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Abstract

As an alternative to Kripke models, simplicial complexes are a versatile semantic
primitive on which to interpret epistemic logic. Given a set of vertices, a simpli-
cial complex is a downward closed set of subsets, called simplexes, of the vertex set.
A maximal simplex is called a facet. Impure simplicial complexes represent that some
agents (processes) are dead. It is known that impure simplicial complexes categori-
cally correspond to so-called partial epistemic (Kripke) models. In this contribution,
we define a notion of bisimulation to compare impure simplicial complexes and show
that it has the Hennessy—Milner property. These results are for a logical language
including atoms that express whether agents are alive or dead. Without these atoms
no reasonable standard notion of bisimulation exists, as we amply justify by coun-
terexamples, because such a restricted language is insufficiently expressive.
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1 Introduction

Impure simplicial complexes provide semantics for multiagent epistemic logic
for distributed systems with crash failures. In this paper, we consider a three-
valued semantics with the third value ‘undefined’ used, e.g., for propositional
atoms and knowledge statements pertaining to crashed agents. We show that
the Hennessy—Milner property fails for the standard notion of bisimulation and
standard epistemic language. To ameliorate the situation, we extend the lan-
guage with global atoms representing whether a given agent is alive or crashed
and prove the Hennessy—Milner property for this extended language. The stan-
dard proof of this property, which relies on the symmetry between the two
boolean truth values, does not work for our three-valued logic. To adapt it,
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we employ a tailor-made notion of a life tree, which encodes definability and
enables us to define a localized translation from undefined to true formulas.

Survey of the literature Simplicial complexes are well-known in combina-
torial topology. There have been promising and exciting recent connections
between combinatorial topology and epistemic logic [6-8,11,12,14,15,18,19,21].

Combinatorial topology has been used in distributed computing to model
concurrency and asynchrony since [3,17,29]. Higher-dimensional topological
properties [24,25] allow for an epistemic representation. The basic structure in
combinatorial topology is the simplicial complez, a downward closed collection
of subsets called simplezes of a set of vertices. Geometric manipulations such
as subdivision have natural combinatorial counterparts.

Epistemic logic investigates knowledge and belief, and change thereof, in
multiagent systems. A foundational study is [26]. Knowledge change was
extensively modeled in temporal epistemic logics [16,23,33] and in dynamic
epistemic logics [1,13].

An epistemic logic interpreted on pure simplicial complexes was proposed
n [11]. It shows a categorical correspondence between Kripke models and sim-
plicial complexes, and based on that, the resulting logic is multiagent S5 aug-
mented with the locality axiom K,p,V K,—p, stating that all agents know their
local state. Action models [1] are used to model distributed computing tasks.

In pure compleres and their temporal developments, all processes remain
active (are alive). They describe asynchronous message passing. In impure
complexes some processes may have crashed (are dead). They can be used to
describe synchronous message passing (with timeouts) [24]. Impure complezxes
correspond to Kripke models with partial equivalence relations (symmetric and
transitive relations). Epistemic logics interpreted on impure simplicial com-
plexes were proposed in [14,21]. In [21], a two-valued semantics is proposed
and the authors axiomatize the logic as multiagent KB4 where, if process a
is dead, then K, is true. In [14], a three-valued modal logical semantics is
proposed for the same language where the third value stands for ‘undefined’,
e.g., dead processes cannot know or be ignorant of any proposition, nor can
live processes know or be ignorant of factual propositions involving processes
they know to be dead. This logic was axiomatized in [34] in a version of mul-
tiagent S5 called S5™. Its notion of knowledge relates to “belief as defeasible
knowledge” of [31]. For example, K, — ¢ is valid in the sense that, if K, is
true, then ¢ is not false (but may be undefined). The three- and two-valued
approaches are compared in [15].

Subsequent developments of simplicial epistemics include generalizations
from individual knowledge to distributed knowledge [19] and from simplicial
complexes to (semi-)simplicial sets [6,18,19]. Dynamics of complexes were
investigated in [8].

The propositional base of our three-valued semantics is known as Paracon-
sistent Weak Kleene logic (PWK) [5,9,22,27,35]. Bisimulations and limits of
expressivity (Hennessy—Milner property) for many-valued modal logics based
on algebra-valued Kripke frames, or more generally coalgebras, were considered
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in [2,30], restricting to algebras in question being residuated lattices or even
finite MTL chains (of which the PWK three-valued matrix is neither).

Motivating example Consider three agents a, b, and ¢ with local atoms p,
Py, and p. respectively describing their local state. The value for a is 1 when
Pq is true or 0 when false, and similarly for b and c¢. In combinatorial topol-
ogy, such information can be represented in a simplicial complex. In simplicial
model C’ of Fig. 1, every agent knows (i.e., there is mutual knowledge) that the
values of a and c are 1 and that of b is 0. In simplicial model C, on the other
hand, agent a is uncertain whether agent c is still alive. This uncertainty is rep-
resented by edge X and triangle Y intersecting in the vertex (labeled with) 1,.

" 1,
/\ /N
0, @ 0, N S

M: 1,0, —L—— 1,0,1, M 1,01,

C/

Fig. 1. Simplicial models and corresponding partial epistemic models

Model C encodes that a is uncertain whether agent c is alive but knows,
e.g., that the value of b is 0 as this is the case in both edge X and triangle Y,
which intersect in the a-vertex. Model C’ encodes that a knows that agent c is
alive, and also that a knows that the value of b is 0. In our logical semantics, one
cannot evaluate formulas referring to the knowledge or local atoms of agents
that are dead. These are then undefined. The semantics is, therefore, three-
valued: a formula can be true, false, or undefined. For example, in edge X
of C, formulas p. (the atom) and K.p, are undefined. However, also in X,
a formula like K,p. is defined (and true): a considers it possible (namely, in
the indistinguishable triangle Y') that the value of ¢ is 1 (that p. is true).

A so-called global atom like a, b, or ¢ represents that agents a, b, and ¢
respectively are alive. It is elementary to distinguish structures (C,Y) and
(C',Y") this way: in (C,Y) it is true that a considers it possible that c is
dead, formalized as K,—c, whereas in (C',Y’) this is false: agent a there knows
that ¢ is alive, K,c. A corresponding notion of bisimilarity between structures
should, therefore, also distinguish them. In this contribution, we will define
such a notion and show its elementary properties.

In the language without such global atoms, we cannot say that a considers
it possible that cis dead. For instance, a naive attempt to use K. T to represent
global atom c fails for two separate reasons. Firstly, =K. T is undefined rather
than true when c is actually dead; secondly, the boolean constant T, which is
true in all structures, is itself not expressible without global atoms. Indeed, for
every formula without global atoms, there is a singleton structure where this
formula is undefined [34].

More generally, there is no way to distinguish (C,Y") from (C’,Y”’) without
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expanding the language. We show (Prop. 3.3) that in the logical language
with atoms p,, pp, and p. and modalities K,, K3, and K. only, (C,Y) and
(C',Y") make the same formulas true, false, and undefined: they are modally
equivalent. Therefore, (C,Y) 2* (C',Y’) should hold for any reasonable no-
tion €* of bisimilarity. But now we have a problem: assuming such a notion,
as X and Y intersect in a, when making a bisimilar forth step from Y to X,
we should be able to emulate that in C’ by moving from Y’ somewhere. But no
modally equivalent match exists, making it impossible to define *.

