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Abstract

We give a new coalgebraic semantics for intuitionistic modal logic with O. In particu-
lar, we provide a colagebraic representation of intuitionistic descriptive modal frames
and of intuitonistic modal Kripke frames based on image-finite posets. This gives a
solution to a problem in the area of coalgebaic logic for these classes of frames, raised
explicitly by Litak (2014) and de Groot and Pattinson (2020). Our key technical
tool is a recent generalization of a construction by Ghilardi, in the form of a right
adjoint to the inclusion of the category of Esakia spaces in the category of Priestley
spaces. As an application of these results, we study bisimulations of intuitionistic
modal frames, describe dual spaces of free modal Heyting algebras, and provide a
path towards a theory of coalgebraic intuitionistic logics.
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1 Introduction

Coalgebraic semantics of classical modal and positive modal logics have been
thoroughly investigated [26,21,25,19]. In the case of classical modal logic this
is done via the powerset coalgebras in the context of Kripke frames and by
the Vietoris coalgebras for descriptive frames (see [19,26]). For positive modal
logic this is obtained via the convex set functor and its topological analogue
[3,6,21,4].

Intuitonistic modal logics, on the other hand, have so far escaped this kind of
analysis. Such logics are quite varied, stemming from several distinct proposals
over what is the appropriate notion of a “constructive” version of modal logic,

1 r.dacruzsilvapinadealmeida@uva.nl.
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see, e.g., [23,17,22,15,27]. They all have well-known algebraic semantics in the
form of modal Heyting algebras, a Kripke-style semantics [15,20] via so-called
“Intuitionistic modal frames” [27] and an order-topological semantics in terms
of intuitionistic descriptive modal frames (see e.g., [27], where these are called
O-frames, O-frames, ete, depending on the specific signature used). However,
the question of how to represent such frames as coalgebras for an appropriate
functor on the category of posets with p-morphisms or respecitively on the
category of Esakia spaces and continuous p-morphisms (which is dual to the
category of Heyting algebras) was open in the research community for a long
time. It was raised explicitly by Litak [20] and by de Groot and Pattinson 2
[13], where the existence of such a representation was left as an open question.

In this paper we resolve the problem of defining coalgebraic semantics for
intuitionistic modal logic, albeit for particular classes of intuitionistic modal
frames. More concretely, we will represent intuitionistic descriptive modal
frames and intuitionistic modal Kripke frames based on image-finite posets
as particular coalgebras. Intuitionistic descriptive modal frames can be seen
as Esakia spaces equipped with a modal relation. We will represent these as
particular coalgebras on the category of Esakia spaces. For this we will be
relying on a recent generalization [2] of a construction by Ghilardi [18]. As
our main results show, descriptive intuitionistic modal frames can be seen as
coalgebras for an appropriate composition of a variant of the classical upwards-
Vietoris set functor and a right adjoint to the inclusion of the category of Esakia
spaces with continuous p-morphisms in the category of Priestley spaces. Sim-
ilar results are likewise obtained for the categories of image-finite posets with
p-morphisms and posets with monotone maps, with appropriate modifications,
giving us a coalgebraic representation of all image-finite intuitionistic modal
frames. We observe, however, that this does not provide a representation of all
intuitionistic modal frames, since the usage of image-finiteness is quite crucial.

We provide three applications of these constructions: (1) a colagebraic
notion of a bisimulation for intuitionistic descrptive and image-finite Kripke
frames, (2) a concrete description of the dual space of the free modal Heyting
algebra on finitely many generators, and (3) a new definition for coalgebraic
intuitionistic logic laying a path towards a theory of such logics following the
line of research suggested at the end of [13].

The outline of the paper is as follows: in Section 2 we recall the necessary
preliminaries from the theory of coalgebras over Set and Stone, as well as the
relevant versions of intuitionistic modal logic and its semantics. In Section 3
we review the key aspects of the construction from [2] we will need for our
purpose. We provide our main results showcasing the coalgebraic semantics,
and its equivalence with the classical descriptive frame semantics, in Section 4.
We present our applications in Section 5. We conclude in Section 6 by pointing
to further research directions in the study of these representations.

2 We point out that de Groot and Pattinson [13] also use the so-called dialgebraic represen-
tations in their work.
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2 Preliminaries
2.1 Duality Theory and Coalgebra

We assume throughout that the reader is familiar with Stone and Priestley
duality (as presented, e.g. in [11]).

Definition 2.1 Let (X, <, 7) be an ordered-topological space. We say that X
is a Priestley space if (X, T) is compact, and it satisfies the Priestley Separatiom
Aziom: if £ y, there is a clopen upset U such that € U and y ¢ U.

