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Abstract

In this paper, we introduce the simulations and bisimulations on polarity-based se-
mantics for non-distributive modal logic, which are natural generalizations of those
notions on Kripke semantics for modal logic. We also generalize other impor-
tant model-theoretic notions about Kripke semantics such as image-finite models,
modally-saturated models, ultrafilter extension and ultrapower extension to the non-
distributive setting. By using these generalizations, we prove the Hennessy-Milner
theorem and the van Benthem characterization theorem for non-distributive modal
logic based on polarity-based semantics.
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1 Introduction

This paper focuses on advancing the model theory of polarity-based semantics
for normal non-distributive modal logics [19,6,9]. These logics, also known as
LE-logics (lattice expansion logics), are characterized by algebraic semantics
provided by arbitrary lattices expanded with normal operators. The research
on polarity-based semantics for normal non-distributive modal logics dates back
to Gehrke’s work on canonical extension of bounded lattices [22,21,17]. Lever-
aging the interpretation of polarities as formal contexts in Formal Concept
Analysis [20], non-distributive modal logic is conceptualized as a logic of formal
concepts or categories enriched with modal operators, such as approximation
or knowledge operators [6,7]. Several model theoretic notions for polarity-
based semantics like disjoint unions, p-morphisms, and ultrafilter extensions
were introduced in prior work [10]. These concepts were used in [10] to prove
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Goldblatt- Thomason theorem for LE-logics. Simulations on polarity-based mod-
els were defined and employed to demonstrate the preservation of lattice-based
modal p-calculus (an extension of basic LE-logic with the least and the great-
est fixed point operators) under simulations [16, Section 6]. In this paper, we
delve more into the problem of generalizing simulations and bisimulations from
Kripke semantics to polarity-based semantics, and also prove fundamental re-
sults like Hennessy-Milner theorem and van Benthem characterization theorem
for polarity-based semantics.

Bisimulations were initially defined by van Benthem [34] as p-relations on
Kripke frames for classical modal logic. They aim to characterize points in
Kripke models with equivalent behavior concerning modal logic formulas. Since
their inception, bisimulations have played an important role in modal logic the-
ory and its applications in computer science [34,32,25,23]. Hennessy and Milner
[26] showed that on image-finite Kripke models, the semantic equivalence re-
lation for modal logic forms a bisimulation relation, a result later extended
to modally-saturated Kripke models [27]. Van Benthem [34] established the
characterization theorem for modal logic, showing that classical modal logic is
the bisimulation-invariant fragment of first-order logic.

Bisimulations have been extensively defined and studied across various se-
mantic models for different logics. For instance, in topological semantics for
(S4) modal logic, they are referred to as topo-bisimulations [1], where the
Hennessy-Milner property for a class of topological models was established
[11]. Similarly, in Kripke semantics for intuitionistic modal logic, they are
known as asimulations, and results like the Hennessy-Milner theorem and the
van Benthem theorem have been demonstrated [30]. Bezhanishvilli and Henke
[3] proved the van Benthem theorem for models based on general descriptive
frames using Vietoris bisimulations [2]. Similar studies have been carried out for
different semantics of graded modal logics, dynamic modal logics, fuzzy modal
logics, monotone modal logics, etc. [15,33,13,14,24]. De Groot [12] established
a van Benthem theorem for the meet-semilattice semantics of non-distributive
(positive) logic using the notion of meet simulations. In this work, we adopt a
similar approach to prove the van Benthem theorem for the polarity-based se-
mantics of normal non-distributive modal logic by defining appropriate notion
of simulations. Along the way, we introduce essential model-theoretic notions
like image-finite models, modally-saturated models, and w-saturated models for
this semantics, and prove significant results like the Hennessy-Milner theorem
and the Hennessy-Milner property for the class of modally-saturated models.

Structure of the paper. In Section 2, we collect the required preliminaries.
In Section 3, we define the simulations and bisimulations on the polarity-based
semantics and prove the Hennessy-Milner theorem. In Section 4, we define
the modally-saturated polarity-based models, filter-ideal extensions of polarity-
based models and show that two pointed polarity-based models are modally
equivalent if and only if their filter-ideal extensions are bisimilar. In Section 5,
we define the standard translation and prove the van Benthem characterization
theorem for polarity-based semantics of non-distributive modal logic. In Sec-
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tion 6, we summarize the main findings of the paper and suggest some possible
future works.

2 Preliminaries

In this section, we gather useful preliminaries about normal non-distributive
modal logic and its polarity-based semantics based on [9] and [7]. We assume
readers are familiar with the basic concepts from the model theory of classical
modal logic such as simulations, bisimulations, ultrafilter extensions, standard
translations, Hennessy-Milner theorem, and van Benthem characterization the-
orem. For a detailed discussion on the model theory of modal logic, we refer
to [4, Section 2].

2.1 Non-Distributive Modal Logic

Let V be a countable set of propositional variables. The language £ (i.e. set of
formulas) is defined as follows:
pu=p|L[TleApleVe|Dp|Op,
where p € V. Given any p,v € L, ¢ F ¢ is an L-sequent. A normal non-
distributive modal logic is a set of L-sequents containing the following axioms:
ptp, pET Lbkp, pkEpVe qbpVe pAgkp, pAghg,
THOT, Lk 1, OpAOgkO(pAg), Ve OpVOg
and closed under the following inference rules:

eEx  xky oY xXte  xbY o ebx Ybx ety ety
Py e (x/p)=¥(x/p) XA PVipEx Opk0y  Op-Oy

The smallest such set L. is called the basic normal non-distributive modal
logic. For any sequent ¢ - 1) in IL we denote it as ¢ Fr, 9.

2.2 Polarity-Based Semantics

Given any relation R C A x X and any B C A, Y C X, the maps RV :
P(A) — P(X) and R : P(X) — P(A) are defined as RV[B] := {z € X |
Vo(b € B = bRx)} and RO[Y] := {a € A | Vy(y € Y = aRy)}. For any
relation R C A x X, we R C A x X be the relation defined as follows: For
any a € A, z € X, (a,z) € R° iff (a,z) € R.

Definition 2.1 A polarity is a tuple g = (A, X, I) such that A and X are sets
and I C A x X is a binary relation. Given a polarity 3 = (A4, X, I), the maps
()T :P(A) = P(X) and (:)¥ : P(X) — P(A) are defined as follows:

BT .= I(l)[B} and Y+ := I(O)[Y]7 where BC Aand Y C X.
The maps (-)T and (-)¥ form a Galois connection between posets (P(A), C) and
(P(X),C), that is Y C BT iff BC Y¥ for all B € P(A) and Y € P(X).

