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Abstract

In this paper, we study three representations of lattices by means of a set with a binary
relation of compatibility in the tradition of Ploščica. The standard representations of
complete ortholattices and complete perfect Heyting algebras drop out as special cases
of the first representation, while the second covers arbitrary complete lattices, as well
as complete lattices equipped with a negation we call a protocomplementation. The
third topological representation is a variant of that of Craig, Haviar, and Priestley. We
then extend each of the three representations to lattices with a multiplicative unary
modality; the representing structures, like so-called graph-based frames, add a second
relation of accessibility interacting with compatibility. The three representations
generalize possibility semantics for classical modal logics to non-classical modal logics,
motivated by a recent application of modal orthologic to natural language semantics.
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1 Introduction

Semantics for non-classical and modal logics may be seen as arising from more
basic algebraic representation theorems. For example, traditional semantics for
intuitionistic logic, orthologic, and classical modal logic may be understood in
terms of the following well-known representations:

• Any Heyting algebra H embeds into the lattice of downsets of a poset, and
the embedding is an isomorphism if H is complete and its completely join-
irreducible elements are join-dense (see, e.g., [22], [17, Prop. 1.1]).

• Any ortholattice L embeds into the lattice of ⊥-closed sets of an orthoframe
(X,⊥) equipped with an orthocomplementation ¬ induced by the relation ⊥,
and the embedding is an isomorphism if L is complete (see [29] for the or-
thoframe description and [6, §§ 32-4], [19] for other descriptions).

• Any Boolean algebra B equipped with a multiplicative unary operation 2

embeds into the powerset of a set W equipped with an operation 2R induced
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by a binary relation R on W , and the embedding is an isomorphism if B is
complete and atomic and 2 completely multiplicative (see [46,38,47]).

In each case, adding topology to the relevant relational structures allows one to
characterize topologically the image of the relevant embedding [22,30,5,27,44].

Here we study representations that subsume and go beyond all of those
mentioned above. In § 2, we explain how to go from a set together with a
binary relation of “compatibility” to a complete lattice. In § 3, we study three
ways of going back: one economical representation of certain complete lattices,
including but not limited to Heyting and ortholattice cases; one less economical
but fully general representation of complete lattices, including complete lattices
equipped with a type of negation that we call a protocomplementation; and one
representation of arbitrary lattices. In § 4, we extend the three representations
to lattices with a multiplicative unary modality 2, by adding a second relation
of accessibility interacting with compatibility. We conclude in § 5.

After writing this paper, I discovered Ploščica’s [43] representation of
bounded lattices using certain compatibility frames 1 as in Definition 2.1 with
a topology, as well as Craig et al.’s [16] modification of Ploŝĉica’s approach. In
§ 3.3, we briefly cover a variant of this representation with a different topology.
A referee also informed me that the addition of modal accessibility interact-
ing with compatibility (Definition 4.2) appears in the graph-based frames of
Conradie et al. [10]. We will return to this connection in § 4.

A Jupyter notebook with code to verify examples and investigate conjec-
tures and questions is available at github.com/wesholliday/compat-frames.

2 From compatibility frames to lattices

2.1 Basic concepts

Our starting point is a certain way of going from a set with a binary relation
to a complete lattice. For a comparison with other ways of realizing complete
lattices using doubly ordered structures and polarities, see [34].

Definition 2.1 A relational frame is a pair F = (X,◁) whereX is a nonempty
set and ◁ is a binary relation on X. A compatibility frame is a relational frame
in which ◁ is reflexive.

We read x ◁ y as “x is compatible with y,” also written y ▷ x. 2

Convention 2.2 In diagrams, such as Fig. 1, an arrow with a triangle arrow-
head from y to x indicates y ▷ x. Thus, we draw the directed graph (X,▷) to
represent the compatibility frame (X,◁). Reflexive loops are not shown.

Recall that a unary operation on a lattice is a closure operator if c is infla-
tionary (x ≤ c(x)), idempotent (c(c(x)) = c(x)), and monotone (x ≤ y implies
c(x) ≤ c(y)). We will use the compatibility relation ◁ to define a closure op-

1 Also see [15] for TiRS graphs, which are compatibility frames with extra properties, which
we do not require here (as is crucial for a number of our results and for Conjecture 3.13).
2 In [34], we wrote x ≬ y and y ≬−1 x instead of x ◁ y and y ▷ x, respectively.

https://github.com/wesholliday/compat-frames
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erator on ℘(X), whose fixpoints give us a complete lattice as in the following
classic result (see, e.g., [8, Thm. 5.2]).

Proposition 2.3 Let X be a nonempty set and c a closure operator on ℘(X).
Then the fixpoints of c, i.e., those A ⊆ X with c(A) = A, ordered by ⊆ form a
complete lattice with ∧

i∈I

Ai =
⋂
i∈I

Ai and
∨
i∈I

Ai = c(
⋃
i∈I

Ai).

Definition 2.4 Given a relational frame (X,◁), define c◁ : ℘(X) → ℘(X) by

c◁(A) = {x ∈ X | ∀x′ ◁ x ∃x′′ ▷ x′ : x′′ ∈ A}.

Thus, x is in c◁(A) iff every state compatible with x is compatible with some
state in A. Given a compatibility frame, we are interested in the c◁-fixpoints,
i.e., those A ⊆ X such that c◁(A) = A. Looking at a diagram of a compatibility
frame, one can check that c◁(A) = A by checking that the following holds:

• from any x ∈ X \A, you can step forward along an arrow to a state x′ that
cannot step backward along an arrow into A.

Informally, “from x you can see a state that cannot be seen from A.”

Example 2.5 Consider the cycle on three elements on the left of Fig. 1, re-
garded as a compatibility frame according to Convention 2.2: {y} is a c◁-
fixpoint because z and x can both see x, which cannot be seen from {y}. Yet
{y, z} is not a c◁-fixpoint, because x cannot see a state that cannot be seen
from {y, z}, since both x and y can be seen from {y, z}.