Definition 2.2 Let (X, <), (Y, <) be two posets, and f : X — Y be a map
between them. The map f is said to be monotone if whenever z,y € X, and
x <y then f(z) < f(y). We say that f is a p-morphism if it is monotone and
in addition, whenever x € X, y € Y and f(z) < y, then there is some z’ such
that z < 2’ and f(2') = y.

We say that a map f : X — Y between Priestley spaces is a Priestley
morphism if it is continuous and monotone. We denote by Pries the category
of Priestley spaces, with Priestley morphisms. We will in particular need the
restriction of such a duality to Fsakia duality, which we now recall:

Definition 2.3 Let (X, <) be a Priestley space. We say that X is an Esakia
space if whenever U is a clopen set in X, then JU is clopen as well.

Given Esakia spaces X, Y, a morphism f: X — Y is said to be an Fsakia
morphism if it is a Priestley morphism and a p-morphism between the under-
lying posets. We denote by Esa the category of Esakia spaces with Esakia
morphisms.

It is well-known (see e.g. [16]) that the category Esa is dual to the cate-
gory of Heyting algebras and Heyting algebra homomorphisms. We also recall
Jénnson-Tarski duality (see e.g. [7,9]):

Definition 2.4 Let (X, R) be a Stone space where R C X x X. We say that
X is a modal space if:

(i) For each x € X, the set R[x] is closed;

(ii) For each clopen set U, R™![U] is clopen.
Given a modal space (X, R), let X = (X, R, A) be the triple where A = Clop(X)
is the set of clopen subsets. We call X a descriptive general frame over X.
Given f: X — Y a map between descriptive general frames, we say that it is a
descriptive morphism if f is continuous, and whenever x € X and y € Y, and

f(z) Ry, then there is some 2’ € X such that Rz’ and f(2') = y. We denote by
DG the category of descriptive general frames with descriptive morphisms.

In parallel with these categories, we will work throughout with some cate-
gories of posets. Recall that a poset (P, <) is said to be image-finite if for each
x € P,z ={y: 2 <y} is finite. We will work with the following:

3 We note that this definition of descriptive general frames is equivalent to the usual one
that can be found in e.g. [7,9].
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(i) Pos, the category of posets with monotone maps;

(ii) The (non-full) subcategory Pos, of Pos where we restrict maps to p-
morphisms;

(i) The subcategory ImFinPos, of image-finite posets with p-morphisms.

As we will note below (see Section 3.2 for further discussion), the categories
Pos and ImFinPos, play a similar role to the categories Pries and Esa,
respectively, in a discrete setting.

Definition 2.5 Given a category C, and an endofunctor F' : C — C, a pair
(4, f) of an object A and a morphism f : A — F(A) is called an F-coalgebra
(or just a coalgebra, if the relevant F' is clear from context).

Given two F-coalgebras (A, fa) and (B, fp), we say that a morphism h :
A — B is a coalgebra morphism between (A, f4) and (B, fp) if it makes the
following diagram commute:

F(A) —— F(B)
Fig. 1. Coalgebra morphism compatibility

Such morphisms compose in the obvious way. We write CoAlg(F) for the
category of F-coalgebras and coalgebra morphisms.

We refer the reader to [25] for all of the facts about coalgebra we will assume
here. If one considers in particular the category Set of sets and functions,
the powerset functor P admits a particularly transparent description of its
coalgebras: they are precisely the Kripke frames. Tracing its origins in the work
of Esakia [14] (see also [26] for an in-depth discussion), it has been realised that
also descriptive general frames can be represented as coalgebras of a specific
endofunctor on the category Stone of Stone spaces and continuous functions:

Definition 2.6 Let X be a Stone space. Let V(X)) be the set of closed subset
of X. We give this set a topology consisting of the “hit-and-miss” topology,
i.e., by giving it the topology determined by the subbasis consisting of

[U]={CeV(X):CCU}and (V) ={C e V(X):CNV #0}

where U,V range over clopen subsets of X. We call this space the Vietoris
hyperspace of X. Moreover, given a continuous function f : X — Y, we define
V(f) to be the direct image of f.