Definition 2.2 A formal concept of the polarity P = (A4,X,I) is a pair
([c], (c)) such that [¢] € A, () € X, and [c]" = (¢, (c)* = [¢]. It fol-
lows that [c] and (c]) are Galois-stable, i.e. [c]™ = [c] and (c)*T = (c). The
set C(P) of all the formal concepts of P can be partially ordered as follows: for
any ¢, d € C(B), c < diff [¢] C [d] iff (d]) C (c)). The poset BT = (C(P), <) is a
complete lattice — called the concept lattice of P — such that for any K C C(B),

AK = (N{le] | c € K}, (N{le] | e € KPT),



318 Toward the van Benthem Characterization Theorem for Non-Distributive Modal Logic

VE = ((N{(e) | e € K})*,N{(c] | c € K}).

Proposition 2.3 For any polarity B = (A, X, 1), the concept lattice P+ is
completely join-generated by the set {a:= (a™,a") | a € A}, and is completely
meet-generated by the set {x:= (z%,24") | z € X}.

Theorem 2.4 (Birkhoff’s representation theorem) Any complete lattice
L is isomorphic to the concept lattice B of some polarity L.

Definition 2.5 An LE-frame is a tuple § = (8, Ro, Rn), where g = (A4, X, I)
is a polarity, and Ro € X x A and Rg C A x X are I-compatible relations, i.e.,
for alla € A and z € X, RY [a] (resp. RrY [z]) and R(gl)[a] (resp. Ry [x]) are
Galois-stable.

Definition 2.6 For any LE-frame § = (8, Ro, Rn), the complex algebra of §
is §+ = (P+, OF",0%") where P+ is the concept lattice of P, OF " and OF"
are unary operators on B+ defined as follows: for every c € P+,

O¥ (¢) = (RS ([, RS [[e]) and 0¥ (¢) = (RE[()), RS (D)
Note that %" (resp. Dm+) is completely join (resp. meet) preserving.
Definition 2.7 A wvaluation on an LE-frame § = (B, Ro, Rn) is a map V :
V — PF. For each p € V, we let [p] := [V(p)] (resp. (p) := (V(p))) denote
the extension (resp. intension) of the interpretation of p under V. A valuation
can be homomorphically extended to an unique valuation V : £ — B+ on all

the L-formulas. An LE-model is a pair (§, V), where § is an LE-frame, and V
is a valuation on it.

Definition 2.8 For any LE-model MM = (§,V), the modal satisfaction rela-
tions I and > are defined inductively as follows:

M, al-p iff a € [p]om M,z = p iff z € (p)on

M,al-T always M,z =T iff (Va € A)alx

M, x>~ L always M, al- L iff (Vz € X)alz

MoalF Ay iff Mal-eand M,al- P Mz =AY iff (Vae A) (Malk oAy = alx)
Mz >V iff Ma>=pand Mz =1 Mal-pVvy iff (VzeX)(Maz>pVy=alx)

M, al- Op iff (Ve € X)(M,z > ¢ = aRoz) M,z > Op iff (Va € A)(M,a - Op = alx)
M,z = Op iff (Va € A)(M,alF ¢ = zRoa) Malk Op iff (Vz e X)(M,z > Gy = alx)

Note that unlike the classical modal logic, the modal operators O and <
are not inter-definable in LE-logic. For any £-sequent ¢ - %, and an LE-model
M= V), MEekPiff [V(e)] € V()] i (V()) € V().

The following theorem states that the basic normal non-distributive modal logic
defined in Section 2.1 is sound and complete w.r.t. the class of LE-models.

Theorem 2.9 (Proposition 3, [7]) For any unprovable L-sequent ¢ F 1 in
the non-distributive modal logic, there is an LE-model I such that M o F .

2.3 Two Sorted First-Order Logic

Given a countable set of propositional variables V, we let £ be the two sorted
first-order language with equality built over two disjoint countable sets of vari-
ables G and M, three binary predicates I, Rg, R¢, and two unary predicates
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P, and Px for every p € V. A domain for £ is a pair of disjoint sets A and
X. An interpretation I of £! over domain (A, X) assigns binary predicates I,
Rp, and R to relations I' € A x X, R'o € A x X, and R, C X x A, such
that R'g and R's are I'-compatible. For every propositional variable p € V,
the unary predicates P4 and Px are assigned to sets P}4 CA, P)I( C X, such
that, (I"Y(V[PY] = Pk, and (I")O[PL] = P}, respectively. An Ll-structure is
a tuple M = (A, X,I), where I is an interpretation of £! over domain A and
X. A valuation on an L£'- structure 91 is a map v which assigns every variable
g € G (resp. m € M) to an element a € A (resp. x € X). The satisfaction
relation for any L£'-term w.r.t. any £!- structure 9 and valuation v on it is
defined as follows:

1. Mo E g1 = g2 iff v(g1) =v(g2) 2. M, v Emi =mg iff v(mi) = v(mse)

3. M, v E Pa(g1) iff v(g1) € Py 4. M, v E Px(mi) iff v(m1) € Pk

5.9, v E g1 Im, iff v(gl)IIv(ml) 6. M, v F g1 Ram, iff v(gl)RIDv(ml)

7. 9M, v EmiRogy iff v(ml)Rgv(gl).

Any LE-model 9 = (A, X, I, R3', R%', V) can be seen as an £!-structure,
where the domain of interpretation is formed by sets A and X from the polarity.
The binary predicate symbols I, Rg, Ro are interpreted by the corresponding
relations on the polarity, and unary predicate P4 (resp. Px) is interpreted as
the set [V(p)] (resp. (V(p))), for any p € V. For any LE-model I, we use
the same name 9 for the two sorted first-order structure when they are clearly
distinguishable from the context.

3 Simulations and Bisimulations on LE-Models

In this section, we generalize simulations and bisimulations from Kripke models
to LE-models and show invariance of L-formulas under bisimulations. We give
an example which shows that the Hennesy-Milner theorem does not hold with
respect to this definition of bisimulation. Thus, this definition of bisimulation
does not provide us notion of bisimilarity which has desired (or expected) prop-
erties. Hence, we give a more general definition of bisimilarity which is based
on simulations, and prove Hennesy-Milner theorem for polarity-based seman-
tics of non-distributive modal logic with respect to this generalized notion of
bisimilarity.

Definition 3.1 Let M = (F1,V1) and My = (F2, Vo) be any LE-models,
a1,x1 in My and ag, x5 in Ny, then

1. My, a1 ~4 Mo, as if for any p € L, My, aq I+ ¢ implies My, as IF .
My, 1~ x Mo, o if for any p € L, My, 1 > ¢ implies My, o = .
My, a1 eq Mo, an if Mo, a ~ 4 My, ay.
. fmhxl Aeb'¢ 93?2,:102 if mg,xg X 93?1,301.
. imhal oA MQ7(12 if mtl,al ~ A mg,ag and Dﬁl,al “ A Dﬁz,ag.
. 9)?1,:51 o X gﬁg,xg if 9)?1,:31 ~ X 9)12,952 and ml,l‘l beb'¢ mg,aﬁg.

