a = ¬0 = 1 ̸≤ 0 = 30 = 3¬a, so (¬2) does not hold. 2

4.1.3 Interactions in orthologic

Finally, in the context of modal orthologic, where ¬ is involutive, it is natural
to take 3 and 2 to be duals in the following sense:

3a = ¬2¬a (3 def)

2a = ¬3¬a. (2 def)

Proposition 4.6 If ¬ is antitone and involutive and 2, 3 are monotone, then:

(i) (3¬) and (2¬) are equivalent;

(ii) (¬3) and (¬2) are equivalent;

(iii) (3 def) and (2 def) are equivalent to each other and to the conjunction
of (3¬), (2¬), (¬3), and (¬2).

Proof. For part (i), since ¬ is antitone and involutive, it is dually self-adjoint
by Lemma 2.6, so (3¬) and (2¬) are equivalent by Lemma 4.2. For part (ii),
assume (¬3). As an instance, we have ¬3¬a ≤ 2¬¬a, which implies ¬2a ≤
3¬a by antitonicity and involution, so (¬2) holds. Now assume (¬2). As an
instance, we have ¬2¬a ≤ 3¬¬a, which implies ¬3a ≤ 2¬a by antitonicity
and involution, so (¬3) holds. For part (iii), clearly (3 def) and (2 def)
are equivalent given involution and imply (3¬), (2¬), (¬3), and (¬2) given
involution. Conversely, assume (3¬), (2¬), (¬3), and (¬2). By (¬3), we
have ¬3a ≤ 2¬a, which implies ¬2¬a ≤ 3a by antitonicity and involution.
By (2¬), we have 2¬a ≤ ¬3a, which implies 3a ≤ ¬2¬a by antitonicity and
involution. Hence 3a = ¬2¬a, so (3 def) holds. 2
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4.2 Frame conditions

Let us now identify frame conditions sufficient for the principle (3¬), which
seems unobjectionable (when the same flavor of modality is involved on both
sides), and (¬3), which is typically assumed in intuitionistic modal logic.

Proposition 4.7 Let (X,◁, R,Q) be a modal frame in which Q ⊆ R. Then
for every c◁-fixpoint A,

3¬A ⊆ ¬2A.

Proof. Suppose x ∈ 3¬A. Toward a contradiction, suppose x ̸∈ ¬2A, so
there is a y ◁ x such that y ∈ 2A. Since y ◁ x and x ∈ 3¬A, there is a
z ∈ Q(y) and w ▷ z with w ∈ ¬A, which implies z ̸∈ A, which contradicts the
facts that y ∈ 2A and yQz, since by our assumption yQz implies yRz. 2

Definition 4.8 A modal frame (X,◁, R,Q) is negative if for all x, y, z ∈ X,

if xRy ▷ z, then ∃x′ ◁ x ∀x′′ ◁ x′ ∃y′′: x′′Qy′′ ◁ z.

x y

z

⇒

x

x′

x′′ y′′

y

z

∃∃
∀

Fig. 4. Illustration of the negativity condition in Definition 4.8.

Proposition 4.9 If (X,◁, R,Q) is a negative modal frame, then for every
c◁-fixpoint A,

¬3A ⊆ 2¬A.

Proof. Suppose x ̸∈ 2¬A, so there is a y ∈ X with xRy and z ◁ y with z ∈ A.
Then where x′ is as in Definition 4.8, we have x′ ∈ 3A, so x ̸∈ ¬3A. 2

5 Unification

By assuming (3¬) and the dual self-adjointness of ¬, we can simplify the
representation from Theorem 3.7.

Definition 5.1 A modal frame (X,◁, R,Q) is unified if R = Q.

Theorem 5.2 Let L be a complete lattice with ¬, 2, and 3 where

• ¬ is a dually self-adjoint unary operation on L with ¬1 = 0,

• 2 is a completely multiplicative unary operation on L,

• 3 is a completely additive unary operation on L, and
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• 3¬a ≤ ¬2a for all a ∈ L.