All these issues similarly exist in the corresponding local epistemic (Kripke)
models M and M’ pictured below simplicial models C and C’ in Fig. 1. In place
of equivalence relations of epistemic models, partial epistemic models have par-
tial equivalence relations (symmetric and transitive relations). Model C’ cor-
responds to the singleton model M’ with reflexive access for a, b, and ¢ and
making p, and p; false and p. true there, whereas model C corresponds to a
two-world Kripke model M where only a cannot distinguish the two worlds and
wherein the relation for c¢ is restricted to the world where it is alive. In fact,
M is an equivalence class of two Kripke models, one where p. is assigned value
true in the left world and another one where it is assigned false. Since c is dead
in that world, however, the assigned value of p. there is moot: p. is considered
undefined, allowing us to conflate the two models.

Results in this contribution We distinguish two epistemic languages to
describe impure simplicial complexes: one without and one with global atoms.
These languages are interpreted on simplicial models, where we also extend
a known correspondence between those and partial epistemic models to the
language with global atoms.

For the language without global atoms, we prove that even simple struc-
tures like (C,Y) and (C',Y”) in Fig. 1 may have the same information con-
tent (be modally equivalent), but lack a corresponding notion of bisimulation
where back and forth steps can be locally checked.® One can only employ
“brute force” here, taking properties of the whole model into account. Hence,
the language without global atoms is insufficiently expressive.

For the language with global atoms, we define bisimulation on simplicial
models. By way of an intermediate structure called a life tree, which provides an
efficient way to check definability, we then establish the Hennessy—Milner char-
acterization. In our three-valued semantics, with values true, false, and unde-
fined, it is non-standard to show that modal equivalence implies bisimilarity on
finitary structures. In the usual method for the two-valued semantics, one can,
w.l.o.g., assume that a formula distinguishing a point in one structure from a (fi-
nite) set of points in the other structure is true in the former and not true (false)
in the latter. But in the three-valued semantics, instead of being true, it can
be undefined. In that case, life trees and the local geometry of the former

1 Note that our analysis here and in Example 3.5 pertains only to the standard notion of
bisimulation. The existence of weaker notions, e.g., of p-bisimulations [10], which do not
depend on expressivity, remains open.
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structure are used to construct another distinguishing formula that is true.

Finally, we translate our results to a three-valued Kripke semantics inter-
preted on partial epistemic models. We define a life bisimulation between
partial epistemic models, which can be easily seen to be weaker than standard
bisimulation. The Hennessy—Milner property follows from that for complexes
via a categorical equivalence.

Overview Section 2 defines the two logical languages and simplicial models
and provides the simplicial semantics to interpret these languages on them. Sec-
tion 3 explains the difficulties of defining bisimulation for the language with only
local atoms. Section 4 then defines bisimulation for the language with global
atoms and establishes the Hennessy—Milner characterization. Section 5 presents
the results for bisimulation in the corresponding setting of Kripke models.

2 Epistemic Simplicial Semantics

We consider a finite set A of agents (or processes) a,b,... and a set P =
AU e Pa of propositional atoms where sets P, are countable and mutually
disjoint sets of local atoms for agent a, denoted pq, qa, pl, ., ... We overload
the meaning of A as it also stands for the set of global atoms. Atoms a € A
represent ‘agent a is alive.” We define two languages: the local language with
only local atoms and the glocal language with both local and global atoms.

Definition 2.1 Let a € A and p, € P,. Language LT is defined by

pu=alps | —p | (@Ap)]| Kap.

Language L~ is the fragment of £* without global atoms a. Boolean connec-
tives are defined in a standard way; K, := = K,—p. In LT, we can additionally
define boolean constants T := a V —a for some fixed a € A and L :=—T.

Definition 2.2 A simplicial model C is a triple (C, x, £) such that:
o A (simplicial) complex C' # @ is a collection of simplexes such that
(i) every X € C is a non-empty finite subset of a given set V of vertices;
(ii) for each simplex X € C,if @ #Y C X, then Y € C;
(iii) {v} € C for each vertex v € V.
e A chromatic function x:V — A is a map from vertices to agents such
that for each X € C and v,u € X, if x(v) = x(u) , then v = w.
o A waluation function £:V — 2P\ is a map from vertices to sets of local
atoms such that ¢(v) C P, for each v € V with x(v) = a.
For each simplex X € C, we define x(X) := {x(v) | v € X} and {(X) :=
|l,cx ¢(v). For arbitrary simplexes X,Y € C, if Y C X, we say that Y is a
face of X. Since each simplex is a face of itself, we use ‘simplex’ and ‘face’
interchangeably. Faces Y and Z are a-adjacent iff a € x(Y NZ). A face X is a
facet iff for any simplex Y € C,if Y O X, then Y = X. The set of all facets is
denoted F(C). The dimension of a simplex X is |X| — 1. The dimension of a
simplicial model C is the largest dimension of its facets. A simplicial model C is
pure iff all its facets have dimension |A| — 1. Otherwise, C is impure. A pointed
simplicial model is a pair (C, X) where X € F(C). We often omit ‘pointed’.
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Definition 2.3 Let C = (C, x, ) be a simplicial model. Definability relation
and satisfaction relation F for X € F(C') are defined recursively on ¢ € L*:
C,X>a always;
C, X i pg iff a € x(X);
C, X >x—-p iff C, X i ;
C, XA iff C, X xtp and C, X 143
C,X 1 K iff C,Y <1 for some Y € F(C) with a € x(X NY).

C,XFa iff a € x(X);

C,X Ep, iff p, € 0(X);

C,XE—-p iff C,XxypandC,X ¥ y;

C,XEopny iff C,XEypand C,X F 1

C,XIZI/(\'acp iff C,Y E ¢ for some Y € F(C) witha € x(X NY).

Example 2.4 For simplicial model C from Fig. 1:

e Atoms and knowledge of dead agents. Illustrating the novel aspects of the
semantics, C, X 54 p. since ¢ ¢ x(X) = {a,b}. Consequently, C, X 4 —p,,
C,X ¥ p., and C, X ¥ —p.. For the same reason, C, X 54 IA(cpa. Thus,
C, X tA~Kepa, C, X ¥ Kopa, and C, X ¥ ~K pa.

e Knowledge of a live agent concerning dead agents. Although C, X 14 pc,
still C, X E K,p. because a € x(X NY) = {a} and C,Y F p.. More
surprisingly, also C, X E K,p. because, given the two facets X and Y that
agent a considers possible, as far as a knows, p. is true. This knowledge
is defeasible because a may learn that the actual facet is X and not Y,
which she also considers possible.

3 Bisimulation for Simplicial Models with Local Atoms?

Before we define bisimulation for simplicial models in the language with global
atoms, we explain the difficulties in finding such a notion for the language
without. The introductory section mentioned that pointed simplicial mod-
els (C,Y) and (C')Y’) from Fig. 1 are modally equivalent in language L.
We now establish it formally.