Then we have the following (see e.g. [19,26]):

Proposition 2.7 The assignment V as above defines an endofunctor on
Stone. Moreover, for each X a Stone space, the categories CoAlg(V) and
DG are equivalent.
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2.2 Intuitionistic Modal Logic

We consider the language of IPCqo of intuitionistic logic with an additional
unary operation 0. Throughout this section we refer to intuitionistic modal
logic, IPCq, as the logic axiomatised by:

(i) The axioms from IPC;
(ii) D(¢ A1) <> Op A Dy
(i) OT < T.
Using the usual completeness methods, one can show that this logic is com-
plete with respect to some Kripke-style semantics. The relevant semantics
for such a logic is given over modal intuitionistic frames (sometimes called O-

frames, to distinguish them from the semantics of richer intuitionistic modal
logics):

Definition 2.8 Let (X, <, R) be a triple where (X, <) is a partial order, R C
X x X. We say this is a modal intuitionistic frame if it satisfies

R=<oRo<.

Given two modal intuitionistic frames (X, <,R) and (Y, <, R) we say that a
map f : X — Y is a modal p-morphism if f is a p-morphism with respect to
< and R. Let ImFinK be the category of image-finite modal intuitionistic
frames with modal p-morphisms.

Models are constructed by taking valuations in Up(X), the set of upsets
of the poset. The semantics of the intuitionistic connectives is kept the same,
whilst the clause for the O-operator is similar to classical modal logic: a model
M, z I+ O¢ if and only if whenever y € R[x] then I, y I+ ¢.

Note that if X is a poset, then Up(X) carries a richer structure: ordering
upwards closed subsets using reverse inclusion, we obtain that (Up(X),D) is a
poset. And such an assignment is in fact an endofunctor on the category Pos,
sending monotone maps to their direct image.

Now, if f: X — Up(X) is a coalgebra for this functor, then we can think of
this map as picking for each x € X a set of modal successors; and dually, given
a modal intuitionistic frame (X, <, R), the map Rx : X — Up(X) will provide
a coalgebra. Hence we have:

Proposition 2.9 O-frames X = (X,<,R), are in 1-1 correspondence with
monotone maps Ry : X — Up(X) defined by

x — R[z].

This suggests that the category of coalgebras for the endofunctor Up(—)
should be equivalent to the category of modal intuitionistic frames with modal
p-morphisms. However, following the discussion in [20], note that we are
working within the category Pos, where maps are only required to be mono-
tone, which means that there may be coalgebra morphisms which are not p-
morphisms for the <-relation. If one tentatively restricts to Pos,, then the
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problem of coalgebra morphisms failing to be p-morphisms can be avoided.
Indeed, Up(—) restricts to an endofunctor on this (non-full) subcategory. How-
ever, this means that the above assignment Ry : X — Up(X) might no longer
be a morphism in this category, since there is no guarantee that it will be a
p-morphism.

Hence, despite the intuitive connection between the functor Up(—) and the
semantics of intuitionistic modal logic, something seems to be missing for a
coalgebraic representation. We will return to this in the next section. For now
we will need to also discuss how this plays out in the context of general frames.

2.3 Descriptive general frames for IML

Just like in classical modal logic, in order to address the phenomenon of Kripke
incompleteness, more general structures are required, in the form of intuition-
istic general frames. We recall here this semantics [27].

Definition 2.10 Let (X, <, R) be a triple where (X, <) is an Esakia space and
R C X x X. We say that (X, <, R) is a modal Esakia space if:

(i) Whenever U is a clopen upset, then OgU is a clopen upset, where OgU =
{r € X : R[z] CU}.

(ii) For each z € X, R[z] is a closed upset.

We call the quadruple (X, <, R, A) where (X, <, R) is a modal Esakia space and
A = ClopUp(X) a descriptive intuitionistic modal frame (or O-general frame,
for short).

Given a map f : X — Y between O-general frames, we say that this is
a modal p-morphism if it is a continuous p-morphism with respect to both
relations. We denote by DiG the category of O-general frames with modal
p-morphisms.

We will need the following fact, which is derived essentially from the per-
sistence condition on valuations:

Lemma 2.11 If (X,<,R, A) is a O-general frame, then R and < satisfy the
following mix law:

R=<oRo<

Consequently, we can think of a O-general frame as a modal intuitionistic
frame equipped with a compatible topology, or as an Esakia space equipped
with a compatible relation R. In the latter case we say that (X, R, <, A) is a
O-general frame over X.

By combining the classical Jénnson-Tarski duality and Esakia duality, O-
general frames have been shown to provide a general completeness result for
IPCo with respect to O-general frames (see e.g. [21,27,8]).

We consider the following variation of the previously outlined Vietoris end-
ofunctor: given an Esakia space X, we write

VI(X):={C C X : C is a closed upset}
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with a topology given by a subbasis of sets of the form

[U],{(X =V)
where U, V range over clopen upsets. Then we have the following fact, a proof
of which can be found in the Appendix*.
Proposition 2.12 Given a Priestley space X, the order-topological space
(V1(X), D) is again a Priestley space.