Then define:

• X = {(a, b) | a, b ∈ L,¬a ≤ b};
• x ◁ y iff x1 ̸≥ y0;

• xRy iff for all a ∈ L, x0 ≤ 2a⇒ y0 ≤ a and 3a ≤ x1 ⇒ a ≤ y1;

• Q = R.

Then:

(i) F = (X,◁, R,Q) is a unified, additive modal frame with ◁ pseudo-
symmetric;

(ii) (L,¬,2,3) is isomorphic to (L(X,◁),¬◁,2R,3Q);

(iii) if a ∧ ¬a = 0 for all a ∈ L, then ◁ is pseudo-reflexive;

(iv) if ¬3a ≤ 2¬a for all a ∈ L, then F is negative.

Proof. Given any x ∈ X, let

τ(x) = (
∧

{b | x0 ≤ 2b},
∨

{b | 3b ≤ x1} ∨ ¬
∧

{b | x0 ≤ 2b}).

Then observe the following:

(a) We have xRτ(x). For x0 ≤ 2c implies τ(x)0 ≤ c; and if c ̸≤ τ(x)1, then
c ̸≤

∨
{b | 3b ≤ x1} and hence 3c ̸≤ x1.

(b) If x0 ̸≤ 2a, then τ(x)0 ̸≤ a, by the same reasoning as in the proof of
Theorem 3.7.

(c) If 3a ̸≤ x1, then a ̸≤ τ(x)1. Contrapositively,

a ≤
∨

{b | 3b ≤ x1} ∨ ¬
∧

{b | x0 ≤ 2b}

⇒3a ≤ 3

(∨
{b | 3b ≤ x1} ∨ ¬

∧
{b | x0 ≤ 2b}

)
by monotonicity of 3

⇒3a ≤
∨

{3b | 3b ≤ x1} ∨3¬
∧

{b | x0 ≤ 2b}
by complete additivity of 3

⇒3a ≤ x1 ∨3¬
∧

{b | x0 ≤ 2b}

⇒3a ≤ x1 ∨ ¬2
∧

{b | x0 ≤ 2b} since 3¬d ≤ ¬2d

⇒3a ≤ x1 ∨ ¬
∧

{2b | x0 ≤ 2b} by complete multiplicativity of 2

⇒3a ≤ x1 ∨ ¬x0 by antitonicity of ¬
⇒3a ≤ x1 since ¬v0 ≤ v1 for all v ∈ X.

Now for part (i), that F is unified is immediate from the definition. The
proof that F is an additive modal frame is almost exactly as in the proof of
Theorem 3.7, only using τ instead of ρ and σ:
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First we show that F is a modal frame: if xRy ▷ z, then ∃x′ ◁ x ∀x′′ ▷ x′

∃y′′: x′′Ry′′ ▷ z. Suppose xRy ▷ z. Then x0 ̸≤ 2z1, for otherwise xRy implies
y0 ≤ z1, contradicting y ▷ z. Now let x′ = (1,2z1), so x

′ ◁ x. Consider any
x′′ ▷ x′, so x′′0 ̸≤ x′1 = 2z1. Let y′′ = τ(x′′), so x′′Ry′′ by (a) above. Then
x′′0 ̸≤ 2z1 implies y′′0 ̸≤ z1 by (b) above, so y′′ ▷ z.

Next we show that F is additive: if xQy ◁ z, then ∃x′ ▷ x ∀x′′ ◁ x′ ∃y′′:
x′′Qy′′ ◁ z. Suppose xQy ◁ z. Since y ◁ z, we have z0 ̸≤ y1, which with
xQy implies 3z0 ̸≤ x1. Then where x′ = (3z0,¬3z0), we have x′ ▷ x. Now
consider any x′′ ◁ x′, so 3z0 ̸≤ x′′1 . Let y′′ = τ(x′′), so x′′Ry′′ by (a) above.
Then since 3z0 ̸≤ x′′1 , we have z0 ̸≤ y′′1 by (c) above. Hence y′′ ◁ z.

That ◁ is pseudo-symmetric follows from the isomorphism in part (ii) and
Proposition 2.10(ii).