Definition 3.1 Pointed simplicial models (C,Y) and (C',Y’) are modally
equivalent in a language L, written (C,Y) =, (C',Y"), iff for each ¢ € L:

CYxp <+ ()Y =g, (1)
CYEp <+ C(C,)Y'Fop (2)
CYE-p <« C(C Y E-p. (3)

It is easy to show that, in fact, (2) alone is sufficient:

Lemma 3.2 (Criterion of modal equivalence) If (2) holds for all ¢ € L
for pointed simplicial models (C,Y) and (C',Y"), then (C,Y) =, (C',Y").

Proof. We need to establish (1) and (3) for all ¢ € L. (3) for ¢ follows from (2)
for —p. To show (1) for ¢, assume first that C,Y < . Then either C,Y E ¢ or
C,Y E —¢. By (2) for p and —p, either C', Y’ E p or C',Y' E —y. In either case,
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C',Y' < . We have proved the left-to-right direction of (1). The right-to-left
direction is symmetric. a

Lemma 3.2 seems to considerably simplify the definition of three-valued
modal equivalence, as it now appears to be the same as in the two-valued se-
mantics. In practice, it is not much help in proofs, as C, Y ¥ ¢ may imply falsity
as well as being undefined. It is more practical to check both definability (1)
and truth (2). (See, e.g., the proof of Theorem 4.2, where both (1) and (2) are
needed in the induction step for (2) for —.)

Proposition 3.3 (C,Y) =,- (C',Y’) for (C,Y) and (C',Y') from Fig. 1.

Proof. Let us first prove by induction on the construction of ¢ € £~ an aux-
iliary statement:

C,Xxp = ((C,XFp<=C_(YEyp). (4)

For local atoms, this is obvious from the construction of C. The cases
for = and A are straightforward. For ¢ = K,¢, the truth value is deter-
mined by the vertex 1,, which is shared between X and Y. No formula ch
is defined in X. It remains to consider ¢ = wa such that C, X 0 Kb’L/)

CXERyw += CXE¢ <% CYEY <« CYEKW

where the TH can be applied to 1 because C, X < I?M/J implies C, X 1.

By Lemma 3.2, it is sufficient to prove (2). (Note that (1) is trivial here
since all formulas are defined in both Y and Y’.) We use induction on ¢ € £~
For local atoms, (2) is obvious from the construction of C and C’. The cases
for = and A are straightforward. For ¢ = IA(iw with ¢ € {b,c}, property (2)
follows from the IH and the fact that, for each of ¥ and Y’, the only facet
b-/c-adjacent to it is itself. Finally, for ¢ = K v,

(©)

CYERW += CXEvorCYEy <=2 CYEy <2

L YV EYy = C.Y'ERKW

where (4) is only used when C, X E ¢ and, hence, C, X > 1. a

A natural notion of bisimulation for simplicial models, as adapted from
Kripke models, is the following:

Definition 3.4 A bisimulation between simplicial models C = (C, x, ¢) and

C' = (C',x',¢') is a non-empty binary relation B C F(C) x F(C’) such that,

whenever XBX’, the following conditions are fulfilled:

Atoms: x(X) = x'(X') and £(X) = ¢/(X").

Forth: For each agent @ € A, if Y € F(C) and a € x(X NY), then there
exists Y’ € F(C') with a € ¥ (X' NY’) and YBY".

Back: For each agent a € A, if Y/ € F(C') and a € /(X' NY’), then there
exists Y € F(C) with a € x(X NY) and YBY".
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Simplicial models are called bisimilar iff there exists a bisimulation B be-
tween them. Pointed simplicial models (C, X') and (C’, X') are bisimilar, written
(C,X) = (C', X'), iff there exists a bisimulation B between C and C’ with XBX".

A proper notion of bisimulation should enjoy the Hennessy—Milner property:
two pointed simplicial models are modally equivalent iff they are bisimilar.
Since (C,Y) =,- (C',Y’) by Prop. 3.3, they are supposed to be bisimilar.
The forth requirement of Def. 3.4 demands to find a facet of C’ bisimilar to
facet X of C. But no facet of C’ can be bisimilar to X because none is modally
equivalent to X.2 Thus, the only possibility to define bisimulation coinciding
with modal equivalence would be to rule out such troublesome adjacent facets
from the scope of forth/back, similar to how a disconnected component does
not prevent establishing a bisimulation. The difficulty here is that X is not
disconnected. Morally, X need not be considered here in forth step from Y
because strictly fewer formulas are defined in X than in Y (while for all ¢,
C,X 1 implies C,Y < ¢ and C, X F ¢ implies C,Y F ¢). Unfortunately, as
we demonstrate in Example 3.5, no local condition exists that would enable us
to make a determination whether to consider an adjacent facet in forth/back
or not. More precisely, such a determination cannot be made based exclusively
on the values of y and £ in all facets reachable in (at most) k consecutive steps
from one facet to an adjacent one, for any fixed k.

Oa Oa Oa
C: X C X’ . X'
1 1 Ly
Y, ! Y

Oc/ \Oc OC/ \OE OC/ \ C
| | | | | |
04 04 04 04 04 04
0. 0. 0. 0. 0. 0.
| | | | |
0[1 0[1 Od Od Od Od
| | | | |
e e 0e i e

Fig. 2. Differences between (C, X), (C’, X'), and (C”, X") are not local.

Example 3.5 Consider simplicial models C, C’, and C” in Fig. 2, where the
number of yellow 0. vertices (purple 04 vertices) on each vertical branch
is m. The three models differ only in the e-labeled vertices at the bot-
tom, which can be reached from facets X, X’, and X” respectively in no
fewer than 2m + 1 consecutive steps. Despite all facets within at most

2 In fact, even if the semantics is defined on all simplexes rather than only on facets (see [15]),
even then there are no simplexes in C’ that are modally equivalent to X because C, X & —py
but C, X ¥ Kppe.
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2m steps from X, X', and X" coinciding, we have (C,X) #Z.- (C',X’) be-
cause C, X F Kyp(K . K4)™pe whereas C', X' ¥ Ky(K . Kq)"pe.

Assume towards a contradiction that there exists some notion £* of bisim-
ulation that allows to ignore some of the adjacent facets in forth/back steps
based on some local condition and that this notion satisfies the Hennessy—
Milner property. In particular, (C,X) #* (C’,X’). Since the only difference
between C and C’ can be reached through Y and Y respectively, ©* cannot
avoid the back step from X’ to Y’. At the same time, Y” in C” is the same
as Y’ in C’, and so are all facets reachable by at most 2m — 1 consecutive steps
from Y respectively Y. Given that m can be made arbitrarily large, no local
condition can differentiate Y from Y”’, meaning that €*, in testing (C, X) and
(C",X"), must also consider Y as a back step from X”. It is easy to see
that Y is not modally equivalent to any facet of C. Indeed, C"”,Y" E py A —pe,
yet ¢ Y" ¥ (K K4)"pe. Thus, (C,X) #* (C”,X") must hold due to the
failure of back to Y. At the same time, one can show, as in Prop. 3.3, that
(C,X) =,- (C",X"). This contradiction with the Hennessy—Milner property
shows that no reasonable standard bisimulation * exists for language £7.