We get the reverse verdicts on {y} and {y, z} in the acyclic (ignoring loops)
but non-transitive frame on the right of Fig. 1: {y} is not a c◁-fixpoint, because
now z cannot see a state that cannot be seen from {y}; but {y, z} is a c◁-
fixpoint, because x can see a state, namely x, that cannot be seen from {y, z}.

x

y

z x

y

z

Fig. 1. Two compatibility frames drawn according to Convention 2.2 with their
c◁-fixpoints (except X and ∅) outlined, followed by their associated lattices.

Proposition 2.6 For any relational frame, c◁ is a closure operator on ℘(X).

Proof. That Y ⊆ c◁(Y ) and that Y ⊆ Z implies c◁(Y ) ⊆ c◁(Z) are obvious.
To see c◁(c◁(Y )) ⊆ c◁(Y ), suppose x ∈ c◁(c◁(Y )) and x′ ◁ x. Hence there
is an x′′ ▷ x′ with x′′ ∈ c◁(Y ). This implies there is an x′′′ ▷ x′ with x′′′ ∈ Y .
Thus, for any x′ ◁ x there is an x′′′ ▷ x′ with x′′′ ∈ Y . Therefore, x ∈ c◁(Y ).2

Given Propositions 2.3 and 2.6, we have the following immediate corollary.
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Corollary 2.7 For any relational frame (X,◁), the c◁-fixpoints ordered by ⊆
form a complete lattice L(X,◁) with meet and join as in Proposition 2.3.

Example 2.8 We see in Fig. 1 that the M3 lattice (ignoring the dashed arrows
for now) arises from the cycle on three elements, while the N5 lattice arises
from the acyclic but non-transitive frame on three elements.

We can relate Corollary 2.7 to possible world semantics for classical and
intuitionistic logic as follows. Let =W be the identity relation on the set W .

Proposition 2.9

(i) Given any set W , the pair (W,=W ) is a compatibility frame, and
L(W,=W ) is the Boolean algebra of all subsets of W .

(ii) Given any preorder ≤ on a set P , the pair (P,≤) is a compatibility frame,
and L(P,≤) is the Heyting algebra of all downsets of (P,≤).

Part (ii) appears in [13, Prop. 4.1.1] but we include a proof for convenience.

Proof. Part (i) is obvious. For (ii), let A be a downset and x ∈ P \A. Setting
x′ = x, we have x′ ◁ x, and for all x′′ ▷ x′, i.e., all x′′ ≥ x′, x′′ ̸∈ A, since A
is a downset. Thus, c◁(A) = A. Conversely, suppose c◁(A) = A, x ∈ A, and
y ≤ x. Let y′ ◁ y, so y′ ≤ y and hence y′ ≤ x. Then setting y′′ = x, we have
y′ ◁ y′′ ∈ A. Since c◁(A) = A, it follows that y ∈ A. Thus, A is a downset. 2

Example 2.10 To illustrate part (ii), if we add to the non-transitive frame in
Fig. 1 the arrow from x to z required by transitivity, then instead of realizing
N5, we realize the four-element chain in Fig. 2, which is a Heyting algebra.

x

y

z

Fig. 2. A compatibility frame realizing a Heyting algebra.

Some appealing aspects of working with downsets of a preorder also apply
to our fixpoints; let ∂ , ⊕, ⊕, ∪̇, and × be the dual, linear sum, vertical sum,
disjoint union, and product operations [18, § 1.31, § 1.24, Ex. 1.18, Prop. 1.32].

Proposition 2.11 For any relational frames F and G, (i) L(F∂) ∼= L(F)∂ ;
(ii) L(F ⊕ G) ∼= L(F)⊕L(G); and (iii) L(F ∪̇G) ∼= L(F)× L(G).

Proof. Let F = (X,◁), so F∂ = (X,▷). For an isomorphism φ from L(F∂)
to L(F)∂ , let φ(A) = {x ∈ X | ∀y ◁ x y ̸∈ A}. From L(F)⊕L(G) to L(F ⊕G),
φ(A) = A if A ∈ L(F), and φ(A) = A∪X if A ∈ L(G). Part (iii) is also easy.2

We can also relate our approach to that of realizing complete Boolean alge-
bras as in forcing [45] or possibility semantics [33] for classical logic as follows.
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Proposition 2.12 Given a preordered set (P,≤), define ◁ on P by: x ◁ y if
∃z ∈ P : z ≤ x and z ≤ y. Then (P,◁) is a compatibility frame, and L(P,◁)
is the Boolean algebra RO(P,≤) of all regular open downsets of (P,≤).

Proof. Observe that any c◁-fixpoint is a ≤-downset, and for any ≤-downset A,
(i) ∀x′ ≤ x∃x′′ ≤ x′ : x′′ ∈ A and (ii) ∀x′ ◁ x∃x′′ ▷ x′ : x′′ ∈ A are equivalent.
It follows that A is a regular open downset iff A is a c◁-fixpoint. 2

Now (X,◁) gives us not only L(X,◁) but also an operation ¬◁ on L(X,◁).

Proposition 2.13 For any relational frame (X,◁) and A ⊆ X, the set ¬◁A =
{x ∈ X | ∀y ◁ x y ̸∈ A} is a c◁-fixpoint.

Proof. If x ∈ X \ ¬◁A, then ∃x′ ◁ x with x′ ∈ A, so ∀x′′ ▷ x′, x′′ ̸∈ ¬◁A. 2

To characterize the ¬◁ operation, let us recall some terminology.

Definition 2.14 Let L be a bounded lattice and a ∈ L. An x ∈ L is a
semicomplement of a if a∧x = 0, a complement of a if a∧x = 0 and a∨x = 1,
and a pseudocomplement of a if x is the maximum in L of {y ∈ X | a∧ y = 0}.

A unary operation ¬ on L is a semicomplementation (resp. complemen-
tation, pseudocomplementation) if for all a ∈ L, ¬a is a semicomplement
(resp. complement, pseudocomplement) of a. It is antitone if for all a, b ∈ L,
a ≤ b implies ¬b ≤ ¬a, involutive if ¬¬a = a for all a ∈ L, and anti-inflationary
if a ̸≤ ¬a for all nonzero a ∈ L. An ortholattice is a bounded lattice equipped
with an involutive antitone complementation, called an orthocomplementation.
A p-algebra is a bounded lattice equipped with a pseudocomplementation.