The proof of part (ii) is almost exactly as in the proof of Theorem 3.7, only
using τ in place of ρ and σ:

Exactly as in the proof of Theorem 3.7, the function f defined by f(a) =
{x ∈ P | x0 ≤ a} is an isomorphism from L to L(X,◁) that also preserves ¬.
It only remains to check 2 and 3.

To show that f(2a) = 2Rf(a), first suppose x ∈ f(2a), so x0 ≤ 2a. Then
xRy implies y0 ≤ a and hence y0 ∈ f(a). Thus, x ∈ 2Rf(a). Conversely,
suppose x ̸∈ f(2a), so x0 ̸≤ 2a. Let y = τ(x), so xRy by (a) above. Then
x0 ̸≤ 2a implies y0 ̸≤ a by (b) above, so y ̸∈ f(a) and hence x ̸∈ 2Rf(a).

To show that f(3a) = 3Qf(a), first suppose x ∈ f(3a), so x0 ≤ 3a.
Further suppose x′ ◁ x, so x0 ̸≤ x′1 and hence3a ̸≤ x′1. Let y

′ = τ(x′), so x′Qy′

by (a) above. Then since 3a ̸≤ x′1, we have a ̸≤ y′1 by (c) above, so y′ ◁ (a,¬a).
Thus, for all x′ ◁ x, there are y′, z′ such that x′Qy′ ◁ z′ ∈ f(a). Hence
x ∈ 3Qf(a). Conversely, suppose x ̸∈ f(3a), so x0 ̸≤ 3a. Let x′ = (1,3a),
so x′ ◁ x. Now consider any y′ such that x′Qy′, which with 3a ≤ x′1 implies
a ≤ y′1. Then for any y ▷ y′, we have y0 ̸≤ y′1 and hence y0 ̸≤ a, so y ̸∈ f(a).
Thus, ∃x′ ◁ x ∀y′ ∈ Q(x′) ∀y ▷ y′: y ̸∈ f(a), which shows x ̸∈ 3f(a).

For part (iii), assuming a ∧ ¬a = 0 for all a ∈ L, that ◁ is pseudo-reflexive
follows from the isomorphism in part (ii) and Proposition 2.10(i).

For part (iv), assuming ¬3a ≤ 2¬a for all a ∈ L, we must show negativity:
if xRy ▷ z, then ∃x′ ◁ x ∀x′′ ◁ x′ ∃y′′: x′′Qy′′ ◁ z. Suppose xRy ▷ z, which
implies x0 ̸≤ 2z1. Since ¬z0 ≤ z1, we have 2¬z0 ≤ 2z1 by the monotonicity
of 2, so x0 ̸≤ 2z1 implies x0 ̸≤ 2¬z0. Hence by our initial assumption,
x0 ̸≤ ¬3z0. Then where x′ = (3z0,¬3z0), we have x′ ◁ x. Then since
x′ ∈ f(3z0) and f preserves 3, we have x′ ∈ 3Qf(z0), which implies that
∀x′′ ◁ x′ ∃y′′ ∈ Q(x′′) ∃y′ ▷ y′′: y′ ∈ f(z0), so y

′
0 ≤ z0. From y′ ▷ y′′, we have

y′0 ̸≤ y′′1 , which with y′0 ≤ z0 implies z0 ̸≤ y′′1 , so y
′′ ◁ z. Thus, we have shown

that ∀x′′ ◁ x′ ∃y′′: x′′Qy′′ ◁ z, as desired. 2

Similarly, we have the following unified analogue of Theorem 3.10.

Theorem 5.3 Let L be a bounded lattice with ¬, 2, and 3 where

• ¬ is a dually self-adjoint unary operation on L with ¬1 = 0,

• 2 is a multiplicative unary operation on L,
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• 3 is an additive unary operation on L, and

• 3¬a ≤ ¬2a for all a ∈ L.

Then define:

• X = {(F, I) | F is a filter in L, I is an ideal in L, and {¬a | a ∈ F} ⊆ I};
• (F, I) ◁ (F ′, I ′) iff I ∩ F ′ = ∅;

• (F, I)R(F ′, I ′) iff for all a ∈ L, 2a ∈ F ⇒ a ∈ F ′ and 3a ∈ I ⇒ a ∈ I ′;

• Q = R.