What is the reason for the failure of Hennessy—Milner property for lan-
guage L~ 7 Kupke and Pattinson, in the context of coalgebraic semantics of
modal logics [28], call the Hennessy—Milner property the “gold standard” re-
garding the question of “expressivity of modal logic,” or, more specifically,
“whether the logic [...] provide[s] enough power to describe particular prop-
erties of a system.” Similarly, and specifically in the context of many-valued
bisimulations, Marti and Metcalfe [30] equate the formal question of “whether
analogues of the Hennessy—Milner property [...] hold for image-finite models of
many-valued modal logics” with the informal attempt “to determine whether
the language is expressive enough to distinguish image-finite models of many-
valued modal logics.” Combining these two separate areas, in studying many-
valued modal logics coalgebraically, Bilkovd and Dostal [2] ask whether “fini-
tary modal languages [are] expressive for bisimilarity” by checking the Hen-
nessy—Milner property. Thus, the proper question is not why Hennessy—Milner
fails, but what properties language £~ is not able to express. Put this way,
the answer is not hard to guess. What is missing is the ability to talk about
agents being dead/alive in the object language. In the next section, we show
that adding global atoms for agents being alive indeed remedies the situation.

4 Bisimulation for Simplicial Models with Glocal Atoms

In this section, we switch to language £1 with global atoms. Hence, = from
now on is understood as =,+. Note that the atoms clause of Def. 3.4 requires
that not only local atoms have the same truth values, i.e., £(X) = ¢/(X’), but
that global atoms do too, i.e., x(X) = x'(X’).

Example 4.1 The three simplicial models below are pairwise bisimilar. More-
over, there exist bisimulations that relate each facet of one model to some facet
of another in either direction (we call such bisimulations total). In particular,
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{(X,X"),(X,Z2),(Y,Y")} is a bisimulation between the left and middle mod-
els. Similarly, {(X, X"), (Y, Y"),(Y,Z")} is a bisimulation between the left and
right models. The atomic harmony for global atoms is a consequence of only

relating facets with the same set of agents.
1
[\
LS 0

1l 1l
X X
1y 0q 0p 1 0q 0p 1y a b
Z\ \ ,,/
1.

1p

b

The following theorem is the easier direction of the Hennessy—Milner prop-
erty: bisimilarity implies modal equivalence.

Theorem 4.2 (Bisimilarity implies modal equivalence) For arbitrary
pointed simplicial models (C, X) and (C', X’),

C.X)e (C,X) = (C.X)=¢ (C,X).

Proof. Let (C,X) = (C',X') for C = (C,x,¢) and C' = (C',X,0).

Let XBX' for a bisimulation B between C and C’. By Lemma 3.2, to

prove (C,X) = (C’, X'), it is sufficient to prove (2) for Y = X and Y’ = X’ for

all p € LT. We prove both (2) and (1) for all facets Y € F(C) and Y’ € F(C")

such that YBY’ by mutual induction on the construction of ¢ € £*.
¢ For global atom ¢ = a: (1) is trivial because a is defined on all facets.

(2) follows from x(Y) = x'(Y”) part of atoms.
e For local atom ¢ = p,: (1) and (2) follow from x(Y) = x/(Y’) and
0(Y) = ¢ (Y') parts of atoms respectively.
¢ For negation ¢ = —:
(1) C,Y b4 —t) = C, Y b4 s ¢ Y7 g o = C', Y 1t —ih.
(2) C,Y E—~p <= (C,Y 1) and C, Y ¥ 1) 2@,
(CY' < and C'Y' B ) <= C',Y' E .

* For conjunction ¢ = 1 A x, the argument is similar.

e For modality ¢ = Ky, the argument for (1) and (2) is similar, thus,
we only prove (1). From left to right, assume C,Y [A(al/z. Then there
is Z € F(C) such that a € x(Y N Z) and C, Z 1 4. By forth for YBY”,
there is Z’ € F(C") such that a € x'(Y'NZ') and ZBZ'. Then C', Z' <1 4p
by the TH(1) for ¢ and ZBZ'. Thus, C',Y’ 01 K. The other direction
is symmetric using back instead of forth. |

Before proving the other, harder direction of the Hennessy—Milner property,
we first explain where the standard proof fails. In order to show the converse,
i.e., that modal equivalence implies bisimilarity, one typically defines a binary
relation of modal equivalence between states of two given models and shows that
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it is a bisimulation, under a suitable finitary assumption. As mentioned ear-
lier, the standard assumption for Kripke models is that of image-finiteness [30].
The translation of this assumption into simplicial models yields the property of
star-finiteness: a simplicial model is star-finite iff, for each agent a, the number
of facets a-adjacent to any given facet is finite. Assuming star-finite (C, X') and
(C', X") such that (C, X) = (C', X'), consider forth. Let Y be a-adjacent to X
in C, and assume, towards a contradiction, that there is no modally equiva-
lent Y/ in C’ that is a-adjacent to X’. Then, for each facet a-adjacent to X’
in C’, there must be a formula distinguishing it from Y. By the finitary assump-
tion, there are only finitely many such facets Y7, ..., Y} and formulas 91, ..., ¢y
such that v; distinguishes Y from Y. Since a formula distinguishes facets iff
its negation does, in the two-valued semantics, w.l.o.g., we may assume that
each 1); is true in Y and false in Y/, so that K, (101 A--- Aty) is true in X and
false in X', contradicting the assumption of their modal equivalence. By con-
trast, in the three-valued semantics some of 1;’s may be undefined in Y, which
cannot be sidestepped by switching to the negation.

Thus, to implement the same method, instead of negation, one needs a more
complex way of transforming a distinguishing formula 1; that is undefined in Y
but defined in Y; into another distinguishing formula f(v;) that is true in Y

3

and false or undefined in Y. Unfortunately, such transformation cannot be

done independently of (C, X), as follows from the following proposition:

Proposition 4.3 For formula ¢ = py A Kype, no formula ¢ € L1 satisfies
CXhp =  CXE (5)

for all pointed simplicial models (C,X).

Proof. For any ¢* € L1, there exists a unique purely propositional for-

mula &(z1,...,2m,), with m > 0, such that ¢* = E(Kz'ﬂ/)l, .. .,Kimwm) for

some agents i1,...,%, € A and formulas 1, ...,%,, € LT. We consider three
cases: (i) ¢; = a for some 1 < j < m, (ii) i; # a for some 1 < j < m, and

(iii) m = 0, i.e., ¢ = ¢ is purely propositional. For each case, we construct

C=(C,x,¢) and X € F(C) to violate (5).
(i) C, X papa A Kype if a ¢ x(X), but C, X 54 ¢* because of IA(,ﬂ/)j.

(i) C, X thp, A Kppe if x(X) = {a}, but C, X 4 " because of I?l-jv,/)j.

(iii) Consider (C,X) and (C’, X') depicted below with the same evaluations of
all p, € P, on both a-colored vertices and of all p, € P, on both b-colored
ones. Then C, X t4 p, A Kpp. while C', X' >1 p, A Kpp.. Thus, according
to (5), any ¢” should distinguish (C, X) from (C’, X’). But it is easy
to prove by construction that any purely propositional formula & has the
same truth value (true, false, or undefined) in (C, X) as in (C’, X').

X X'
C: a——»@® Cc': a b ¢ |

Since a purely syntactical transformation from undefined to true is impossi-
ble, we will present such a transformation modulo a given (C, X') (Lemma 4.11).
The construction relies on the modal structure of formula ¢, which is encoded
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in a form of what we call a life tree. With this localized transformation in place,
we will be able to complete the proof of the remaining direction of Hennessy—
Milner along the lines of the standard proof (Prop. 4.13).