S O W N

For ease of notation, we will use a; ~~4 as instead of My, a1 ~4 Ms, as
when 91, and 91, are clear from the context. We use similar shorthands for the
other relations defined in Definition 3.1. The following definition generalizes
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T T
3 Ty ----- y To T, — Ty 4
N N
I sz' IxT I
a; — ay ap ----- r a
S S
T T
Ty ----- r Ty T — T
R TR&, Ry, T Rj,
5 a — ay ay ----- r ay 6
S S

Fig. 1. The ‘back and forth’ conditions of a simulation (S, T")

simulations and bisimulations on Kripke models to LE-models.

Definition 3.2 Let 9% = (F1, V1) and My = (F2, V2) be any LE-models where
31 = (Al,Xl,Il,RDhR()l) and SQ = (AQ,XQ,IQ,RDQ?R(}Q). A simulation
from 9y to My is a pair of relations (S5,T) such that S C A; x Ay and
T C X7 x X5 satisfying the following conditions: for any a; € A1, ©1 € X7,
as € AQ and 9 € XQ,
1. If a1 Sag, then Vp € V, if a; € [Vi(p)], then az € [Va(p)].
I 21Txo, then Vp € V, if 29 € (Va(p)]), then z1 € (Vi(p)).
.If a15a9 and asl§xs, then 1 € X, such that a;I{x; and x1Tx,.
If 1T and aqI{xq, then Jas € Ay such that asISxs and a;Sas.
.If a1Saz and az RE, o, then 3x1 € X such that a1 R, z1 and x1T'w;.
If 21Txy and 21 RS, a1, then 3az € Ag such that xRS, az and a;Sas.
The conditions 3-6 are called ‘back and forth’ conditions of the simulation,
which can be represented by using diagrams in Figure 1. We write 9,01 =
Mo, as (resp. My, 1 = My, z2) if there exists a simulation (S,7T) from M,
to My such that a1Sas (resp. z1Txs), and My, a1 &= M, as (resp. My, 21 &=
Mo, x2) if Mo, ag = My, a1 (resp. My, 2o = My, 21). A bisimulation between
9 and My is simulation (S,T) from 9M; to My, such that (S~ T71) is a
simulation from 2y to M.

S U W N

Remark 3.3 The definition of bisimilarity implied by the above definition
of bisimulation does not give us desired properties like the Hennessy-Milner
theorem for polarity-based semantics. This will be illustrated in Example 3.8.
Hence, a modified definition of bisimilarity is given in Definition 3.9 which
allows us to prove Hennessy-Milner theorem.

This definition naturally generalizes sumulations and bisimulations on the
Kripke models in the following sense. In [6, Section 3.3], it was showed that
LE-models can be seen as a generalization of Kripke models by associating
any Kripke model M = (W, R, V) with an LE-model LE(M) = (W4, Wx,#
,Ro,Ro,V’), where Wy = W = W and Rgp = Ro € W x W such that
wy Rows iff wy R°wy iff wy Rows, and for any p € V, V/(p) = (V(p), V(p)°).
This construction ensures that for any points in two Kripke models M and M’
are modally equivalent, their liftings in the LE-models LE(M) and LE(M’)
are modally equivalent w.r.t. the language £. For more details, see [6]. The
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following lemma shows that any simulation (resp. bisimulation) on a Kripke
model M naturally induces a simulation (resp. bisimulation) on LE(M).

Lemma 3.4 Let My = (Wi,R1,V1) and My = (Wa,Re, Vo) be any
Kripke models, LE(M;y) = (Wa,,Wx,,#,Ro,, Ro,,V{) and LE(Ms) =
(Wa,, Wx,,#, Ro,, Ro,, V3) be their corresponding LE-models. A relation Z C
W1 x Wy between the Kripke models M1 and My is a simulation (resp. bisim-
ulation) iff the tuple (Za,Zx), where Zy = Z = Zx C Wa, x Wy, =
Wx, xWx, is a simulation (resp. bisimulation) between the LE-models LE(My)
and LE(My).

Proof. The proof follows straight-forwardly from the definitions of simulations
and bisimulations on Kripke models and LE-models. a

The following theorem shows that the L-formulas are preserved and re-
flected by simulations w.r.t. modal satisfaction relations IF and >, respectively.

Theorem 3.5 Let My = (F1, V1) and My = (2, Va) be any LE-models, a1, x;
m My and az, x2 in My, then

1. If My, a1 = Mo, ao, then My, a1 ~»4 Mo, as.

2. If My, x1 = Mo, o, then My, 21 «x Mo, To.

Proof. We give a proof by induction on the complexity of the formula ¢.
Without loss of generality, let (S,T) be a simulation from 9 to 9My. The
initial step is when ¢ € V is a propositional variable. For the first item, assume
a1Sas, then a; ~»4 as follows directly from the item 1 of Definition 3.2. For
the second item, assume x1Tas, then zo ~~x 1 follows directly from the item
2 of Definition 3.2. Now, we consider induction step for all the connectives.

(1) Suppose ¢ is 11 A s.

To prove item 1, suppose a;Sag, and My, a1 IF Y1 Ao, Then, My, a1 IF Yy
and 9y, a; IF ¥y, which by induction hypothesis implies Mo, as I+ 1 and
My, as IF 1y, which implies M, as I+ 1p1 A s.

To prove item 2, suppose x1Tx2 and 91, x1 ¥ 1 A 1po. Then, there exists
a1 € A; such that a;I{z; and My, aq IF 91 A)s. Then, by item 4 of Definition
3.2, there exists az € Ag such that asl§zs and aySas. Therefore, My, as IF
1/)1 AN 1[12, which implies mg, i) ?é 1,[11 A 1/12.

(2) Suppose ¢ is ¥ V 1. The proof is dual to the previous case.

(3) Suppose ¢ = 0.

To prove item 1, assume a1.Sas, and Mo, as W Ov. Then, there exists zo €
Xy such that My, z2 = ¢ and az RE,xe. By item 5 Definition 3.2, there exists
x1 € X1 such that a1 RG 71, and z1Tz2. Therefore, by induction hypothesis
My, 21 = Y. Hence, My, a1 % O,

To prove item 2, suppose x1Txs, and My, x1 ¥ Ow. Then, there exists
a1 € A; such that a;I{x; and 9y, a; IF O. By item 4 of Definition 3.2, there
exists as € Ay such that asI§zo, and a1Sas. Therefore, Mo, as IF O, which
implies Mo, xo ¥ OY.