Finally, for a non-standard piece of terminology, we say ¬ is a protocomple-
mentation if ¬ is an antitone semicomplementation such that ¬0 = 1.

An antitone ¬ is anti-inflationary iff it is a semicomplementation. Also
recall that the operation in a Heyting algebra H defined by ¬a = a → 0 is a
pseudocomplementation, so H may also be regarded as a p-algebra; and the
complementation in a Boolean algebra B is an orthocomplementation, so B is
an ortholattice. As for the operation ¬◁, the following is easy to check.

Proposition 2.15 For any compatibility (resp. relational) frame (X,◁), ¬◁

is a protocomplementation (resp. antitone and such that ¬0 = 1) on L(X,◁).

In our diagrams of lattices arising from compatibility frames, the dashed arrows
represent the operation ¬◁. We omit arrows representing ¬0 = 1 and ¬1 = 0.

2.2 Frames for ortholattices

If we assume that ◁ is symmetric, then we get a standard representation (as
in [29] via “proximity frames”) of ortholattices. The proof is straightforward.

Proposition 2.16 For any compatibility frame (X,◁), if ◁ is symmetric, then
¬◁ is an orthocomplementation on L(X,◁).

Example 2.17 Fig. 3 shows two symmetric compatibility frames and their
associated ortholattices, MO2 or M4 (left) and the Benzene ring O6 (right).
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Fig. 3. Compatibility frames realizing ortholattices.

2.3 Frames for Heyting and Boolean algebras

We conclude this section with sufficient conditions on ◁ for realizing Heyting
and Boolean algebras, weaker than those in Proposition 2.9 (where ◁ was a
preorder or the identity relation). First, we define some auxiliary notions.

Definition 2.18 Given a compatibility frame (X,◁) and x, y ∈ X:

(i) x pre-refines y, written x ⊑pr y, if for all z ∈ X, z ◁ x implies z ◁ y;

(ii) x post-refines y, written x ⊑po y, if for all z ∈ X, x ◁ z implies y ◁ z;

(iii) x refines y, written x ⊑ y, if x pre-refines and post-refines y;

(iv) x is compossible with y if there is a w ∈ X that refines x and pre-refines y.

Note that if ◁ is symmetric, then pre-refinement and post-refinement are equiv-
alent, and x is compossible with y just in case they have a common refinement.

Lemma 2.19 For any compatibility frame (X,◁), ⊑pr and ⊑po are preorders
on X. Moreover, each c◁-fixpoint is a ⊑pr-downset.

Proof. The preorder part is obvious. Next suppose A is a c◁-fixpoint, x ∈ A,
and y ⊑pr x. Toward showing that y ∈ A, consider any y′ ◁ y. Then since
y ⊑pr x, we have y′ ◁ x, so taking y′′ = x, we have shown that for every y′ ◁ y
there is a y′′ ▷ y′ with y′′ ∈ A. Since A is a c◁-fixpoint, it follows that y ∈ A.2

Definition 2.20 A compossible compatibility frame is a compatibility frame
(X,◁) in which for any x, y ∈ X, if x ◁ y, then x is compossible with y.

Theorem 2.21

(i) If (X,◁) is a compossible compatibility frame, then L(X,◁) is a Heyting
algebra with → defined by A → B = {x ∈ X | ∀y ⊑pr x (y ∈ A ⇒ y ∈ B)},
and ¬◁ is the Heyting pseudocomplementation.

(ii) If (X,◁) is a compossible symmetric compatibility frame, then L(X,◁) is
the Boolean algebra RO(X,⊑), and ¬◁ is the Boolean complementation.

Proof. For part (i), recall that a nucleus on a Heyting algebra H is a closure
operator that is also multiplicative, i.e., for all x, y ∈ H, we have c(x)∧ c(y) ≤
c(x∧y). This follows from c being a closure operator such that for all a, b ∈ H,
a∧c(b) ≤ c(a∧b). For then setting a = c(x) and b = y, c(x)∧c(y) ≤ c(c(x)∧y) =
c(y∧c(x)). Then setting a = y and b = x, we have y∧c(x) ≤ c(y∧x), in which
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case monotonicity and idempotence yield c(y∧ c(x)) ≤ c(c(y∧x)) = c(y∧x) =
c(x∧y). Thus, combining the two long strings of equations, c(x)∧c(y) ≤ c(x∧y).

Now it is well known that the fixpoints of a nucleus j on a (complete)
Heyting algebra H form a (complete) Heyting algebra Hj under the restricted
lattice order (see, e.g., [21, p. 71]), where for a, b ∈ Hj , a →Hj

b = a →H b.
Let H be the Heyting algebra of all ⊑pr-downsets. By the results above, to

prove the first part of (i), it suffices to show that c◁ restricted to H is a nucleus,
for which it suffices to show that for all A,B ∈ H, A ∩ c◁(B) ⊆ c◁(A ∩ B).
Suppose x ∈ A∩c◁(B) but x ̸∈ c◁(A∩B). Since x ̸∈ c◁(A∩B), there is a y ◁ x
such that (⋆) for all y′ ▷ y, we have y′ ̸∈ A∩B. Since y ◁ x, by compossibility
there is a z that refines y and pre-refines x. Since z pre-refines x, z ◁ x. Then
since x ∈ c◁(B), there is a z′ ▷ z with z′ ∈ B. Since z ◁ z′, there is a w that
refines z and pre-refines z′. Since w pre-refines z′, from z′ ∈ B we have w ∈ B
by Lemma 2.19. Since w pre-refines z and z pre-refines x, w pre-refines x, so
x ∈ A implies w ∈ A. Thus, w ∈ A ∩ B. Moreover, since w post-refines z and
z post-refines y, w post-refines y. Hence y ◁ w. But then by (⋆), w ̸∈ A ∩ B.
This is a contradiction. Finally, for the claim about ¬◁, observe that for any
⊑pr-downset A, we have A → ∅ = {x ∈ X | ∀y ⊑pr x y ̸∈ A} = ¬◁A; for
the second equality, the right-to-left inclusion uses that y ⊑pr x implies y ◁ x,
while the left-to-right inclusion uses the assumption of compossibility.