Then:

(i) F = (X,◁, R,Q) is a unified, additive modal frame with ◁ pseudo-
symmetric;

(ii) there is an embedding of (L,¬,2,3) into (L(X,◁),¬◁,2R,3Q)
and an isomorphism between (L,¬,2,3) and the subalgebra of
(L(X,◁),¬◁,2R,3Q) consisting of c◁-fixpoints that are compact open
in the topology on X generated by {â | a ∈ L}, where â = {(F, I) | a ∈ F};

(iii) if a ∧ ¬a = 0 for all a ∈ L, then F is pseudo-reflexive;

(iv) if ¬3a ≤ 2¬a for all a ∈ L, then F is negative.

Proof. For part (i), that F is unified is immediate from the definition. For
the pseudo-symmetry of ◁, the proof is the same as in the proof of Proposition
4.32 in [42] (only without claiming F ∩ I ′′ = ∅, which we do not need here).

For the other properties, we explain how to modify the proof of Theo-
rem 3.10 in light of the modified definitions of R and Q in Theorem 5.3. To
show that F is a modal frame, modify the proof of the modal frame condition
for Theorem 3.10 as follows: let H ′′ = {a | 3a ∈ I ′′}, which is an ideal. Then
if a ∈ G′′, we have 2b ∈ F ′′, so ¬2b ∈ I ′′ and hence 3¬b ∈ I ′′ by the fourth
bullet point of Theorem 5.3, so ¬b ∈ H ′′. Thus, (G′′, H ′′) ∈ X.

To show F is additive, modify the proof of additivity for Theorem 3.10 as
follows: let G′′ = {a | 2a ∈ F ′′}, which is a filter. Where H ′′ = {a | 3a ∈ I ′′},
which is an ideal, we have (G′′, H ′′) ∈ X by the same reasoning as in the
previous paragraph. Then we have (F ′′, I ′′)Q(G′′, H ′′) by construction.

For the proof that 2̂a = 2Râ, modify the proof in Theorem 3.10 by setting
I ′ = {b | 3b ∈ I}. For the proof that 3̂a = 3Qâ, modify the proof in
Theorem 3.10 by setting G′ = {b | 2b ∈ F ′}.

For part (iii), assuming a ∧ ¬a = 0 for all a ∈ L, consider a non-absurd
(F, I), so there is some (G,H) ◁ (F, I). Hence H ∩ F = ∅, so 0 ̸∈ F . Let
I ′ = {a | ¬a ∈ F}. Then F ∩ I ′ = ∅, for otherwise we have a,¬a ∈ F and
hence 0 ∈ F , contradicting what we previously derived. Thus, (F, I ′) ◁ (F, I),
and (F, I ′) pre-refines (F, I). This shows that ◁ is pseudo-reflexive.

For part (iv), assuming ¬3a ≤ 2¬a, we show that F is negative:

if xRy ▷ z, then ∃x′ ◁ x ∀x′′ ◁ x′ ∃y′′: x′′Qy′′ ◁ z.

Suppose (F, I)R(G,H) ▷ (J,K). Let F ′ be the filter generated by {3a | a ∈ J}
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and I ′ the ideal generated by {¬3a | a ∈ J}, which is equal to {2¬a | a ∈ J}
given ¬3a ≤ 2¬a and the converse from Proposition 4.2. We claim that
I ′ ∩ F = ∅. For if b ∈ I ′, then b ≤ 2¬a1 ∨ · · · ∨ 2¬an ≤ 2¬(a1 ∧ · · · ∧ an)
for some a1, . . . , an ∈ J ; and then if b ∈ F , we have 2¬(a1 ∧ · · · ∧ an) ∈ F , so
¬(a1∧· · ·∧an) ∈ G, which implies ¬(a1∧· · ·∧an) ̸∈ K and hence a1∧· · ·∧an ̸∈ J ,
contradicting a1, . . . , an ∈ J . Thus, I ′ ∩ F = ∅ and hence (F ′, I ′) ◁ (F, I).
Now consider any (F ′′, I ′′) ◁ (F ′, I ′), so I ′′ ∩F ′ = ∅. Let G′′ = {a | 2a ∈ F ′′}
and H ′′ = {a | 3a ∈ I ′′}, so (G′′, H ′′) ∈ X as in the second paragraph of the
proof above, and (F ′′, I ′′)Q(G′′, H ′′). We claim that H ′′∩J = ∅. For if a ∈ J ,
then 3a ∈ F ′, which implies 3a ̸∈ I ′′, which in turn implies a ̸∈ H ′′. Thus,
(G′′, H ′′) ◁ (J,K), which completes the proof. 2