Proof. Note that this satisfies the Priestley separation axiom, since the origi-

nal space does: if C' £ D, then C' 2 D. Hence there is clopen upset such that

D C U and C ¢ U; this means that C € [U] an D ¢ [U], which was to show.
Now we show compactness. Assume that

Vi) = Jwiu | Jx -vy)
il jeJ

where U;, V; are clopen upsets. Look at C = X — Uje,]X — Vj. Now, if
C =0, then X is covered by X — V}, so we can extract a finite subcover, say
X=X-VyU..UX —V,. Now if A € VI(X), then A must intersect one of
the above subsets, since it is non-empty, and so

VIX) = (X - Vo) U...U(X —V,).

Otherwise C' # (), so C € VT(X). By construction, C' € [U;] for some i € I,
so because it is closed, using compactness we have obtain a finite subcover of
X - Ui7

X-U;CX-VWU..UX -V,

And then we can show that
VH(X) = [U:] U (X = Vo) U U (X — Vi,
which again shows compactness. a

In analogy with what we noted for intuitionistic modal frames, we can at
this point note the following (see e.g. [13]):

Proposition 2.13 O-general frames X = (X,<,R, A) are in 1-1 correspon-
dence with Priestley morphisms Rx : X — V(X)) defined by
x — R[z].

Proof. First note that if x < y then from yRz, by Lemma 2.11, we have zRz.
So we have that R[z] 2 R[y], which means that the map is monotone. To see
that it is continuous, note that if U C X is a clopen upset, then

Ry'[[U]) = {2 : Rlz] € [U]} = {z: Rlz] C U} = OrU

4 We include this proof for completeness. It actually follows from the results mentioned, for
e.g. in [4], where (VT(X), C) is noted to be a Priestley space, by realising that the order-dual
of a Priestley space is again a Priestley space.



66 Coalgebraic Semantics for IntuitionisticModal Logic

which is a clopen upset by assumption.
Conversely, assume that f : X — VT(X) is a Priestley morphism. Then
define a relation R as follows:

2Ry < y € f(x).

Note that by construction R[z] = f(z) will be a closed upset. Moreover, if U
is a clopen upset, then we have

fHIUN = {: f(z) € [U]} = OV

is clopen, since f is continuous. It is clear that these two assignments are each
other’s inverses. a

Just like before, one can ask whether CoAlg(V") is equivalent to the cate-
gory of O-frames, and the exact same pattern repeats here: not all Priestley
morphisms will be p-morpshims, so one may wish to restrict to Esa; and whilst
V() is an endofunctor on Esakia spaces, the assignment Rx : X — VT(X)
may not be a p-morphism.

Having gotten to this point, it is natural to wonder if indeed one needs
different kinds of frames, possibly induced by a different kind of functor. As we
will show, however, O-frames are enough, if one considers the right endofunctor
on the category of Esakia spaces. This will be the subject of the next section.

3 Generalizing Ghilardi

In this section we recover the key technical tools which will be needed in the
sequel. These results can be found in [2] and generalize the ideas from Ghi-
lardi’s classical construction of the free Heyting algebra through a step-by-step
method; see also [5,24] for more details on this perspective. Here, reversing the
order of previous sections, we start by handling the topological case:

3.1 The functor Vg

Definition 3.1 Let XY, Z be Priestley spaces,andg: X - Yand f:Y — Z
be Priestley morphisms. We say that f is open relative to g°® (g-open for short)
if it satisfies the following:

Vae X,VbeY,(f(a) <b = Jd' € X,(a <d & g(f(a")) =g(b)). (¥)

Given S C X, we say that S is rooted if there is a point = € S such that for
each y € S, we have x < y. We say that S C X, a closed subset, is g-open
(understood as a poset with the restricted partial order relation) if the inclusion
is itself g-open. Equivalently:

VseSVbe X(s<b = 3s' € S(s<s & g(s') =g(b)).
5 We recall that p-morphisms between posets X and Y correspond precisely to the open maps

between the underlying topological spaces of X,Y when given the Alexandroff topology. The
terminology here, standard in the literature, derives from this analogy.
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Definition 3.2 Let g : X — Y be a map between Priestley spaces. Then
consider

Vy(X) :={C C X : C is closed, rooted and g-open },
with the topology given by a subbasis consisting of sets of the form
[U1,{v)

where U,V are clopen subsets of X.
The following is proven in [2, Lemmas 10 and 11]:

Proposition 3.3 Given g : X — Y a Priestley morphism, the order-
topological space (V4(X), D) is a Priestley space, equipped with a Priestley sur-
jection rg : V4(X) — X sending each rooted subset to its root.