For part (ii), to see that L(X,◁) is isomorphic toRO(X,⊑), by Proposition
2.12 it suffices to show that for all x, y ∈ X, we have x ◁ y iff there is a z ∈ X
such that z ⊑ x and z ⊑ y. From left to right, if x ◁ y, then since (X,◁) is a
compossible compatibility frame, there is a z that refines x and pre-refines y,
which implies that z refines y by the symmetry of ◁. From right to left, z ⊑ x
implies x ◁ z, which with z ⊑ y implies x ◁ y. Finally, for the claim about
¬◁, recall that ¬A in RO(X,⊑) is {x ∈ X | ∀y ⊑ x y ̸∈ A}, which is equal to
¬◁A by reasoning analogous to that at the end of the previous paragraph. 2

3 From lattices to compatibility frames

3.1 Representation of special complete lattices via join-dense sets

In this section, we give an economical representation of certain complete lattices
L using compatibility frames based on a join-dense set V of nonzero elements
of L, so the frame representing L is smaller than L. In all our figures, the frame
can be seen as obtained from the lattice via this representation.

Let CJI(L) be the set of completely join-irreducible elements of L. Recall
that a complete Heyting algebra is perfect if CJI(L) is join-dense in L. The
standard representations of complete perfect Heyting algebras and complete
ortholattices drop out of the representation in this section as special cases.

3.1.1 Suitable compatibility relations

Before giving the crucial definition of the compatibility relation used in our
representation (Definition 3.5(i) below), it is instructive to distill conditions on
a compatibility relation sufficient for a successful representation.

Definition 3.1 Let L be a lattice and V a set of elements of L. A binary
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relation ◁ on V is suitable for L if ◁ is reflexive and:

(i) for a ∈ V and b ∈ L, if a ̸≤ b, then ∃a′ ◁ a ∀a′′ ▷ a′ a′′ ̸≤ b;

(ii) if a ∈ V, B is a c◁-fixpoint of (V,◁) with a join b in L, and a ≤ b,
then a ∈ B.

We call (i) and (ii) the first and second suitability conditions, respectively.

Proposition 3.2 Let L be a lattice, V a join-dense set of elements of L, and
◁ a reflexive relation on V. For b ∈ L, define φ(b) = {x ∈ V | x ≤ b}.
(i) If ◁ satisfies the first suitability condition, then φ embeds L into L(V,◁).

(ii) If L is complete and ◁ suitable, φ is an isomorphism from L to L(V,◁).

Proof. For part (i), clearly φ is order-preserving: if a ≤ b, then φ(a) ⊆ φ(b).
Moreover, φ is order-reflecting: since V is join-dense in L, we have a =

∨
A

for some A ⊆ V, so a ̸≤ b implies that for some a0 ∈ A, we have a0 ̸≤ b, so
a0 ∈ φ(a) but a0 ̸∈ φ(b), and hence φ(a) ̸⊆ φ(b).

Next we claim φ(b) is a c◁-fixpoint. Suppose for a ∈ V that a ̸∈ φ(b), so
a ̸≤ b. Then by the first suitability condition, there is an a′ ◁ a such that for
all a′′ ▷ a′, a′′ ̸≤ b and hence a′′ ̸∈ φ(b). Thus, φ(b) is a c◁-fixpoint.

For (ii), φ is surjective. Let B be a c◁-fixpoint and b =
∨

B. We claim
B = φ(b). For B ⊆ φ(b), if b0 ∈ B, then b0 ≤ b, so b0 ∈ φ(b). For B ⊇ φ(b),
suppose a ∈ φ(B), so a ≤ b. Then by the second suitability condition, a ∈ B.2

Our strategy for defining suitable compatibility relations on a join-dense
set V of elements of L will be to assume that L comes equipped with an anti-
inflationary operation ¬, e.g., as in the case of an ortholattice with orthcomple-
mentation ¬ or a p-algebra or Heyting algebra with pseudocomplementation
¬ or a lattice to which we have added an anti-inflationary operation ¬ as in
Fig. 1. We will then use ¬ to define a compatibility relation ◁¬

V on V.

3.1.2 The first suitability condition

In the case of an ortholattice, our defined compatibility relation will be equiva-
lent to x ◁ y if y ̸≤ ¬x (Lemma 3.7(i)). To see why this compatibility relation
satisfies the first suitability condition, the following concept is useful.

Definition 3.3 Let L be a lattice equipped with a unary operation ¬ and V
a set of elements of L. Given a, b ∈ L, we say that a escapes b in V with ¬ if
there is some c ∈ V such that a ̸≤ ¬c but b ≤ ¬c.
Lemma 3.4 Let L be an ortholattice, V a join-dense set of elements of L, and
a, b ∈ L. If a ̸≤ b, then a escapes b in V with the orthocomplementation ¬.
Proof. Suppose a ̸≤ b, so ¬b ̸≤ ¬a. Since V is join-dense, we have ¬b =

∨
C

for some C ⊆ V. Then ¬b ̸≤ ¬a implies c ̸≤ ¬a for some c ∈ C. From c ̸≤ ¬a
we have a ̸≤ ¬c, and from c ∈ C we have c ≤ ¬b and hence b ≤ ¬c. 2

Using Lemma 3.4, it is easy to see that the relation ◁ on ortholattices defined
by x ◁ y if y ̸≤ ¬x satisfies the first suitability condition.

However, in lattices with ¬ that are not ortholattices, we can have a ̸≤ b
while a cannot escape b, as shown with two examples in Fig. 4.



Holliday 515

a

b

a

b

Fig. 4. Lattices with ¬ (dashed arrows) in which a ̸≤ b but a cannot escape b.

In order to deal with lattices in which a ̸≤ b does not imply that a can
escape b, we introduce the key definition of this section.

Definition 3.5 Let L be a lattice, ¬ an anti-inflationary operation on L, and
V a set of nonzero elements of L.