(4) Suppose ¢ is G1p. In this case, the proof is dual to the previous case.
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This concludes the proof.

As a corollary, we get that the £-formulas are bisimulation-invariant.

Corollary 3.6 Let M = (F1, V1) and My = (Fa, V) be any LE-models, where
31 = (A17X1,11,R|:11,R<>1) and SQ = (AQ,XQ,IQ,RDQ,RQQ), and (57 T) be a
bisimulation between them. Then

1. For any ay € Ay and as € As, a1Sas implies My, a1 e~ 4 Mo, as.

2. For any x1 € X1 and xo € Xo, x1Txo implies My, x1 e x Mo, 2.

Proof. Note that by definition for any bisimulation (S,T), both (S,T) and
(S~1,7~1) are simulations. The proof follows immediately by Theorem 3.5. O

We now try to prove the Hennessy-Milner theorem for the polarity-based
semantics of non-distributive modal logic. We begin by generalizing the notion
of image-finite models from Kripke semantics to polarity-based semantics.

Definition 3.7 An LE-model M = (A4, X, I, R, R, V) is image-finite if for
any a € A and x € X, the sets {a’ | a'I°z}, {2’ | al2’},{a’ | o/ R§z} and
{z' | 2’ R%&a} are all finite.

Note that a Kripke model M is image-finite iff LE(M) is image-finite. Thus,
this definition can be seen as a generalization of image-finite models to polarity-
based setting. However, as the language of non-distributive modal logic (£)
does not contain negation, the proof strategy for the classical Hennessy-Milner
theorem cannot be adopted in the non-distributive setting. In fact, as the fol-
lowing example shows, Hennessy-Milner theorem does not hold for the polarity-
based semantics of non-distributive modal logic for the notion of bisimulation
given by Definition 3.2.

Example 3.8 Let M; = (A;, X, I;, Ra;, Ro;, Vi) for i € {1,2} be two image-
finite models such that 41 = {a1,b1}, X1 = {z1,y1}, [1 = {(b1,21)}, A2 =
{az}, Xo = {x2} and Iy = Rn; = Ro; = 0 for i € {1,2}. Let p, ¢ be any
two fixed propositions. Suppose V; and V5 are such that, Vi(q) = ({b1},{z1}),
p eV, Vi(p) = ({a1,01},0), Va(q) = (0,{z2}) and Va(p) = ({az},0). These
models are depicted in Figure 2. It is easy to check that a; e~ 4 as.

Suppose there exists a bisimulation (S,T") between 2t; and 9y, such that,
aiSas. Then, by item 3 of Definition 3.2 for simulation (S~1,7~1) and ay Iy,
we must have y;Txs. However, 9y,vy1 ¥ ¢ and Mo, x2 > ¢, which contra-
dicts item 2 of Definition 3.2 for simulation (S,T’). Hence, there can not be a
bisimulation between a; and as.

Therefore, to obtain the Hennessy-Milner theorem for polarity-based se-
mantics, we introduce the notion of bisimilarity, which is founded on the defi-
nition of simulations between LE-models. This notion naturally generalizes the
definition of bisimulation outlined in Definition 3.2.

Definition 3.9 Let My = (F1,V1) and My = (F2,V2) be any LE-models,

Where 3'1 = (Al,Xl, Il, RDla R<>1)7 SQ = (A27X2, IQ,RDQ,RQQ). For any ai, T
in My and ag, x9 in My, we say that a; and ag (resp. z1 and z9) are bisimilar,
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z u ({a1,0:},0) ({a2},0) » z3

e (b {mb o

a by 0, {=z1,1}) (0,{z2}) ¢ a

My 3 33 My

Fig. 2. Models 91, and M2 and their complex algebras

and denote it by My, a1 = Mo, as (resp. My, 21 = My, x2), if both My, a1 =
Mo, as and Ny, a1 &= My, as (resp. My, x1 = My, x0 and My, xq &= 9%2,3;2).

Henceforth, when we say that two elements are bisimilar, we refer to Defi-
nition 3.9, unless stated otherwise. We now show that even though Hennessy-
Milner theorem for bisimulations does not generalize to the polarity-based set-
ting, its counterpart for simulations does so.

Theorem 3.10 (Hennesy-Milner Theorem) Let M = (F1, V1) and My =
(2, Vo) be any image-finite LE-models, a1, 21 in My and as, xs in My, then
1. My, a1 ~4 Ma, as if and only if My, a1 = Mo, as.
2. My, 1 ~x Mo, zo if and only if My, x1 &= Mo, 5.

Proof. The right to left implication for both items follows from Theorem 3.5.
We prove the left to right implication only for the first item, as the proof for
the second is analogous.

For the left to right implication of the first item, we claim that (~ 4, «x)
is a simulation from 9y to My, where (a,a’) €~ 4 (denoted as a ~>4 a') iff
My, a~4 My,a’ and (x,2) €~ x (denoted as x «~x ') iff My, z «x Moy, 2.
Assume a; ~+4 ao and x1 «~x xo, the items 1 and 2 of Definition 3.2 are
satisfied immediately.

For item 3, assume a; ~»4 as and aslI§xy. Therefore, My, a0 ¥ L. By
definition of ~» 4, we have 9y, aq ¥ L, which means that there exists x; such
that aiI{zy. Therefore, the set Y’ := {z | a;I{z} is a non-empty finite (by
image-finiteness) set . Let Y’ be the set {z,- -,z }. Assume for any z € Y, it
is not the case that x «~x x2. So, there exist finitely many formulas 1, --- , ¥,
such that for each i, My, xa > ; and My, x; ¥ ;. As aglfxs, there is
My, as ¥ 1P1 V-V ),. On the other hand, let 2’ be any element in X;. Thus,
My, ' = Y1 V- -V, implies My, 2’ = 1; for each i, which means that 2’ ¢ Y,
so a1l1x’. Hence, there is My, aq IF ¥1 V ... V 4, which contradicts a; ~ 4 as.
So, there must exist 1 such that a;I{z; and z1 «x 2.

Item 4 can be proved similarly to item 3.