Definition 4.4 A life tree T = (T,X) is a directed rooted tree T = (V, E)
supplied with a function X that labels each node o € V with a set X(o) C A of
agents and each edge (o, 7) € E with an agent X(o, 7) € A such that X satisfies
the property X(o, 1) € X(o)NX(7) for each (o,7) € E. We call (0, 7) an a-edge
iff X(o,7) = a. For the root of a life tree, we typically use p, possibly with a
subscript, for instance, p; could be used for the root of 7;. The a-grafting ¢
of a life tree ¥ is obtained by adding a to the label of its root.

Definition 4.5 The life tree T, of a formula ¢ € L7 is a labeled tree (T, X)
defined by recursion on the construction of :

e T, is the tree consisting of a single root p with X(p) = @;

e T, is the tree consisting of a single root p with X(p) = {a};

e T, =%,

* T, ny is obtained by merging the roots p, of T, = (7,,%X,) and
py of Ty = (Ty,Xy) and their labels, ie., by first taking the disjoint
union of T, and T, with all the labeling preserved and then merging both
roots p, and py, into a new root p with the label X, (p,)UXy (py) without
changing labels of any edges or of any other nodes;

o« T R is obtained by adding a new root p to the a-grafting TG of T,
labeling this new root p with {a}, and adding a new a-edge from p to the
root p, of TZ, with X taking over all labels of T¢ without change.

It is easy to show by induction on the construction of formula life trees that

Proposition 4.6 (Correctness for formula life trees) The life tree T, of
any formula ¢ € LT is a life tree. In addition, for any child o of the oot of T,
the subtree of X, rooted in o is the a-grafting T, of the life tree Ty of some
subformula v of ¢ for some agent a.

Example 4.7 The life trees of three formulas are depicted in Fig. 3. Note that

is a subtree of T (p R -

af(bﬁpdAf(cpd
Ky—pa A Kepa I?a(l?b_‘pd A I?cpd) KoKy=pa A KoKopa
{b,d} {c,d} {b,d} {c,d} {b,d} {c,d}
N /e N /e a e
{b,c} {a,b,c} {a, b} {a,c}
q N

{a} {a}

Fig. 3. Life trees of three sample formulas

Definition 4.8 An embedding of a life tree ¥ = (T,%) with 7 = (V, E)
into (C, X) with C = (C, x,¥) is a function e: V' — F(C) such that
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(i) the root p of T is mapped to X, i.e., e(p) = X;
(ii) X(0) C x(e(0)) for all tree nodes o € V;
(iii) X(o,7) € x(e(o) Ne(r)) for all tree edges (o,7) € E.
Then we write C, X <, T, or simply C, X < ¥, if such an embedding exists.

The following two lemmas show that formula life trees provide a practical
and compact syntactical description of definability.

Lemma 4.9 (Equivalence of embeddability and definability) For any
formula » € LT and pointed simplicial model (C, X),

C,LX>xp <= C X%, (6)

Proof. Let C = (C,x,¢) and T, = ((V, E), X) with root p € V. We prove (6)
for all X € F(C) by induction on a formula ¢ € LT.

e For ¢ = a: Since C, X 1 a always holds, we need to show that C, X 0x T,,.
By Def. 4.8(i), no function other than e = {(p, X)} can be an embedding
of ¥, into (C, X). To show that it is, given that T, has no edges, it suffices
to check Def. 4.8(ii), which holds since X(p) = @ C x(X).

e For ¢ = p,: Again, Def. 4.8(i) means that e(p) = X and there is at most
one embedding of ¥, into (C, X). Since in this case X(p) = {a}, it remains
to note that C, X i p, iff a € x(X) iff X(p) C x(X) ff C, X < T, .

e For ¢ = —): C,X > ) iff C, X > ¢ iff by the IH C, X > Ty, iff
C, X Tﬁw.

e For p = ¢p A& By Def. 2.3, C, X i p AL iff C, X a4 and C, X 1 &.
By the IH, this is equivalent to C, X 1 Ty and C, X > T¢. It remains
to prove that this is equivalent to C, X 1 Tyae. Let the life trees Ty =
((Vi, Ey),Xy) and T¢ = ((Ve, Ee), X¢) have roots py and pe respectively.

Assume first that C, X >, Ty and C, X <, T¢ for ey : Vi, — F(C) and
ec: Ve = F(C). Note that ey (py) = ec(pe) = X by Def. 4.8(i). It is easy
to see that C, X p<. Tyae¢ for the function e: V' — F(C) defined by

X if 6 = p,
e(0) = Jep(0) if0eVy\{py}
ec(0) if 0 € Ve \ {pc}.

Assume now, conversely, that C, X > Tyae for e: V. — F(C). It is
easy to see that C, X <., Ty and C, X <, T¢ for ey: Vi — F(C) and
e¢: Ve = F(C) defined by

e (0’) o {X if o = Ty, e (T) . {X if 7= 123
wes e(o) ifoeVy\{ry}, SN e(t) if 7 e Ve {re}.

e For ¢ = K, By Def. 2.3, C, X <1 K1) iff C,Y <1 1) for some Y € F(C)
with a € x(X NY). By the IH, the latter is equivalent to C,Y pa T
for some Y € F(C) with a € x(X NY). It remains to prove that this is
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equivalent to C, X > Tz . Let the life tree Ty = ((Vi, Ey), Xy) have
root py, which is the only child of p in TR where V =V, LU {p}.

Assume first that C, X >, T, for some e: V. — F(C'). By Def. 4.8(i),
e(p) = X. For Y = e(py), it is easy to see that C,Y <y, Ty and, hence,
C,Y ey, Ty. Finally, we have a = X(p,py) € x(e(p) Ne(py)) by
Def. 4.8(iii), i.e., a € x(X NY).

Assume now, conversely, that C,Y <., Ty for some Y € F(C)
with a € x(X NY) and ey: Vi — F(C). Let us show that C, X > T
for e := ey U {(p,X)}. Indeed, e(p) = X fulfilling Def. 4.8(1). To show
Def. 4.8(ii) for p, note that X(p) = {a} C x(X NY) C x(X) = x(e(p)).
X(p, py) = a € x(XNY) = x(e(p) Ne(py)) proves Def. 4.8(iii) for (p, py).

X(py) = {a}UXy(py) € X(XNY)Ux(ep(py)) € x(Y)UX(Y) = x(e(py))

shows Def. 4.8(ii) for py. Def. 4.8(ii)—(iii) for the remaining nodes and
edges easily follow from the same properties of ey,. Thus, C, X > Tf(a w.D

Lemma 4.10 (Criterion of non-embeddability) Let (C,X) be a pointed

simplicial model with C = (C, x,{) and T, = ((V, E),%) be the life tree of a

formula ¢ € LT with root p. Then C, X 14 T, iff at least one of the following

two criteria is satisfied:

(i) either X(p) € x(X) or

(ii) there is a subformula v of ¢ and an a-edge (p, py) € E to the root py of
a-grafting Ty such that C,Y a Ty for any Y € F(C) witha € x(X NY).