(i) Define ◁¬
V on V by: x ◁¬

V y if both y ̸≤ ¬x and for all z ∈ L, if y ≤ z but
x ̸≤ z, then x escapes z in V with ¬.

(ii) Given a ∈ V and b ∈ L, we say that a compatibly escapes b in V with ¬ if
there is some c ∈ V such that c ◁¬

V a and b ≤ ¬c.
(iii) L has compatible escape with ¬ in V if for all a ∈ V and b ∈ L, if a escapes

b in V with ¬, then a compatibly escapes b in V with ¬.

The following is easy to check.

Lemma 3.6 Under the assumptions of Definition 3.5, (i) ◁¬
V is reflexive,

(ii) x ≤ y implies x ◁¬
V y, and (iii) x ◁¬

V y ≤ y′ implies x ◁¬
V y′.

It will turn out (Proposition 3.8) that L having compatible escape ensures
that◁¬

V satisfies the first suitability condition. First, we show that ortholattices
and Heyting algebras are alike in having compatible escape, and ◁¬

V reduces
to familiar relations in ortholattices and complete perfect Heyting algebras.

Proposition 3.7 Let L be a lattice and V a join-dense set of nonzero elements.

(i) If L is an ortholattice, then x ◁¬
V y iff y ̸≤ ¬x for x, y ∈ V; hence L has

compatible escape in V with ¬.
(ii) If L is a p-algebra, then L has compatible escape in V with ¬.
(iii) If L is a complete Heyting algebra and V = CJI(L), then x ◁¬

V y iff x ≤ y
for x, y ∈ V.

Proof. For part (i), by definition, x ◁¬
V y implies y ̸≤ ¬x. Conversely, suppose

y ̸≤ ¬x. To show x ◁¬
V y, suppose y ≤ z but x ̸≤ z. From x ̸≤ z, it follows by

Lemma 3.4 that x escapes z in V with ¬. This shows x ◁¬
V y.

For (ii), suppose a escapes b in V, so for some c ∈ V, a ̸≤ ¬c but b ≤ ¬c.
Since a ̸≤ ¬c and ¬ is pseudocomplementation, we have a∧c ̸= 0. From b ≤ ¬c,
we have b ≤ ¬(a ∧ c). Since V is join-dense in L, there is a d ∈ V such that
d ≤ a∧c, so ¬(a∧c) ≤ ¬d. Then since b ≤ ¬(a∧c), we have b ≤ ¬d. Moreover,
by Lemma 3.6(ii), d ≤ a implies d ◁¬

V a. Hence we have found a d ◁¬
V a such

that b ≤ ¬d. Thus, a compatibly escapes b in V with ¬.
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For (iii), given Lemma 3.6(ii), we need only show that x ◁¬
V y implies

x ≤ y. Suppose x ◁¬
V y but x ̸≤ y. Let w =

∨
{z ∈ L | y ≤ z, x ̸≤ z}. Since

x ∈ CJI(L) and L is a complete Heyting algebra, x is completely join-prime,
which implies x ̸≤ w. Then since x ◁¬

V y and y ≤ w, x escapes w, so for some
v ∈ V, x ̸≤ ¬v but w ≤ ¬v and thus y ≤ ¬v. Hence x ̸≤ v, for otherwise
¬v ≤ ¬x and so y ≤ ¬x, contradicting x ◁¬

V y. From x ̸≤ w and x ̸≤ v, we
have x ̸≤ w ∨ v, while y ≤ w ∨ v. Since w ≤ ¬v, we also have w < w ∨ v. But
together y ≤ w ∨ v, x ̸≤ w ∨ v, and w < w ∨ v contradict the definition of w.2

Crucially, there are other lattices with compatible escape besides ortholat-
tices and p-algebras, as in N5 equipped with the ¬ operation in Fig. 4 (left).

Proposition 3.8 Let L be a lattice, ¬ an anti-inflationary operation on L,
and V a set of nonzero elements of L. If L has compatible escape in V with ¬,
then ◁¬

V satisfies the first suitability condition.

Proof. For a ∈ V and b ∈ L, suppose a ̸≤ b.
Case 1: a escapes b. Then since L has compatible escape in V with ¬, a

compatibly escapes b using some c ∈ V, so c ◁¬
V a and b ≤ ¬c. Let a′ = c, so

a′ ◁¬
V a. Suppose a′′ ▷¬

V a′, so a′′ ̸≤ ¬c. Then since b ≤ ¬c, we have a′′ ̸≤ b.
Case 2: a does not escape b. Then let a′ = a, so a′ ◁¬

V a. Suppose
a′′ ▷¬

V a′. If a′′ ≤ b, then since a ̸≤ b, from a ◁¬
V a′′ it follows that a escapes

b, contradicting the assumption of the case. Hence a′′ ̸≤ b. 2

Corollary 3.9 Let L be a lattice and V a join-dense set of nonzero elements.

(i) If L is an ortholattice, then ◁¬
V satisfies the first suitability condition.

(ii) If L is a p-algebra, then ◁¬
V satisfies the first suitability condition.

3.1.3 The second suitability condition

We can treat the second suitability condition more quickly.

Proposition 3.10 (i) If L is a complete ortholattice and V a join-dense set
of nonzero elements of L, then ◁¬

V satisfies the second suitability condition.

(ii) If L is a complete Heyting algebra and V = CJI(L) is join-dense in L,
then ◁¬

V satisfies the second suitability condition.

Proof. Suppose L is an ortholattice, a ∈ V, B is a c◁¬
V
-fixpoint, and a ≤ b =∨

B. Suppose a′ ◁¬
V a, so a ̸≤ ¬a′ and hence b ̸≤ ¬a′. Then for some b0 ∈ B,

we have b0 ̸≤ ¬a′. Now let a′′ = b0, so a′′ ∈ B. Since a′′ ̸≤ ¬a′, by Proposition
3.7(i) we have a′ ◁¬

V a′′. Given that B is a c◁¬
V
-fixpoint, this shows a ∈ B.