For item 5, assume a1 ~ 4 az and ag RE, ws. Therefore, 9>, as ¥ O_L, which
implies My, a7 ¥ OL. Therefore, there exists x1 € X; such that a1 Rg, 1.
Thus, the set Y’ := {x | a1 R } is a non-empty finite (by image-finiteness)
set. Let Y’ be the set {«f, -+, 2], }. Assume for any =’ € Y’ it is not the case
that 2’ «~x x3. Therefore, there exist finitely many formulas 1, -- - , 1, such
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Fig. 3. Kripke models M and N/

that for each i, My, x2 > 1; and My, x} ¥ ;. Therefore, Mo, T3 = Y1 V- - Vb,
which implies My, as ¥ O(h1 V -+ V 1b,). On the other hand, let y’' be any
element in X1. My, y’ = ¢Y1V- - Vi, implies My, ¢’ Ik ); for each 4, which means
y' ¢ Y’ so a1 Ra,y’. Therefore, My, a; IF Oy V - -+ V 1h,), which contradicts
ay ~ 4 ag. S0, there must exist x; such that a1 Rg 71 and x1 «~x To.
Item 6 can be proved similarly to item 5.
O

The above theorem can be seen as a generalization of Henessey-Milner the-
orem to non-distributive setting as it relates invariance under formulas to sim-
ulations. The following corollary is immediate from the above theorem.

Corollary 3.11 Let My = (F1,V1) and My = (F2, Vo) be any image-finite
LE-models, ay,x1 in My and as, x5 in My, then

1. My, a1 «wa Mo, as if and only if My, a1 = Mo, as.

2. Dﬁl,xl o X mg,l‘g Zf and only ifﬁﬁ17$1 = mg,l‘g.

As the simulations on LE-models can be seen as a generalizations of simu-
lations on Kripke models, the converse of Theorem 3.5 does not always hold.
That is, image-finiteness condition in Theorem 3.10 can not be dropped.

Example 3.12 Consider two Kripke models M and N in Figure 3, where any
p € V is false at all the points. It is easy to check that w and w’ are modally
equivalent in M and N. Therefore w’4 ~4 w4 on their corresponding LE-
models LE(N) and LE(M). Assume that there exists a simulation (S,T) from
LE(N) to LE(M) such that w’4Swa. Then, S must be a simulation from N
to M. However, it is not possible to have simulations from N to M, so there
is a contradiction. Therefore, there is no simulation from LE(N) to LE(M)
which can link w’4 and w4. This shows that converse of item 1 in Theorem
3.10 is not true in general. We can similarly show that converse of item 2 in
Theorem 3.10 need not hold in general.

4 Modal Saturation via Filter-Ideal Extensions

In this section, we continue to investigate the relation between modal equiv-
alence and bisimilarity. We first introduce the notion of modally-saturated
(M-saturated) LE-models and the Hennessy-Milner property. Then, we show
that the class of M-saturated LE-models has the Hennessy-Milner property.
After that, we introduce the notion of filter-ideal extension of LE-models and
show that any points in LE-models are modally equivalent if and only if they
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are bisimilar on their filter-ideal extensions.
4.1 Modally-saturated LE-models and Hennessy-Milner Property

Definition 4.1 Let K be a class of LE-models. K is a Hennessy-Milner class
or has the Hennessy-Milner property if for any LE-models 2;, M- € K, and
ai, T in ml, and ag, T in 9372,

1. My, a1 ~x Ma, as implies My, a1 = My, ag, and

2. My, 21 ~> 4 Mo, xo implies My, 21 &= Mo, xo.

Theorem 3.10 shows that image-finite LE-models have the Hennessy-Milner
property; we now introduce a larger class of models which retains the property.

Definition 4.2 Let 9 = (A, X, I, Ra, Ro,V) be an LE-model, A’ C A and
X’ C X. Let X be a set of L-formulas. X is satisfiable in A’ (resp. X') if for any
¢ € X, there exists a point a (resp. x) such that, M, a IF ¢ (resp. M,z > ).
Y is finitely satisfiable in A’ (resp. X') if any finite subset of X is satisfiable in
A’ (resp. X'). M is modally-saturated (M-saturated for short) if for any set of
formulas ¥, a € A and z € X the following conditions hold:

1. If ¥ is finitely satisfiable in {«’ | aI2’}, then ¥ is satisfiable in {2’ | al¢z’}.
2. If X is finitely satisfiable in {a’ | o'z}, then ¥ is satisfiable in {a’ | a’T°z}.
3. If ¥ is finitely satisfiable in {o’ | aR§z'}, then ¥ is satisfiable in {2’ | aRgz'}.
4. If ¥ is finitely satisfiable in {a’ | zR%a’}, then X is satisfiable in {a’ | zR%a’}.

Theorem 4.3 The class of M-saturated models has Hennessy-Milner property.

Proof. Let M; and M- be two M-saturated models, and let aq,x1 € My and
az, Ty € M. We only prove the first item of Definition 4.1, and the proof of
the second item is similar. Assume that a; ~>4 a2, we claim that (~ 4, < x)
is a simulation from 9y to My, where (a,a’) €~ 4 (denoted as a ~>4 a') iff
My, a~4 My,a’ and (x,2) €~ x (denoted as x «~x ') iff My, z «x Moy, 2.
Hence, it is sufficient to show that (~ 4, «x) satisfies item 1-6 of Definition
3.2.

Items 1 and 2 are easy to check. To prove item 3, assume that a} ~>4 af
and abI5x). Let ¥ be the set of all the formulas satisfied at af. Therefore, for
any finite subset A of X, My, 2, = \/ A. Therefore, My, ab, ¥ \/ A, which by
a) ~ 4 ab implies My, ay ¥ \/ A. So, there exists x|, such that My, 2] = VA
and a)I{z|. Hence, ¥ is finitely satisfiable in {z} | a{Ifz}}. Therefore, by
M-saturation of My, ¥ is satisfiable in {x] | ajI{z]}. Therefore, there exists
xy such that ajI{xy and all formulas in ¥ are satisfied at zy which means
xy «x xh. The item 4 is proved similarly to item 3.

For item 5, assume that aj ~4 aj and a5 RE, x5. Let X be the set of all the
formulas satisfied at z4. Therefore, for any finite subset A of 2, My, z), = \/ A.
Therefore My, afy ¥ O(\/ A), which by a} ~>4 a) implies 9y, a) ¥ OV A).
So, there exists «/, such that M, 27 >~ \/ A and a} Rf ). Hence, ¥ is finitely
satisfiable in {x] | @} R 2 }. Therefore, by M-saturation of M1, ¥ is satisfiable
in {z} | a\RG x1}. Therefore, there exists xx such that a}Rf zx and all
formulas in ¥ are satisfied at xyx, which means zs;, «~x 5. The item 6 is
proved similarly to item 5. This concludes the proof. a
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4.2 Filter-Ideal Extension of LE-Models
Let A = (L,0,0) be any LE-algebra (see [10, Definition 1]). A4 =
(Fia,lda, I, Ro, Ro) is the filter-ideal frame of A (c.f. [10, Definition 29]),
where Fia (resp. Ida) is the set of all filters (resp. ideals) of L such that for
any F € Fia and J € Ida,

1. FIJ if and only if F N J # 0.

2. FRpJ if and only if there exists a € J such that Oa € F.

3. JRo F if and only if there exists a € F such that $a € J.

Definition 4.4 Let M = (F, V) be any LE-model with § = (A, X, I, Ra, Ro).
The filter-ideal extension of 9N is the tuple MM = (FF, V), where FF = (F1),
and for any p € V, V7(p) = ([VF' ()], (V7' () = {F | ([p], (p)) € F},{J |
(Irl, (pD) € J3).