Proof. Let (p,01),...,(p,0) € E be all edges from p in T, where & > 0 and

let X(p,0;) = a;. By Prop. 4.6, each o; is the root of Ty = ((Vi, Ey), X;) for

some subformula ; of . In particular, V = {p} U |_|f:1 Vi.

First, let C, X t4 T,, and assume towards a contradiction that both crite-
ria (i) and (ii) fail. Then for each 1;, there is ¥; € F(C) with a; € x(X NY;)
such that C,Y; p<., Ty, for some e;: V; — F(C) with e;(0;) =Y. It is easy to
show that C, X > T, for

X if 7= p,
e(r) i= .
ei(r) ifreV.

Assume now that C, X . T, for some e: V — F(C), where e(p) = X by
Def. 4.8(i) and X(p) C x(X) by Def. 4.8(ii). Hence, (i) fails. Let Y; := e(0y).
It is easy to verify that C,Y; >y, Ty, . It remains to note that, by Def. 4.8(iii),
a; = X(p,0i) € x(e(p) Ne(0y)), i-e., a; € x(X NY;). Thus, (ii) also fails. ]

Using life trees, we can now provide the localized transformation from un-
defined to true formulas:

Lemma 4.11 Let C, X th ¢ for some formula ¢ € LT and some star-finite
pointed simplicial model (C,X). Then there is a formula ©¥ € LT such that

C,XFE ﬁ@?a (7)

C X' = C,X'FL foral (C',X'). (8)
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Proof. Let C = (C,x,¢). By Lemma 4.9, C, X t4 T,. We construct ¢ by
recursion on the Depth (Ty) of the life tree T, = ((V, E), X) with root p € V.

If X(p) ¢ x(X) meaning that a ¢ x(X) for some a € X(p), we define
R = /\cex(p) c. This ¢ satisfies (7) because a is false in X due to a ¢ x(X).
In addition, (8) holds because C', X' i ¢ for C' = (C',x',¢') is equiva-
lent to C', X’ > T, by Lemma 4.9, which implies that X(p) C x/(X’) and,
hence, €', X' E ¢&. This case requires no recursive calls.

If X(p) C x(X), then, by Lemma 4.10, criterion (ii) must hold, i.e., there
is a subformula ¢ of ¢ and an a-edge (p,py) € E to the root py of the
a-grafting Tj where Ty = ((Vw,E¢)7Z{¢) such that C,Y & %, for any Y
from star,(X) :={Y € F(C) | a € x(X NY)}, which is finite by star-finiteness
and X € star,(X). Indeed, a = X(p,py) € X(p) C x(X) = x(X N X).
Let star,(X) = {Y1,...,Y;}. By Lemma 4.9, C,Y; p4 ¢ for 1 < i < r, so we
can recursively construct 1/)52 such that

C,Y: F 4y, (9)
. X'y = C X' Ey] forall (C',X). (10)

for each 1 <1 < r because Depth (Ty) < Depth (T,,). We define a sequence of
formulas &1,...,&, as follows:

&=y
€o e &k if C, Vi1 # &k;
UT e nus,,  otherwise, L., if C, Vi1 E &
By induction on 1 < k < r we prove that
C,Y;, F =& for some 1 < jj, < k; (11)
C,Y & forany 1 <[ <k. (12)

For the base case k = 1 we must choose j1 := 1, which works because §; = 5,
yielding both C, Y1 F =937 by (9) for (11) and C,Y; ¥ 4§ for (12). For the
induction step, assume (11)—(12) hold for k and consider {jy1:

o If €41 = &k because C, Yy41 ¥ fk, then we set jri1 := ji. By the TH(11),
C.Y;, E =&, yielding C,Yj, ., F —&y1, fulfilling (11). Further, by
the TH(12), C,Y; ¥ & for any 1 <1 < k and C, Yj11 ¥ & by construction.
Hence, C,Y; ¥ &y for any 1 <1 < k + 1 fulfilling (12).

e If on the other hand, &1 = & A 1/)?}}’9“ because C,Yyy1 F &, then we
set jy+1 =k +1. By (9), C, Y1 B 05 |, 50 C, Vi1 B (& AT, )
fulfilling (11). Further, by the IH(12), C,Y; ¥ & for any 1 < I < k
and, as already discussed, C, Yy 1 ¥ z/;‘?,iﬂ. Hence, C,Y; ¥ & A w‘ﬁﬂ for
any 1 <! <k+1 fulfilling (12).

This completes the induction proof of (11)—(12). In particular, for k = r, we
have that &, is not true in any facet a-adjacent to X and is false, hence, defined
in at least one such facet. Thus, C, X E —\Kagr, and (7) holds for ¢% := afr
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1, {a’ d} {(l, d} {a7e}
/ X\ ) y .
0p lg () {c,d} {c, e}
o/ o N
Yy
0q Le 0 {o,¢}

Fig. 4. From right to left: life tree T, of formula ¢ = py A [?cl?dpa A IA(CIA(eﬁpa; life
tree Ty of its subformula 1) = Kgp,; and simplicial model (C, X) such that C, X p4 .

It remains to show that (8) also holds. Consider any (C',X’)
with C" = (C’, x’,¢') such that C’', X’ > ¢. By Lemma 4.9, C', X' b T, for
some e': V — F(C") with €’(p) = X'. Let €' (py) = Z'. Since (p, py) € E is an
a-edge, a € X' (X' N Z") by Def. 4.8(iii). It is easy to see that C’, Z’ >dc/ v, Ty,
thus, C’, Z' >1 ¢ by Lemma 4.9. By (10), C', Z" F 4§ for all 1 <4 <r. Given
that &, is the conjunction of some of ¥¥’s, we conclude that C’, Z' & &,. Con-
sequently, C', X' E IA(afr, ie., C', X" E ¢%%, which completes the proof of (8).0

Example 4.12 Consider the pointed simplicial model (C, X) in Fig. 4 (left).
Let o = py A I?C[?dpa A IA(CI?G—'pa. Its life tree T, = ((V7 E),%) with root p
is depicted in Fig. 4 (right). We will show that C, X 54 ¢ by using Lem-
mas 4.9 and 4.10, while simultaneously constructing ¢%¥ in two different ways.
All agents from X(p) = {b,c} of its root p are present in x(X) = {a,b,c}.
Thus, criterion (i) of Lemma 4.10 fails. But consider the left subtree T, of T,
which corresponds to subformula ¢ = I/(\'dpa of p. Life tree T, see Fig. 4 (mid-
dle), cannot be embedded into any of the facets c-adjacent to X: indeed, la-
bel {d} of its root py is included in neither x(X) = {a,b, ¢} nor x(Y3) = {c, e},
resulting in Y5 = ¢, = d, according to the construction in the proof of
Lemma 4.11. For the remaining, third c-adjacent facet Y5 with x(Y2) = {c¢,d},
the label {d} of py is included, however, T, has a d-edge from its root to a
node labeled {a, d}, which corresponds to subformula p,, and a is absent in the
only facet d-adjacent to Ys, which is Y3 itself. Therefore, the same construction
yields ¢§] = Kga.
How ¢ is constructed from ¢%, ¢§7, and 9§} depends on the chosen
ordering among these three c-adjacent facets:
Ordering Y5, X, Y3 ‘ Ordering X, Y5,Y3

& = 5} = Rua g=w=a

=86 =Kqa as C,XF Kga | &= NYY =dNKga as C,YoFd

=& =Kga as CYsE Kga | &=¢ =dNKga as C,YsFdAKga
Accordingly, the two orderings provide two alternative formulas l?cl?da or
K.(d A Kga) for the role of ©%. Either of them satisfies (7)—(8).