We refer to r, as the root map with respect to V,(X). The key property
which this construction enjoys which we will need is the following:

Lemma 3.4 Given a Priestley morphism g : X — Y, and given a Priestley
space Z with a g-open Priestley morphism h : Z — X, there exists a unique
rg-open, continuous and monotone map h' such that the triangle in Figure 2
commutes.

Z\—>/V X)

Fig. 2. Commuting Triangle of Priestley spaces

Definition 3.5 Let g : X — Y be a Priestley morphism. The g-Vietoris
complez (VJ(X),<,) over X, is a sequence

(Vo(X), Vi(X), ..., Va(X), ...)

connected by morphisms r; : Vi41(X) — V;(X) such that:
(i) Vo(X) =Y and V1 (X) = X;

(ii) ro = g;
(iii) For ¢ > 1, Vi1 (X) ==V, (Vi(X));
(iv) For i > 0 riy1 =1y, : Vi1 (X) — Vi(X) is the root map.
We denote the projective limit of this family (in the category Pries) by V(X))
(by duality, and the fact that the category of distributive lattices is cocomplete,
e.g. [1]). When g is the terminal map to the one element poset, we often omit
it.

The proof of the following proposition, which will be instrumental in our
work, can be found in the Appendix:
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Proposition 3.6 Let X be an Esakia space, Y a Priestley space, and assume
that f : X — Y is a Priestley morphism. Then there is a unique Esakia
morphism f : X — Vg(Y), extending f. This is given as follows: the family
fn: X = Vo (Y), given by

(1) fO = f;
(i) fotr(z) = fulta];

consisting of continuous functions, and f : X — Vg(Y) is given by

f(@) = (fo(x), fr(2),..)-

Proof. Using Lemma 3.4 repeatedly, starting with the terminal map and pro-
ceeding along the roots, we get, a sequence defined by

(i) For every x € X, fo(x) = f(x);
(ii) For every x € X, fui1(x) = fa [Tl‘]

By uniqueness of inverse limits, an extension f*° : X — Vg(X) given by

= (fo(x), fi(z), fo(2),...).

such that this map commutes with all the root maps. Such a map is certainly
unique, so if we can show that it is an Esakia morphism, we are done. So
assume that f°°(x) < y. Consider the following:

S=1rU{fi y(n)] :n € w}.

This is a family of closed subsets in X, which is an Esakia space. Moreover, it
has the finite intersection property: if we consider only finitely many elements,
note that since y(n) C f,(x), then there is some k such that < k, and f*° (k)
agrees with y up to the level n, i.e., the finite intersection 12 N f5 ' [y(0)]N...N
f7ty(n)] is non-empty. By compactness, there exists some z’ € (S, which
means precisely that there is some x < 2z’ such that f*°(z’) = y. This shows
that f°° is a p-morphism, as desired. a

Using this one obtains:

Theorem 3.7 The assignment Vi is an endofunctor on the category Pries
of Priestley spaces and Priestley morphisms; indeed it is the right adjoint to
the inclusion of the category Esa of FEsakia spaces and Esakia morphisms into
Pries.

3.2 The functor Py

Having the analysis of the previous section, we can ask whether something
similar can be done for posets in general. Indeed this is the case, if one restricts
to image-finite posets; we will present the construction, and then comment a
bit on this restriction.

Definition 3.8 Let g : X — Y be a monotone map between posets. Then
consider:
Py(X)={C C X :C is finite, rooted and g-open}.
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Definition 3.9 Let g : X — Y be a monotone map between image-finite
posets. The g-discrete complex (PJ(X), <,) over X, is a sequence

(PO(X)vpl(X)v aPn(X)v )

connected by morphisms r; : Pi41(X) — P;(X) such that
(i) Po(X) =Y and P (X) = X
(ii) ro = g;
(iii) Fori> 1, Piy1(X) == P, (P(X));
(iv) For i > 1, ri41 =1y, : Piy1(X) — P;(X) is the root map.

We denote the image-finite part of the projective limit of this family (in Pos)
by PZ(X). When g is the terminal map to the one element poset we often omit
it.

The following propositions are the analogues of Propositions 3.6 and The-
orem 3.7.

Proposition 3.10 Let X be an image-finite poset, Y a poset, and assume that
f: X =Y is a monotone map. Then there is a unique p-morphism f : X —
Ps(Y), extending f. This is given as follows: the family f, : X — P,(Y),
given by

(i) fo=1;
(ii) fn+1(x) = fn[Tw])
consists of monotone maps, and f : X — Vg(Y) is given by

f(.T) = (f0($)7f1(‘r)a )

Theorem 3.11 The assignment Pg is an endofunctor on the category Pos of
posets and monotone maps; indeed it is the right adjoint to the inclusion of the
category ImFinPos, of Image-finite posets spaces and p-morphisms into Pos.