Remark 4.5 In order to check that 9t is well defined we need to check that
for any p € V, ([VF'(p)], (VT (p))) indeed forms a concept of §. We only prove
VH()]" = (VF(p)) here. The proof for (VF(p))+ = [VF(p)] is similar. The
right to left inclusion is trivial. As for inclusion in other direction, suppose
there exists J € [VF'(p)]" and J ¢ (V' (p)]). Thus, ([p], (p)) € J and for any
filter F' which contains ([p], (p), FNJ # 0. As ([p], (p)) & J, by the filter-
ideal theorem, there exists a filter F’ such that ([p], (p)) € F’ and F' N J = 0.
This contradicts our assumption. So, the left to right inclusion holds.

The following lemma shows that the filter-ideal extensions of LE-models
preserve modal satisfaction.

Lemma 4.6 Let M = (F,V) be any LE-model where § = (A, X, I, Ra, Ro),
and M = (FF, V) is the filter-ideal extension of M. Let F be a filter of §F
and J be an ideal of §*. Then

ML F I iff (el (9)) € F and - M7, T = iff ([4], () € J.

Proof. It is straight-forward by induction on the complexity of formulas. O

For any LE-frame § and K C T, let Fi(K) (resp. Id(K)) denote the filter
(resp. the ideal) generated by K. When K = {k} C §, let Fi(k) (resp. Id(k))
denote the principal filter (resp. principal ideal) Fi({k}) (resp. Id({k})).

Corollary 4.7 (truth lemma) Let M = (F,V) be any LE-model where § =
(A, X, I, Ro, Ro), and M be the filter-ideal extension of M. For all ¢ € L,
1. For any a € A, M,a I ¢ if and only if MM Fi(a) IF o, where a =
(™, ah).
2. For any x € X, M,z = ¢ if and only if MM 1d(x) = ¢, where x =
(zt, 4.

Proof.
Malke < a<([e],(¥)) Maz-e & ([0, (¥)) <x
< ([¢], () € Fi(a) < ([¢], (¥)) € ld(x)
& MM Fi(a) IF ¢ & M 1d(x) = ¢

The first equivalences follow from the relationship between I and > on a
polarity-based model and order < on its complex algebra. The second equiva-
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lence follows from the definitions of Fi(a) and ld(x), and the third equivalence
follows from Lemma 4.6. a

The above lemma implies that for any LE-model 9t with filter-ideal exten-
sion M for any a € A, and z € X, a v 4 Fi(a) and z v x 1d(x).

Lemma 4.8 The filter-ideal extension of an LE-model is M-saturated.

Proof. Let 9 be an LE-model and M be its filter-ideal extension. We only
prove items 1 and 3 of Definition 4.2 hold for 9. The proofs for items 2 and
4 can be obtained dually.

1. Let F be any filter of F. Let ¥ be a set of £-formulas which is finitely
satisfiable in {J | FI°J}. By definition of filter-ideal extension this set is
same as {J | FNJ = 0}. By Lemma 4.6, for any formula ¢, 9™ J = ¢ iff
(I#], (¢)) € J. Thus, ¥ is finitely satisfiable in {J | FI¢J} iff for any finite
A C Y, the ideal generated by the set {([¢], (¢)) | ¢ € A} (denoted by Id(A))
is disjoint with F'. Let

Y = | J{Id(A) | A € 3, Ais finite}.

It is clear that FNY = () and ([¢], (¢)) € Y for all p € ¥. We claim that ¥ is an
ideal of §T. Suppose c € Y, and d < ¢. By definition of Y, ¢ must be in Id(A)
for some finite A C ¥. Then, we must have d € Id(A) C Y. Finally, suppose
¢1,¢2 € Y. Then, we must have finite Ay, As C 3 such that, ¢; € Id(A;) and
co € Id(As). Therefore, ¢1,co € Id(A; U Ay) implying ¢; V ¢a € Id(A1 U As).
As Ay UAy C ¥ is finite, we must have Id(A; U Ay) C Y. Thus, we have
c1 Ve €Y. So, Y is an ideal such that FI¢Y and 9™, Y > . Hence proved.

3. Let M = (F, V) and F be any filter of §. Let ¥ be a set of formulas which
is finitely satisfiable in {J | FRgJ}. By definition of filter-ideal extension, this
set is same as {J | FNOJ = (0}, where for any C C §*, OC = {Oc | ¢ € C}.
By Lemma 4.6, for any formula o, M J = ¢ iff ([¢], (¢])) € J. Thus, ¥ is
finitely satisfiable in {J | FRgJ} iff for any finite A C X, the ideal generated
by the set {([¢], (¢]) | ¢ € A} (denoted by Id(A)) satisfies the condition
OId(A) N F = (. Let

Y = J{1d(A) | A € %, Ais finite}.

It is clear that F N OY = () and ([¢], (¢])) € Y for all ¢ € X. By same proof
as in item 1, we have that Y is an ideal. Therefore, Y is an ideal such that
FREY and MY = 2. Hence proved. a

This lemma gives us the following theorem and corollary immediately, say-
ing filter-ideal extensions LE-models have the Hennessy-Milner property.

Theorem 4.9 For all LE-models 9ty and M, ay,x1 in My, and as, xo in Ms,
1. My, a1 ~4 My, as if and only if MY, Fi(ay) = ML Fi(az).
2. My, 21 ~x Mo, 2 if and only if MY, I1d(x1) = ML, 1d(x2).

Proof. Immediate by Corollary 4.7, Lemma 4.8, and Theorem 4.3. a
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Corollary 4.10 For all LE-models 9, and Mo, any a1, x1 in My and any
asz, T2 in Mo,

1. My, a1 e~ 4 Mo, as if and only if MY Fi(ay) = MY, Fi(az).

2. My, 21 o~ x Mo, 2o if and only if M 1d(x1) = ME' Id(x2).

5 Toward van Benthem Characterization Theorem

In this section, we firstly introduce the standard translation for non-distributive
modal logic based on polarity-based semantics, and then define the ultrapower
extension for LE-models. Following that, we introduce w-saturated LE-models
and show that w-saturated LE-models are M-saturated. Finally, we show
that for any LE-model, there exists an ultrapower extension of it which is
w-saturated. We use this result to prove the van Benthem characterization
theorem of non-distributive modal logic.