Suppose L is a complete Heyting algebra, a ∈ V, B is a c◁¬
V
-fixpoint, and

a ≤
∨
B. Since L is a complete Heyting algebra and V = CJI(L), a ∈ V

implies that a is completely join-prime. Hence a ≤ b0 for some b0 ∈ B. Now
consider any a′ ◁¬

V a. Let a′′ = b0, so a′′ ∈ B. Since a′ ◁¬
V a ≤ a′′, by Lemma

3.6(iii) we have a′ ◁¬
V a′′. Given that B is a c◁¬

V
-fixpoint, this shows a ∈ B.2

3.1.4 Representation theorem

Combining Propositions 3.2-3.10, we have the following representation theorem.
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Theorem 3.11 Let L be a complete lattice and V a join-dense set of nonzero
elements of L.

(i) If L is an ortholattice, then L is isomorphic to L(V,◁¬
V).

3

(ii) If L is a Heyting algebra and V = CJI(L), L is isomorphic to L(V,◁¬
V).

(iii) If ¬ is an anti-inflationary operation on L such that L has compatible
escape in V with ¬, and ◁¬

V satisfies the second suitability condition, then
L is isomorphic to L(V,◁¬

V).

Part (iii) applies to many non-ortholattice and non-Heyting examples, as
in Fig. 1, but its precise scope is an open question.

Question 3.12 For which complete lattices L is there a set V of nonzero ele-
ments and an anti-inflationary ¬ on L such that L is isomorphic to L(V,◁¬

V)?

The Jupyter notebook cited in § 1 verifies that every lattice L up to size 8 is such
an L. It also verifies the following for every lattice up to size 16 (cf. Footnote 4).

Conjecture 3.13 For any nondegenerate finite lattice L, there is a compati-
bility frame (X,◁) with |X| < |L| such that L is isomorphic to L(X,◁).

Finally, Appendix A.1 modifies (iii) to represent not only L but also (L,¬).

3.2 Representation of arbitrary complete lattices

In this section, we turn to the representation of arbitrary complete lattices.
Instead of representing a lattice L using special elements of L as in § 3.1, here
we use a potentially less economical representation in terms of pairs of elements,
as in the birelational representations of complete lattices in [2,3,34,41].

Definition 3.14 Let L be a lattice and P a set of pairs of elements of L.
Define a binary relation ◁ on P by (a, b) ◁ (c, d) if c ̸≤ b. Then we say P is
separating if for all a, b ∈ L:

(i) if a ̸≤ b, then there is a (c, d) ∈ P with c ≤ a and c ̸≤ b;

(ii) for all (c, d) ∈ P , if c ̸≤ b, then there is a (c′, d′) ◁ (c, d) such that for all
(c′′, d′′) ▷ (c′, d′), we have c′′ ̸≤ b.

Proposition 3.15 Let L be a lattice and P a separating set of pairs of elements
of L. For a ∈ L, define φ(a) = {(x, y) ∈ P | x ≤ a}. Then:

(i) φ is an embedding of L into L(P,◁);

(ii) if L is complete, then φ is an isomorphism from L to L(P,◁).

Proof. For part (i), clearly φ is order-preserving: a ≤ b implies φ(a) ⊆ φ(b).
Condition (i) of Definition 3.14 ensures that φ is order-reflecting. Condition
(ii) ensures that φ(b) is a c◁-fixpoint for each b ∈ L.

For part (ii), we claim φ is surjective. Given a c◁-fixpoint A, define a =∨
{ai | ∃bi : (ai, bi) ∈ A}. We claim A = φ(a). For A ⊆ φ(a), suppose

(ai, bi) ∈ A. Then by definition of a, ai ≤ a, so (ai, bi) ∈ φ(a). For A ⊇ φ(a),

3 The orthocomplementation of L is represented as ¬◁¬
V

by Propositions A.1 and A.2.
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suppose (c, d) ∈ φ(a), so c ≤ a. Since A is a c◁-fixpoint, to show (c, d) ∈ A,
it suffices to show that for every (c,′ d′) ◁ (c, d) there is a (c′′, d′′) ▷ (c′, d′)
with (c′′, d′′) ∈ A. Suppose (c,′ d′) ◁ (c, d), so c ̸≤ d′, which with c ≤ a implies
a ̸≤ d′. Then for some (ai, bi) ∈ A, we have ai ̸≤ d′. Setting (c′′, d′′) = (ai, bi),
from ai ̸≤ d′ we have (c′, d′) ◁ (c′′, d′′), and (c′′, d′′) ∈ A, so we are done. 2

Every lattice has a separating set of pairs, and for ortholattices and Heyting
algebras we can cut down the sets of pairs, as in Proposition 3.16. Compare
part (i) to the representation of a complete lattice by join-dense and meet-dense
sets in [39,40] or in the fundamental theorem of concept lattices [18, Thm. 3.9].

Proposition 3.16 Let L be a lattice, V a join-dense set of elements of L, and
Λ a meet-dense set of elements of L. Then:

(i) if P1 is a subset of P0 = {(a, b) | a ∈ V, b ∈ Λ, a ̸≤ b} such that for each
a ∈ V there is a b ∈ Λ with (a, b) ∈ P1, and for each b ∈ Λ there is an
a ∈ V with (a, b) ∈ P1, then P1 is separating; 4

(ii) if L is an ortholattice, then P2 = {(a,¬a) | a ∈ V, a ̸= 0} is separating;

(iii) if L is Heyting, then P3 = {(a, a → b) | a ∈ V, b ∈ Λ, a ̸≤ b} is separating.

Proof. In each case, that condition (i) of Definition 3.14 is satisfied is obvious,
so we focus on condition (ii).

For P1, suppose (c, d) ∈ P1 and c ̸≤ b. Then where b =
∧
{bi ∈ Λ | i ∈ I},

there is some bi ∈ Λ such that c ̸≤ bi, but b ≤ bi, and some a ∈ V with (a, bi) ∈
P1. Let (c′, d′) = (a, bi), so (c′, d′) ◁ (c, d). Now consider any (c′′, d′′) ∈ P1

with (c′, d′) ◁ (c′′, d′′). Then c′′ ̸≤ d′ = bi, so c′′ ̸≤ b.
For the ortholattice case with P2, suppose (c, d) = (c,¬c) ∈ P2 and c ̸≤ b.