Remark 3.12 The reader may wonder why the restriction is done to the
image-finite case. For the purpose of the results of this section, the issue lies in
proving Proposition 3.10: without the restriction to image-finiteness, it is not
clear that the lifting f(z) will indeed be a p-morphism. But there are more
general considerations which make this a natural restriction: as discussed in [2,
Section 7], there are several category-theoretic facts which make such a category
much better behaved — for instance, it is monadic over the category of posets,
precisely through the above construction, and it corresponds to the profinite
completion of the category of finite posets with p-morphisms. By contrast, the
category Pos, does not immediately seem to enjoy such properties.

In light of this remark, the restriction to ImFinPos, will be assumed
throughout this paper, and the question of how to provide coalgebraic rep-
resentations for arbitrary posets is left open.
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4 Main Results

In this section we show that the category CoAlg(Vs(VT(—))) is equivalent
to the category DiG of descriptive O-frames with modal p-morphisms. In
particular, we will prove the following:

Theorem 4.1 Let (X, <) be an Esakia space. Then the following are in one-
to-one correspondence:

(i) O-frames over X;
(ii) Priestley morphisms f : X — V1(X);
(iii) Esakia morphisms f': X — Vg (VT(X)).

Proof. (i) is equivalent to (ii) by Lemma 2.13. For (iii) to (ii), if /' : X —
Ve (VT(X)) is an Esakia morphism, then certainly the map

f=fom

which projects everything to the first coordinate is a Priestley morphism. So
we focus on the implication from (ii) to (iii). Given the map f: X — VT(X),
by Proposition 3.6 there is a unique Esakia morphism f : X — Vg(VT(X))
extending it. It is moreover clear, by definition, that these two assignments are
each other’s inverses. a

We moreover have the following:

Theorem 4.2 The category DiG is equivalent to the category
CoAlg(Va(VT(-))).

Proof. Similarly to above, we show that if f : X — Y is a modal p-morphism,
then we can lift this to a coalgebra morphism making the right diagram com-
mute. Let ix : X — Vg(VT(X)) and iy : Y — Vg(VT(Y)) be the coalgebra
maps. It is clear, since Vg (VT(—)) map is a functor, that this lifts to a map,
which essentially depends on the map

VX)) = VI(Y).

Indeed, this amounts, for z € X, to have that f*(mo[ix (z)]) = f[R]x]] equal to
R[f(x)], since the liftings will commute with these maps; but it is clear that
such an equality means precisely that f is a modal p-morphism. a

Exactly the same arguments, using Proposition 2.9, and using the appro-
priate discrete versions of the results shown in Section 3, provide the following;:

Theorem 4.3 The category ImFinK of image-finite modal Kripke frames is
equivalent to the category CoAlg(Pg(Up(—))).

Remark 4.4 The above result can now explain the phenomenon we alluded
to in Section 2. The noted correspondence between O-frames and coalgebras
for VT, witnesses an equivalence between the category DiG™ of O-general
frames with Priestley morphisms satisfying the p-morphism conditions for R,
and the category of coalgebras for that functor. This provides a coalgebraic
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representation for positive modal logic over 0. But this should not suffice to
model the implication. One way to do so, is to introduce a construction which
freely adds the implications. This is exactly the role played by our functor
Ve(VT(-)).

5 Applications

In this section we provide a few applications of our characterizations, exploiting
and expanding the coalgebraic ideas exposed above.

5.1 Bisimulations of O-frames

As an illustration of the correctness of this coalgebraic representation, we show
that the notion of bisimulation one obtains corresponds to the ones we would
naturally want for O-frames and O-general frames. We show this for the functor
Pz(Up(—)), though similar results could easily be derived for Vi, since the
former is slightly simpler to handle.

Definition 5.1 Let ¥ = (X, <,R) and 9 = (Y, <', R’) be two O-frames. We
say that a relation ~C X x Y is a O-bisimulation if:

(i) Whenever z,y € X and xSy and x ~ 2’ where 2’ € Y, then there is some
y' € Y such that ySy’ and y ~ ¢/;

(ii) Whenever z/,y’ € Y and x € X and 2/Sy’ and = ~ 2’ then there is some
y € X such that y ~ 3.

Where S ranges over < and R.