5.1 Standard Translation
The following definition of standard translation for non-distributive modal logic

on polarity-based semantics is inspired from [8, Section 2.1].

Definition 5.1 Let g € G and m € M be two Lq-variables and ¢ € L (see
Section 2.3). The standard translations ST, : £ — L' and ST, : £ — L are
defined as follows:

STy(L) :=VYm(gIm) STm(L):=m=m
STy(T):=g=49 STwm(L) := Yg(gIm)
STg(P) = Pa(g) STwm(p) := Px(m)
Ty(pV §) = Vin(STu(9) A STw(¥) = gIm) STl V ) = STin() A STon (1)
Ty(p N ) = STy () N STy(¥) STm (e A1) :=Vg(STy(p) A STy(¥) = gIm)
STg(<> ) :=Vm(STm (Op) = gIm) ST (Op) :=Vg(ST,(¢) - mRog)
STy(Op) :=Vm(STm(p) — gRam) ST (Op) :=Vg(STy(Op) = gIm)

The following lemma is immediate from the definition above.

Lemma 5.2 Let M = (A, X, I, Ra, Ro, V) be an LE-model, then for anya € A
and x € X, and any Li-variables g € G and m € M :
1. Malk o iff ME STy(p)la] and M,z = ¢ iff ME ST, (p)[z].
2.Malk @ iff MEVgST,(¢) and M,z > ¢ iff MEVYmMST,,(p).

Proof. It is straight-forward by induction on the complexity of formulas. O

5.2 Ultrapower Extension and w-Saturated Model

Definition 5.3 Let K be a non-empty index set, and 9 = (§F, V) be an LE-
model, where § = (4, X, I, Rg, Ro) and for any p € V, V(p) = ([[ I, (p). The
K-power of 9 is the LE-model M¥ = (AK XK 1K RID(, R, VE), where

1. A¥ is the set of functions s : K — A.

2. XX is the set of functions from ¢ : K — X.

3. For any s € AX and t € XX, sI¥t iff for any k € K, s(k)It(k).

4. For any s € AX and t € XX, sREt iff for any k € K, s(k)Rot(k).

5. For any s € AX and t € XX, tRXs iff for any k € K, t(k)Ros(k).
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6. For any p € V, VE(p) = ([p]¥, (p)¥) such that s € [p]¥ iff for any k € K,
s(k) € [p], and t € (p)¥ iff for any k € K, t(k) € (p).

Let U C P(K) be an ultrafilter over K. We define equivalence relations ~ 4
and ~x on AX and X¥, respectively, as follows:

1. 81 ~4 s2 if and only if {k € K | s1(k) = s2(k)} € U.

2. t1 ~x to if and only if {k € K| t1(k) =t2(k)} € U.

The wultrapower of 9 modulo K and U is a structure 93?5 =
(AF, XK, IS, RE,,, RS, VX), where Af (resp. X[§) is quotient of AK
(resp. XX) over ~4 (resp. ~x), and for any [s] € A, [t] € X[5,

1. [s]I5[t] if and only if {k € K | s(k)It(k)} € U.

2. [s|RE,,[t] if and only if {k € K | s(k)Rat(k)} € U.

3. [t]RS,,[s] if and only if {k € K | t(k)Ros(k)} € U.

4. For any p € V, Vi&(p) = ([pl¥, (p)X), where [s] € [p] if and only if
{k e K|s(k) € [p]} €U,and [t] € (p)¥ ifand only if {k € K | t(k) € (p) € U}.

The following theorem is an immediate consequence of Lds’s Theorem for
first-order logic.

Theorem 5.4 (L6s’s Theorem) Let K be a non-empty index set and U be

an ultrafilter over K. Let M be an LE-model and MK be its ultrapower modulo

K and U. For any two-sorted first-order formula ¢ € L' (see Section 2.3),
M E ols,t]  if and only if {k € K |ME p[s(k),t(k)]} € U.

Remark 5.5 Any ultrapower 9)15 of an LE-model 9 is indeed an LE-model.
In order to see this, we just need to check that relations Rgu and Rgu are
I-compatible, and for any p € V, [p]¥ and (p)¥ are Galois stable. This is
true because all these conditions are first-order definable, and so they will be
preserved in the ultrapower extension by Lés’s Theorem.

We now define k-saturated first-order models for any infinite cardinal k.

Definition 5.6 Let s be an infinite cardinal, and 9t be an LE-model. For any
set S of elements appearing in 9, let £} be the extension of £ with constant
symbols for every element of S. M is k-saturated if for any set of elements .S
appearing in 9 with |S| < k, and any set X of £} formulas with finite many
free variables, if ¥ is finitely satisfiable in 9%, then ¥ is satisfiable in 9.

The following theorem follows from [5, Theorem 6.1.8].

Theorem 5.7 For any LE-model 9N, there exist an non-empty index set K
and an ultrafilter U over K such that M is w-saturated.

Proposition 5.8 Any w-saturated LE-model is M-saturated.

Proof. Let M = (F,V) be an w-saturated LE-model, where § =
(A, X,I,Rn,Re). We only prove the fist item of Definition 4.2, and other
conditions can be proved similarly. Let ¥ be a set of L-formulas which are
finitely satisfiable in set {z’ | aI°2’}. Define ¥’ to be the set
Y ={al®c} U ST,(Y).
Clearly ¥’ contains only finite many free variables (only x) and every finite
subset of ¥’ is satisfiable in (91, z),cx. Hence, by w-saturation ¥’ is satisfiable
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=3 =
MY, Fi(a) ————— M, Fi(az) M, ld(xy) ¢ M, ld(x2)

T T

My, @) ———————— My, a5 My, 2 ———————— My, 72

T I

M, 1) ————— Mg, wa(az) MY, wi(z1) MY, ws(x2)

Fig. 4. Detour Lemma

in (M, x),cx at some xg with al°zg . Then, by Lemma 5.2 we have 9, xg > X.
Therefore, ¥ is satisfiable in {2’ | al¢z’}. O

It follows immediately from the above proposition and Theorem 4.3 that
the class of w-saturated LE-models satisfy Hennessy-Milner property.

5.3 The van Benthem Characterization Theorem

We are now ready to prove the van Benthem characterization theorem for non-
distributive modal logic based on the polarity-based semantics, which follows
from the detour lemma below.

Theorem 5.9 (Detour Lemma) For all LE-models My and Ms, any a1, x1
n M1 and ag, xo in Mo,
1. My, a1 ~>a4 Mo, as if and only if there exist two w-saturated LE-models
MY and MY, and two elementary embeddings wy : My — MY and wy : My —
S, such that MY, w1 (a1) = MY, wa(asz).
2. My, x1 ~>x Mo, xo if and only if there exist two w-saturated LE-models
MY and MY, and two elementary embeddings wy : My — MY and wa : My —
S, such that MY, wy(z1) &= MY, wa(x2).