6 Fundamental modal logic

Let ML be the propositional modal language with ∧,∨,¬,2,3 and now also
⊥,⊤. At last, we define our proposed system of fundamental modal logic.

Definition 6.1 Fundamental modal logic is the smallest binary relation
⊢⊆ ML × ML such that for all φ,ψ, χ ∈ ML, not only conditions 1-11 of
Definition 2.1 but also the following hold:

12. ⊥ ⊢ φ ⊢ ⊤ 17. ⊤ ⊢ 2⊤
13. ¬⊤ ⊢ ⊥ 18. 3⊥ ⊢ ⊥
14. 2φ ∧2ψ ⊢ 2(φ ∧ ψ) 19. if φ ⊢ ψ, then 2φ ⊢ 2ψ
15. 3(φ ∨ ψ) ⊢ 3φ ∨3ψ 20. if φ ⊢ ψ, then 3φ ⊢ 3ψ.
16. 3¬φ ⊢ ¬2φ

The forcing clauses for2φ and3φ in relational models are as in Proposition 3.3;
⊥ is forced only at absurd states (recall § 2.3), while ⊤ is forced at all states.

Theorem 6.2 Fundamental modal logic is sound and complete with respect to
the class of unified, additive modal frames (X,◁, R) in which ◁ is pseudo-
reflexive and pseudo-symmetric.

Proof. Soundness is by Propositions 2.9, 3.3, 3.6, and 4.7. For completeness,
apply Theorem 5.3 to the Lindenbaum-Tarski algebra of the logic. 2

7 Conclusion

We have proposed a way of adding modalities to fundamental logic, both ax-
iomatically and semantically. Our representation theorems raise obvious ques-
tions about associated categorical dualities (see [48] for morphisms), and the
interactions between 2 and 3 via ¬ cry out for systematic correspondence
theory. Also conspicuously absent has been “the” conditional →. Weak condi-
tionals possibly appropriate for fundamental logic are discussed in [42, § 6] and
[43]. Treating a language with both modalities and conditionals is a natural
next step, especially in connection with applications to natural language as in
[44]. Finally, our focus here has been entirely semantical. Yet we hope that in
light of recent proof-theoretic successes with fundamental logic [1], proof theo-
rists might also find fundamental modal logic to be a worthy object of study.
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[53] Rebagliato, J. and V. Verdú, On the algebraization of some Gentzen systems,
Fundamenta Informaticae 17 (1993), pp. 319–338.

[54] Urquhart, A., A topological representation theory for lattices, Algebra Universalis 8
(1978), pp. 45–58.

[55] Vakarelov, D., Consistency, completeness and negation, in: G. Priest, R. Routley and
J. Norman, editors, Paraconsistent Logic: Essays on the Inconsistent, Philosophia
Verlag, Munich, 1989 pp. 328–368.

[56] Wijesekera, D., Constructive modal logics I, Annals of Pure and Applied Logic 50 (1990),
pp. 271–301.

[57] Zhong, S., A general relational semantics of propositional logic: Axiomatization, in:
A. Silva, R. Wassermann and R. Queiroz, editors, Logic, Language, Information, and
Computation. WoLLIC 2021, Lecture Notes in Computer Science 13038 (2021), pp.
82–99.


	Introduction
	Background
	Fundamental logic
	Algebraic semantics
	Relational semantics

	Modalities
	Algebras and frames
	Representation

	Interactions
	Lattice inequalities
	Frame conditions

	Unification
	Fundamental modal logic
	Conclusion
	References