The following theorem, proven in the Appendix, then follows by similar
techniques to those used above:

Theorem 5.2 Let (X, <,R) and (Y, <, R) be two image-finite modal intuition-
istic frames. Then the following are in one-to-one correspondence:

(i) O-bisimulations between X and Y';

(ii) Bisimulations for the endofunctor Pg(Up(—)).

Proof. Recall that a bisimulation in the category of image-finite posets with
p-morphisms, for the functor Po(Up(—)) amounts to a relation B C X x Y
endowed with a coalgebra structure making the following diagram commute:

X UBiS B v Y

| | |

Pc(Up(X)) +—— Pg(Up(B)) —— Pg(Up(Y))

Fig. 3. Bisimulations for the Pg

Now given the bisimulation B, first define a structure on X x Y by sending
(z,y) to R[z] x R[y]; then lift this to a map to Pg(Up(X xY)) using Proposition
3.10; the uniqueness ensures that the desired map commutes.
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Conversely, assume that we have B C X xY yielding a commuting diagram.
Then we claim that B is a O-bisimulation. Because the projetions are required
to be p-morphisms, the bisimulation satisfies the clauses for the <-relation, and
the fact that it does so for the R-relation amounts to projecting onto the first
coordinate. a

5.2 Constructing the Free Intuitionistic Modal algebra

The step-by-step construction of free algebras has long been employed in con-
structing modal algebras. This amounts to giving access to these algebras in a
way that exploits the simplicity of working with simpler algebras, like Boolean
algebras. In addition to that, these methods typically depend on the finitarity
of some underlying algebra, and it is not always clear how to extend them to the
infinite case (see [5] for some discussion of this). Algebraically, the mechanism
at play is the existence of a locally finite reduct over which one can “layer” a
non-locally finite operation. However, when in the face of two non-locally finite
operations — such as when having Heyting implications and modalities — the
situation can quickly become difficult. This is what we will be concerned with
in this section: the construction of free modal Heyting algebras.

Definition 5.3 Let X be an Esakia space. Define the following sequence:
(MO(X)v MI(X)7 ) Mn(X)a )
and a sequence of morphisms 7y : M(X) — My_1(X), for K > 0 and 7 :
My(X) — My(X) as follows:
(i) Mo(X) = X;
(i) Mp41(X) = X x Vg (VI(M,(X)));
(iil) mo = idnry;
(iv) Tnt1(x, C) = (z, m,[C]).
For each k, define the relation Ry, C (X x Vg (VT(M (X)) x My(X), given by

(z,C)Rpy <= y € m[C].

Let M (X) be the inverse limit (in the category of Priestley spaces) of these
spaces. Define a relation R, as follows: if z,y € My (X)

TR,y < Vk € w,z(k + 1)Rry(k).

First we note the following;:
Proposition 5.4 Given any Esakia space X, M (X) is a modal Esakia space.

Proof. The fact that the inverse limit is an Esakia space follows straightfor-
wardly from duality. Moreover, given any point € My (X) R,[z] = ({y :
x(k + 1)Rry(k)}, so to show this is point-closed it suffices to show that Ry
is point-closed. But this amounts to the fact that x(k + 1) = (z,C) where
C € Vg(VI(Mg(X))), and so y € Rilz(k + 1)] if and only if y € mo[C],
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Rylz(k + 1)] = mo[C], which is closed by construction. Similarly, if
U C Mo (X) is a clopen downset, then note that by construction, for some
n, 7, [U] € M, (X) is a clopen downset. Then consider

Or, o [mnlU]] = {2 € M1 (X) : Vy € My (zRnjay — y € m[U])}-

Since xR, 11y holds if y € mp[C], this amounts, after unfolding the definitions,
to
[ma[U]] = {C S VI (M,(X)) : C C ma U]},

which is clopen upset by construction. By the topology of inverse limits, this
implies that Og U is clopen upset as well. a

Now suppose that Y is a modal Esakia space, and assume that p: Y — X
is a monotone map. Then define the map p; : Y — VT(X) as follows:

this is well defined, since if z € R[y], and p(z) < w, then by the p-morphism
condition, there is some 2’ such that p(z’) = w, and z < 2’; then 2’ € R[y], as
well, so p[R[y]] is an upwards closed set, and closed as well. To see that this is
continuous, note that if U is a clopen upset, then

p U ={yeY pR]CU}={yeY Ry Cp '[U]}=0p '[U]

and since p~![U] is a clopen upset, the latter is clopen because Y is a modal
Esakia space. Using Proposition 3.6, we obtain a p-morphism p : ¥ —
Vi (VT(X)), and hence a map

p1:Y — X x Vg(VI(X))
y = (p(y), B(y))-

We thus define a sequence of p-morphisms p,, : ¥ — M, (X), which in turn
induces a unique map p : Y — My (X), which is likewise a p-morphism.
Then we can show the following:

Proposition 5.5 Given X an Esakia space and Y a modal Esakia space, and
p:Y — X a p-morphism, the unique lifting poo : ¥ — My (X) is a modal
Esakia morphism.