Hence ¬b ̸≤ ¬c. Then where ¬b =
∨
{xi ∈ V | i ∈ I}, for some i ∈ I we

have xi ̸≤ ¬c, but xi ≤ ¬b, so c ̸̸≤ ¬xi and b ≤ ¬xi. Let (c′, d′) = (xi,¬xi).
Since c ̸≤ ¬xi, we have (c′, d′) ◁ (c, d). Now consider any (c′′, d′′) ∈ P2 with
(c′, d′) ◁ (c′′, d′′). Then c′′ ̸≤ d′ = ¬xi, which with b ≤ ¬xi implies c′′ ̸≤ b.

For the Heyting case with P3, suppose (c, d) = (c, c → e) ∈ P3 and c ̸≤ b.
Then where b =

∧
{bi ∈ Λ | i ∈ I}, there is some bi ∈ Λ such that c ̸≤ bi, but

b ≤ bi. From c ̸≤ bi, we have c ̸≤ c → bi. Then where (c′, d′) = (c, c → bi),
we have (c′, d′) ∈ P3 and (c′, d′) ◁ (c, d). Now consider any (c′′, d′′) ∈ P3 such
that (c′, d′) ◁ (c′′, d′′), so c′′ ̸≤ d′ = c → bi. Then c′′∧ c ̸≤ bi, which with b ≤ bi
implies c′′ ∧ c ̸≤ b and hence c′′ ̸≤ b. 2

By Propositions 3.15 and 3.16, L embeds into L(P1,◁). As the image of the
embedding is join-dense and meet-dense in L(P1,◁), it follows that L(P1,◁) is
(up to isomorphism) the MacNeille completion of L (see [26, Thm. 2.2]), and
similarly for L(P2,◁) and L(P3,◁) in the ortholattice 5 and Heyting cases.

4 Here P1 is an edge cover for the bipartite graph (V,Λ, P0). If for every finite lattice L, the
smallest edge cover for the bipartite graph of its join- and meet-irreducibles has cardinality
less than |L| (as we verified for all L with |L| ≤ 16 using [23]), then Conjecture 3.13 is true.
5 It is also easy to check that φ respects the orthocomplementation: φ(¬a) = ¬◁φ(a).
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Recall from Propositions 2.16 and 2.21 how symmetric, compossible, and
symmetric compossible compatibility frames give rise to ortholattices, Heyting
algebras, and Boolean algebras, respectively. We now prove a converse.

Proposition 3.17 Let L be a lattice, V a join-dense set of elements of L, and
Λ a meet-dense set of elements of L. Let P1, P2, and P3 be defined from V and
Λ as in Proposition 3.16. Then:

(i) (P1,◁) is a compatibility frame;

(ii) if L is an ortholattice, then (P2,◁) is a symmetric frame;

(iii) if L is a Heyting algebra, then (P3,◁) is a compossible frame;

(iv) if L is a Boolean algebra, then (P2,◁) is a symmetric compossible frame.

Proof. For each part, (a, b) ∈ Pi implies a ̸≤ b, so (a, b) ◁ (a, b). Hence ◁
is reflexive. For part (ii), if (a,¬a) ◁ (b,¬b), so b ̸≤ ¬a, then a ̸≤ ¬b, so
(b,¬b) ◁ (a,¬a). Hence ◁ is symmetric.

For (iii), toward showing that (P3,◁) is a compossible compatibility frame,
suppose (a, a → b) ◁ (c, c → d). We must show there is an (x, x → y) ∈ P3

that refines (a, a → b) and pre-refines (c, c → d). Since (a, a → b) ◁ (c, c → d),
we have c ̸≤ a → b, so c ∧ a ̸≤ b. Then where c ∧ a =

∨
{xi ∈ V | i ∈ I} and

b =
∧
{bk ∈ Λ | k ∈ K}, there are i ∈ I and k ∈ K such that xi ̸≤ bk and hence

xi ̸≤ xi → bk. We claim that (xi, xi → bk) refines (a, a → b) and pre-refines
(c, c → d). To see that (xi, xi → bk) pre-refines (a, a → b) and (c, c → d),
suppose (w,w → v) ◁ (xi, xi → bk), so xi ̸≤ w → v. Then since xi ≤ a,
we have a ̸≤ w → v, so (w,w → v) ◁ (a, a → b); and since xi ≤ c, we have
c ̸≤ w → v, so (w,w → v) ◁ (c, c → d). To see that (xi, xi → bk) post-refines
(a, a → b), suppose (xi, xi → bk) ◁ (w,w → v), so w ̸≤ xi → bk. It follows
that w ∧ xi ̸≤ bk and hence w ∧ xi ̸≤ b, which with xi ≤ a implies w ∧ a ̸≤ b,
so w ̸≤ a → b and hence (a, a → b) ◁ (w,w → v).

For (iv), symmetry follows from part (ii). As for compossibility, if (a,¬a) ◁
(b,¬b), so b ̸≤ ¬a, then a ∧ b ̸= 0. Hence there is some nonzero c ∈ V with
c ≤ a ∧ b, which implies that (c,¬c) ∈ P2 refines both (a,¬a) and (b,¬b). 2

Combining Propositions 3.15-3.17, we have the following.

Theorem 3.18 If L is a lattice (resp. ortholattice, Heyting algebra, Boolean
algebra), then L embeds into the lattice of c◁-fixpoints of a compatibility frame
(resp. symmetric, compossible, symmetric compossible compatibility frame),
and if L is complete, the embedding is an isomorphism.

Thus, compossible compatibility frames yield a semantics for intermediate log-
ics as general as complete Heyting algebras in the “semantic hierarchy” of [3].

Finally, we prove that we can also represent any complete lattice expanded
with a protocomplementation using a compatibility frame.