Theorem 4.13 (Modal equivalence implies bisimilarity) For arbitrary
star-finite pointed simplicial models (C,X) and (C', X’),
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C,X)=+ (C, X)) = ((,X)e(C,X).

Proof. Let (C,X) =+ (C',X') for C = (C, x,£) and C' = (C', X', ¢'). We de-
fine a binary relation B C F(C) x F(C’) so that YBY" iff (C,Y) =,+ (C',Y’).
In particular, XBX'. Towards a contradiction, assume that B is not a bisim-
ulation. We can prove without difficulty that atoms is satisfied. Thus, ei-
ther forth or back fails. The two cases are symmetric, and we consider only
the former. Assume that ZBZ’', but for some a € A and some Y € F(C)
with a € x(ZNY), there isno Y’ € F(C”) such that a € x'(Z'NY”’) and YBY".
Let star,(Z') = {Y{,..., Y} in C’ (this set is finite because C’ is star-finite).
By construction of B, we have (C,Y) £+ (C',Y/) for any 1 <i < n. In other
words, there exist formulas 1, ..., p, such that for each 1 < ¢ < n one of the
following three statements holds:

C7Y F Pi but C/7Y7i/}£ Pis (13)
C.Y E —y; but C Y, ¥ —yp;, (14)
C,Y 14 ¢; but C' Y] > ;. (15)
We transform these distinguishing formulas into 1, ..., %, as follows:
i if (13) holds for ¢,

i == i if (14) holds for ¢;,
—(¢i)5y if (15) holds for ¢;.

Note that now C,Y F 1, and C', Y/ ¥ ¢; for all 1 < ¢ < n. Indeed, for the
first two clauses, it follows directly from (13)—(14), while for the last clause
this is a consequence of Lemma 4.11. In other words, we have replaced the
initial distinguishing formulas ¢; with the distinguishing formulas 1; that are
all true in (C,Y’). We will show that K, A\, ¢; distinguishes Z from Z’. This
contradicts our assumption that (C, Z) =+ (C’, Z') and, thus, proves that B is
a bisimulation.

Since C,Y Eap; for all 1 <i<mn, also C,Y E A, ¢;. Given a € x(ZNY),
we obtain C, Z F K, N, . Since C', Y/ ¥ 1;, it follows that C', Y/ ¥ \I_, i
for any 1 < i < n. Thus, C',Z' ¥ K, Ny Vi O

Theorem 4.14 (Hennessy—Milner property) For arbitrary star-finite
pointed simplicial models (C, X) and (C', X’),

C,X)=,+ (C X)) = ((C,X)=(,X).
Proof. This follows from Theorems 4.2 and 4.13. a

5 Life Bisimulation for Partial Epistemic Models

The main purpose of this section is to provide a bridge to a more familiar for-
malism for those who are not yet fluent in simplicial semantics. In particular, we
compare simplicial models to Kripke models, including our results for bisimula-
tion. Accordingly, we omit proofs in this section because they are obtained via
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the categorical equivalence with simplicial models. For the model correspon-
dence in language £~ we recall [14], which only requires a minor modification
to be extended to language £. We continue by defining life bisimulation and
will contrast it with standard bisimulation. Note that languages £ and £~
remain the same throughout, we merely interpret them on Kripke models now.

Definition 5.1 A binary relation ~ on a set S is called a partial equivalence
relation iff ~ is an equivalence relation on some subset S’ C S.

In particular, partial equivalence relations are transitive and symmetric
and induce a partition of S’. Note also that S’ is uniquely determined by ~:
S'={seS|s~s}.

Definition 5.2 Consider a pair (S,~) where S is the domain of
(global) states and ~: A — 25%° maps each agent a € A to a partial equiva-
lence relation ~, on S. Let S, be the subset of S such that ~, is an equivalence
relation on Sy, i.e., the set of states where a is alive. Let [s], :=={t € S| s ~, t}
denote equivalence classes of ~, on S,. (S, ~) is image-finite iff [s], is finite for
alla € Aand s € S,. Given s € S, the set A, :={a € A|s € S,} contains the
agents that are alive in state s. Relation ~, is proper iff for all distinct s,t € .S
there is an agent b € A such that s 74y t.

For such a pair (S, ~), a triple M = (S, ~, L) is a partial epistemic model iff
all ~, are proper and a valuation function L: S — 2F satisfies: for all a € A,
Do € Py, 5,t €S, and u € 5,

o if s ~, t, then p, € L(s) iff p, € L(t), and

e a€ L(u)iff a € A,.
(M, s) for s € S is a pointed partial epistemic model (we often omit ‘pointed’).

As in Def. 2.3, to interpret ¢ € LT in a global state s of a partial epistemic
model M, by induction on the structure of o, we define < to determine whether
@ is defined and F to determine its truth value when defined.

Definition 5.3 Given a partial epistemic model M = (S,~, L), for all s € S
we define >t and F by induction on ¢ € LT

M,s<a always;

M, s pg iff s € Sy;

M, s iff M, s ;

M, s A iff M, s and M, s > ;

M,sml?agp iff M, t < for some ¢t € S such that t ~, s.

M,sEa iff s € Sy;
M, s E p, iff s € S, and p, € L(s);
M,sE=p iff M;s>1p and M, sE p;
M,sEp A iff M,sE ¢ and M, s E ;
M, sE IA(ago iff M, tE ¢ for some ¢t € S such that ¢ ~, s.
Formula ¢ is valid iff M, s <1 ¢ implies M, s E ¢ for all (M, s). The denotation
of ¢ in M is defined as the set [y :={s€ S| M,sE p}.
Partial epistemic models (M, s) and (M’',s') are modally equivalent, de-
noted (M,s) =P (M’,s), iff for all p € LT, M,s x1 ¢ <= M’ s 1 o,
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M,sEp<—= M s Fyp and M,s E —p <= M' s E —p.

A consequence of our semantics is that local atoms p, for agent a may be
assigned to states s outside of S,, i.e., where a is dead. Such atoms p, are
undefined in s (and atom «a is false) whether p, € L(s) or p, ¢ L(s). Partial
epistemic models, therefore, contain superfluous information. An alternative
knowledge representation would make them truly partial, albeit at the expense
of comparing life bisimulation with standard bisimulation.

We now recall the correspondence between impure simplicial models and
partial epistemic models from [14], which generalizes the equivalence of cate-
gories from [20] between pure simplicial models and local proper Kripke models
where all relations are equivalence relations.

Definition 5.4 Operation o (for Simplicial) maps each partial epistemic
model M = (S, ~, L) to a simplicial model a(M) = (C, x, £) as follows:

* vertices are pairs ([s]q,a) for all s € S and a € Ag;

e C consists of simplexes {([s]q,a) |a € B} forall s € S and ) # B C Aj;

. X(([s]a,a,)) := a for each vertex ([s]q,a);
. é(([s]a, a)) := P, N L(s) for each vertex ([s]q,a).