Proof. It suffices to show that if 2Ry, then pgi1(z)Ripr(y). To see this, in
turn it suffices to show that py(y) € mo[pr+1(x)], i-e., px(y) € Pr(x). But this
is given by definition, since pg(x) = pi[R[x]]. Hence we have the result. ]

Theorem 5.6 Given X a finite setS, consider P(X) as a poset with reverse
inclusion. Then Mo (P(X)) is the dual to the free modal Heyting algebra on
X many generators.

6 The restriction to finiteness is insubstantial; if one wishes to consider arbitrary sets, replace
P(X) by the Priestley space dual to the free distributive lattice generated by X generators.
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5.3 Coalgebraic Intuitionistic Logic

The results of the previous sections point to a possible avenue for coalgebraic
intuitionistic logic. To illustrate this we will provide here a coalgebraic se-
mantics for intuitionistic neighbourhood frames. This is done in the case of
image-finite posets, to maintain consistency with the available results in the
literature, and for simplicity.

Recall that the logic IPCq v is defined over the same language as IPC, but
omitting the two normality axioms. An intuitionistic neighbourhood frame is a
triple (X, <, N) of a poset together with a monotone map N : X — P(Up(X)),
where P(—) is ordered by inclusion (see e.g. [12] for a related approach, see
also [10]). The morphisms between such frames are functions f : X — X’
satisfying

d € N'(f(z)) <= f}(a) € N()

for all z € X and o/ C X’. We denote by ImFinN the category of image-finite
neighbourhood O-frames.
Consider the assignment:

P(Up(-)) : Pos — Pos,

which sends a poset P to the powerset (with inclusion) of its upset (with reverse
inclusion), and sends monotone maps to their direct image. Then this is in an
endofunctor on Pos. Just like before, we can consider the composite functor
P& (P(Up(=))). Then we have:

Theorem 5.7 There is an equivalence between CoAlg(Pg(P(—))) and the
category ImFinN.

The proof of this theorem follows by using exactly the same tools as before,
and would go through just as well if we replaced ImFinIN by the corresponding
category of neighbourhood O-general frames, and the functors by their appro-
priate Vietoris-style variations. In fact, it suggests a more general phenomenon
which we now point out:

Definition 5.8 Let F' : Pries — Pries be an endofunctor on the category of
Priestley spaces; we define F* : Esa — Esa: the intuitionistic lifting of F to
be the functor obtained by composition in the following diagram:

. F .
Pries —— Pries

i |

Esa — Esa
Fig. 4. Intuitionistic Lifting of functor F

Similarly, given an endofunctor F' : Pos — Pos on the category of posets
with monotone maps, we define F* : ImFinPos, — ImFinPos, the intu-
itionistic reflection of F' to be the functor obtained by composing the obvious
diagram.
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The results presented so far indicate a way to move from positive distribu-
tive logics to intuitionistic logics, using the mechanism of intuitionistic lifting.
Hence it opens an avenue into investigations of intuitionistic coalgebraic logic.
We leave a systematic study of the properties of intuitionistic lifting of functors,
in a coalgebraic setting, for further work.

6 Conclusions and Future Work

In this paper we established a coalgebraic representation for descriptive intu-
itionistic modal frames, and for image-finite modal Kripke frames. Using this
we provided a construction of the free modal Heyting algebra generated by
an Esakia space, which has as a special case the free modal Heyting algebra
generated by a set of generators. The work presented leaves several questions
open, of a technical and conceptual nature.

Of a more technical nature, there are several facts to be clarified about P,
and V,; which would be of interest; for instance, it is not clear, assuming that X
is an Esakia space, that V;(X) remains an Esakia space. Such technical facts
would be relevant for the study of normal forms in intuitionistic modal logic.

In terms of the scope of the approach, there are naturally several possible
lines of development. Like intuitionistic logic, S4 modal logic is axiomatised by
axioms of rank greater than 1, which has so far kept it from being represented
coalgebraically; we expect that similar techniques to the ones exposed here
should account for these and similar cases.

Finally, related to our final remarks, the question of how to develop coal-
gebraic intuitionistic logic remains open, though the approach exposed here
shows one recipe: first develop positive distributive logic, and then lift it to an
intuitionistic setting. We leave a full study of this situation for future research.
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