Proof. We only prove the item 1 here, the proof of the item 2 is simi-
lar. The implication from right to left proved by contradiction. Suppose
MY, wi(ar) = MY, wa(az), and wy : DMy — MY, we = My — MY are two
elementary embeddings. Suppose there exists ¢ € L, such that 9, a; I+ ¢, and
9, az ¥ . Therefore, by Lemma 5.2, My E ST, (¢)[a1] and My ¥ ST,(p)[asz],
which implies that MY E ST,(¢)[wi(ar)] and My ¥ STy(p)[wa(az)]. There-
fore, by Lemma 5.2 again, MY, w1 (a1) IF ¢ and MY, wa(az) ¥ ¢. However, this
contradicts MY, wy(a1) = MY, wa(az) due to Theorem 3.10. Hence proved.
For the implication from left to right, assume that My, a1 ~>4 Mo, as.
We consider their respective ultrapower extensions sm%, i)ﬁg(u, and natural
elementary embeddings w; : 9; — Eleu where ¢ € {1, 2} such that for any a; €
Aj, wia;) = [s4 ], where s}, : K — A; are the constant functions which send all
elements in K to a;. Therefore, W?u,wl (a1) ~a Emgu,wg(ag). By Theorem
5.7, smﬁ‘u and imlz(u are w-saturated LE-models. Therefore, by Proposition 5.8
and Theorem 4.3, MY, wi(a1) = MY, wa(as). ]

Remark 5.10 Notice that in both items of the above lemma, “there exist”
can be substituted by “for any”. It is because the only if direction follows
from Proposition 5.8 and the definition of elementary embeddings, and the
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if direction follows trivially from the existence of the w-saturated elementary
extensions.

Theorem 5.11 (van Benthem Characterization Theorem) Let  ¢(g)
(resp. o(m) ) be any two sorted first-order formula in L, then ¢(g) (resp. o(m))
is preserved (resp. reflected) by simulation if and only if there exist finite
many L-formulas V1, ¥, « -+, 1y such that (g) (resp. (m)) is equivalent to

V1§¢§n STy(hi) (resp. Vlgign ST (¥i))-

Proof. We only provide the proof for ¢(g), the the proof for p(m) is similar.
The implication from right to left follows from Theorem 3.5. For the implica-
tion from left to right, assume that ¢(g) is preserved by simulation. We define
a set of two sorted first-order formulas JMOC(¢) = {V <;<,, STg(¥i) | ¥; €
L.n € wp(g) EVicie, STy(¥;)}. We first check that the following is true:
if IMOC() F ¢(g), then ¢(g) is equivalent to \/; STy(1;) for some finite set
of L-formulas {¢; | j € J}. Assume that JMOC(¢) F ¢(g). By compact-
ness, there exists an finite set {\/;<;<, STy (¥;:) | j € T,n € w} € IMOC(p)
such that & A .7 Vicic, STy(¥5:) — ¢(g). Therefore, we have = ¢(g)
Njes Vicicn STg(¥ji). Note that A;c;Vi<i<, STy(1;:) is equivalent to
Vicicn Njes STg(j,:), and the latter is equivalent to \/, ., <, STg(N e 7 ¥5i)-

Theretore, it suffices to show that IMOC(y) E ¢(g). Let 9 be an LE-model
such that M = JMOC(p)[a]. Let NT(g) := {=~STy(¢) | ¥ € L, ME ST,(¢)[al}.
We want to show that NT(g)U{¢(g)} is consistent. Suppose not. Then, by com-
pactness there exists a finite subset NTo(g) = {-ST,(v) | k € K} of NT(g)
such that NTo(g)U{@(g)} is inconsistent. Therefore, p(g) — = A, cic 75Ty (14)
is valid, which means that o(g) — Ve STy(¢;) is valid. Therefore,
Ve STy(i) € JMOC(p), which implies 9 F \/, ;- STy(¢;)[a]. However,
I STy(v;)[a] for any k € K, which implies 9 # \/, . STy (1):)[a], so there is
a contradiction. Hence, NT(g) U {¢(g)} must be consistent. Therefore, there
exists an Ll-structure 91 and @’ in D such that N E NT(g) U {p(g)}a'].

For any formula ¢, M, a ¥ ¢ iff -ST,(¢)) € NT(g), which implies 91, a’ ¥ .
Therefore, M, a’ ~»4 M, a. By Theorem 5.9 (Detour Lemma), there exist two
w-saturated LE-models M and 9N“, and two elementary embeddings w, :
N — N and w,y, @ M — MY, such that N, w,(a’) = MY wp(a). As w,
is an elementary embedding and 91 E ¢(g)[a’], we have M E o(g)[wn(a’)].
Therefore, as ¢(g) is preserved by simulation, MM* E ¢(g)[wm(a)]. As wy, is an
elementary embedding, we have 9t F ¢(g)[a]. This concludes the proof. O

6 Conclusion

In this paper, we introduced bisimulations on polarity-based semantics for
non-distributive modal logic, demonstrating their application in proving the
Hennessy-Milner and van Benthem theorems. These results show that the
non-distributive modal logic is bisimulation invariant fragment (within a spe-
cific signature and axioms) of two-sorted first-order logic. This work suggests
the following directions for future research.

Characterizing theorem for lattice-based modal p-calculus: Lattice
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based modal p-calculus, i.e. the extension of non-distributive modal logic with
least and greatest fixed point operators, was defined and studied in [16]. In
[16], it was showed that the formulas of modal p-calculus are bisimulation-
invariant. The classical modal p-calculus is characterized as the bisimulation
invariant fragment of monadic second-order logic. It would be interesting to
see if a similar characterization holds in its lattice-based generalization.

Computational properties of bisimulations: In classical modal logic,
computational complexity of different bisimulation related problems like check-
ing if two models are bisimlar, computing the largest bisimulation on a model
have been studied extensively [31]. It would be interesting to study similar com-
plexity problems in a non-distributive setting and compare the results with the
classical setting.

Bisimulations and network analysis: In Social Network Analysis
(SNA), different notions of equivalences between nodes are defined to study
the structural nodes in one or two social networks [28,18]. On of the most
prominent structural equivalences used in SNA is the notion of regular equiv-
alence, which is analogous to bisimulations on (multi-modal) Kripke frames
[35,29]. Enriched formal contexts (polarities) can be seen as bi-partite net-
works; so, it would be interesting to study if simulations and bisimulations
defined in this paper can be useful in bi-partite network analysis.
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