We let o(s) denote the facet {([s]a,a) | a € As}.

Operation x (for Kripke) maps each simplicial model C = (C,x,¥) to a
partial epistemic model x(C) = (S, ~, L) as follows:

e S :=F(C) consists of facets X € F(C);

e X ~,Yiff ae x(XNY) for any agent a and global states X and Y

* L(X):=4(X)Ux(X) for any global state X.

As o maps each state s in M to a facet o(s) in 0(M) and k maps each
facet X in C to a state X in k(C), these maps are also between structures (M, s)
respectively (C, X): we let 0(M, s) := (6(M),0(s)) and £(C, X) := (k(C), X).

We recall from [14] that for all ¢ € L7, M, s X ¢ <= (M, s) x ¢ and
C,X ¢ < k(C,X) . It is straightforward to extend this to LT.

Proposition 5.5 Let o € LT.
» For all pointed partial epistemic models (M, s):
M,stp <= o(M,s)xtp and M,skF <= d(M,s)F p.
e For all pointed simplicial models (C, X):
C,Xxp<—=k(C,X)xp and C,XF o< k(C,X)F .

Figure 1 contains examples of corresponding simplicial models and partial
epistemic models. Similarly, simplicial models from Example 4.1 correspond to
partial epistemic models from Example 5.7 below.

We now define life bisimulation for partial epistemic models, show how
it corresponds to impure simplicial models, and how it is different from the
standard notion of bisimulation for Kripke models.

Definition 5.6 A [ife bisimulation between partial epistemic mod-
els M=(S,~,L) and M’ = (8, ,~',L'), notation Z : M < M’ or
Z:(M,s) e (M, s') given sZs', is a non-empty binary relation Z C S x S’



244 Bisimulation for Impure Simplicial Complexes

such that for all s € S and s’ € S" with sZs’ the following three conditions are
satisfied:

e Atoms: L(s)N A= L'(s')N A and, additionally, L(s)N P, = L'(s') N P,

for each a € As (note that here A, = L(s) N A = L'( ’) NA=Ay).

e Forth: for all a € A, for all t ~, s, there is a ¢’ ~/ s’ such that tZt'.

e Back: for all a € Ay, for all t/ ~/, &', there is a t ~, s such that tZt'.
Life bisimulation Z is total iff the domain and codomain of Z are S respec-
tively S’. When Z is omitted, a life bisimulation must exist.

A standard bisimulation [4], notation £ can be obtained from a life bisim-
ulation by replacing the requirements a € A, (twice) and a € Ay in the above
definition with @ € A. Standard bisimilarity, therefore, implies life bisimilar-
ity: if (M, s) €% (M',s'), then (M, s) € (M’,s'). On the class of multiagent
S5 models, where all partial equivalence relations are equivalence relations,
(M, s) e (M, ¢) iff (M,s) e (M’',s"). In the states of S5 models, all for-
mulas are defined, and the semantics becomes two-valued. Other than that,
comparing life and standard bisimulations is a bit like comparing apples to
onions, as our semantics is three-valued. See also the example below.

Example 5.7 Partial epistemic models M, M’, and M” below correspond
to the simplicial models of Example 4.1 and are life bisimilar. The states are
named with the values of the local atoms of the live agents. As in Example 4.1,
a total bisimulation Z between M and M’ requires that XZX’' and XZZ7/,
while Z between M and M” must have YZY” and YZZ".

Oa]-b S S anb]-c 0 Obl 0 ly ——M 0 Ob]-

v v Olb\ v \ P

0.1y 7/ 0,0,1. 7"

Let p. be false in X, false in X', true in Z’, and true in X”. Then no two of these
models are standard bisimilar. (z) Neither M and M’, nor M and M" are
standard bisimilar because M’ and M” contain a state s with L(s) = {pp, pc}
whereas M does not contain such a state. (i7) Whereas M’ and M" are not
standard bisimilar because p. € L(s) for all states in M” but not in M’.

We will now show that the o and s transformations preserve bisimilarity,
and also the Hennessy—Milner property for life bisimulation between partial
epistemic models. There are actually two ways to go about this: a direct proof
using life trees and embeddings in partial epistemic models and an indirect
proof using the results already obtained for simplicial models. We will do the
latter as that proof is easy.

Proposition 5.8 (i) M 2 M’ implies c(M) € o(M’) for any partial epis-
temic models M and M'.

(ii) C = C' implies k(C) 2 k(C') for any simplicial models C and C'.

Corollary 5.9 M = k(0(M)) and C = o(r(C)).

Consequently, M < M’ iff k(c(M)) 2 k(o(M')) and, by the same token,
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C=C iff 6(k(C)) 2 o(x(C’)). Same for the pointed versions.

Theorem 5.10 (Hennessy—Milner property) For any image-finite partial
epistemic models (M, s) and (M',s")

(M,s) e (M) = (M,s)=P" (M.
6 Conclusions and Future Work

In this paper, we concentrate on the question of what is a natural notion of
bisimulation for impure simplicial complexes. The notion of bisimulation we
have defined is indeed natural for the following two reasons: (I) On the categor-
ically equivalent structures, namely partial Kripke frames, this is the abstract
notion of bisimulation coming from coalgebraic many-valued logic (cf. [2]) be-
cause partial Kripke frames can be represented by a well-behaved set endofunc-
tor. (II) It has the expected structural forth-and-back conditions, which are
easy to check on finite structures, and it captures our intuition on process or
behavioral equivalence in this case.

For this structurally natural notion of bisimulation, we have shown that the
local language is invariant but fails to be sufficiently expressive (the Hennessy—
Milner property fails). Similar situation has been encountered, e.g., in [30] or
in [2], for example, in case of most Godel modal logics. We have demonstrated
how to enhance the language with global atoms to ensure sufficient expressivity
and proved the Hennessy—Milner property for the extended language. Unlike
the two-valued case, the latter turned out to be quite non-trivial. The reason
for that is the lack of symmetry among our three values. If two boolean-valued
structures are not modally equivalent, the distinguishing formula is either true
or false in the first structure, but, if the other distinguishing truth value is
desired, it is sufficient to take the negation. In our three-valued logic, there
is an additional case of the distinguishing formula being undefined in the first
structure. The transformation of it into a defined (true) formula is so non-
trivial that it cannot even be done in a structure-independent way.

Future work For the local language, one can ask for a matching notion of
model equivalence, for example, in the spirit of logic-induced bisimulations
of [10]. For the fully abstract coalgebraic treatment of the logics in this paper
as three-valued coalgebraic logics, as well as for investigating which three-valued
first-order fragment corresponds to modal formulas in a sense of Van Benthem
Theorem, essential insights need to be developed first. While the propositional
logic PWK does not behave well in terms of abstract algebraic logic and only
relatively recently was investigated in this context [5,32], the first-order expan-
sion of PWK matching our interpretation of modalities has not been explored.
The three-element weak Kleene algebra underlying the semantics is not a lat-
tice, which impedes the use of the usual methods, e.g., those employed in [2].

Other directions for further research were proposed by the anonymous re-
viewers. Among them was the question of the complexity of checking whether
two structures are bisimilar. We thank them for their comments and sugges-
tions.
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