Theorem 3.19 For any bounded lattice L equipped with a protocomplementa-
tion ¬, the expansion (L,¬) embeds into the lattice of c◁-fixpoints of a com-
patibility frame equipped with ¬◁, and if L is complete, the embedding is an
isomorphism.
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Proof. First, we claim P = {(a, b) | a, b ∈ L, a ̸= 0, a ̸≤ b,¬a ≤ b} is sepa-
rating. For part (i) of Definition 3.14, take (c, d) = (a,¬a). For (ii), suppose
(c, d) ∈ P and c ̸≤ b. Let (c′, d′) = (1, b). Since b ̸= 1 and ¬1 = 0 ≤ b,
(1, b) ∈ P , and since c ̸≤ b, (c′, d′) ◁ (c, d). Now consider any (c′′, d′′) ∈ P with
(c′, d′) ◁ (c′′, d′′). Then c′′ ̸≤ d′ = b, so (ii) holds. Thus, by Proposition 3.15, L
embeds into L(P,◁) via the map φ, which is an isomorphism if L is complete.
Also observe that ◁ is reflexive on P . It only remains to show φ(¬a) = ¬◁φ(a).
Suppose (x, y) ∈ φ(¬a), so x ≤ ¬a, and (x′, y′) ◁ (x, y). If x′ ≤ a, then
¬a ≤ ¬x′, which with x ≤ ¬a implies x ≤ ¬x′, which with ¬x′ ≤ y′ implies
x ≤ y′, contradicting (x′, y′) ◁ (x, y). Thus, x′ ̸≤ a, so (x′, y′) ̸∈ φ(a). Hence
(x, y) ∈ ¬◁φ(a). Conversely, let (x, y) ∈ P \ φ(¬a), so x ̸≤ ¬a. Since ¬0 = 1,
it follows that a ̸= 0, so (a,¬a) ∈ P , and (a,¬a) ◁ (x, y), so (x, y) ̸∈ ¬◁φ(a).2

Note that any bounded lattice can be equipped with the protocomplementa-
tion such that ¬0 = 1 and ¬a = 0 for a ̸= 0 (in which case the set P in the proof
of Theorem 3.19 coincides with P0 from Proposition 3.16 where V and Λ are
the non-minimum and non-maximum elements of L, respectively), so Theorem
3.19 generalizes the part of Theorem 3.18 concerning bounded lattices.

3.3 Representation of arbitrary lattices

There is another way of representing any lattice L as a sublattice of the lattice
of c◁-fixpoints of a compatibility frame, which is now the canonical extension
of L (see [25,14]) rather than its MacNeille completion. 6 The sublattice can
then be characterized in a simple way topologically. This approach uses disjoint
filter-ideal pairs and appears already in [16], building on [48,1], though we use
a different topology in order to generalize the choice-free Stone duality of [4].
Given a lattice L, define FI(L) = (X,◁) as follows: X is the set of all pairs
(F, I) such that F is a filter in L, I is an ideal in L, and F ∩ I = ∅; and
(F, I) ◁ (F ′, I ′) iff I ∩ F ′ = ∅. Given a ∈ L, let â = {(F, I) ∈ X | a ∈ F}. Let
S(L) be FI(L) endowed with the topology generated by {â | a ∈ L}.

In Appendix A.2, we prove the following (without choice).

Theorem 3.20 For any lattice (resp. bounded lattice) L, the map a 7→ â is
(i) a lattice (resp. bounded lattice) embedding of L into L(FI(L)) and (ii) an
isomorphism from L to the sublattice of L(FI(L)) consisting of c◁-fixpoints that
are compact open in the space S(L).

In Appendix A.2 we also prove the following characterization of spaces
equipped with a relation ◁ that are isomorphic to S(L) for some L in a manner
analogous to the characterization of UV-spaces in [4]. Let X be a topological
space and ◁ a reflexive relation on X. Let COFix(X,◁) be the set of all
compact open sets of X that are also c◁-fixpoints. Given U, V ∈ COFix(X,◁),
U ∨ V = c◁(U ∪ V ). Given x ∈ X, let

F(x) = {U ∈ COFix(X,◁) | x ∈ U}
I(x) = {U ∈ COFix(X,◁) | ∀y ▷ x y ̸∈ U}.

6 We do not have space to discuss (L,¬) under this approach, so we save this for the future.
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Proposition 3.21 For any space X and reflexive binary relation ◁ on X,
there is a lattice L such that (X,◁) and S(L) are homeomorphic as spaces
and isomorphic as relational frames iff the following conditions hold for all
x, y ∈ X: (i) x = y iff (F(x), I(x)) = (F(y), I(y)); (ii) COFix(X,◁) is closed
under ∩ and ∨ and forms a basis for X; (iii) each disjoint filter-ideal pair from
COFix(X,◁) is (F(x), I(x)) for some x ∈ X; (iv) x ◁ y iff I(x) ∩ F(y) = ∅.

4 Compatibility and accessibility frames

In this section, we extend the three representations from §§ 3.1, 3.2, and 3.3
to lattices equipped with a modal operation 2 (we defer other modalities not
definable from 2 to future work). First, we add an accessibility relation R to
compatibility frames and require that the standard modal operation 2R sends
c◁-fixpoints to c◁-fixpoints. These frames are similar to the graph-based frames
of [10, Definition 2], which have been applied in [9,13,12]. Conradie et al. [10,
Theorem 1] use the filter-ideal frame FI(L) equipped with accessibility relations
to prove completeness of the minimal non-distributive modal logic with respect
to graph-based frames (compare our Theorem 4.10); in addition, they treat
Sahlqvist correspondence theory for graph-based frames.

There are many related approaches to representing lattices with modalities
in the literature (see, e.g., [42,24,11,31,32,28,20] and references therein). The
approach below using just two binary relations on a single set is of special
interest to us as a non-classical generalization of classical “possibility seman-
tics” for modal logic [37,35,33,49,50]. Our motivation for such a non-classical
generalization comes from a recent application of the approach below to modal
ortholattices for natural language semantics [36].

All proofs in this section are deferred to Appendix A.3.

Definition 4.1 A necessity lattice is a pair (L,2) where L is a lattice and 2

is a unary operation on L that is multiplicative, i.e., 2(a∧ b) = 2a∧2b for all
a, b ∈ L, and21 = 1 if L contains a maximum element 1. We say 2 is completely
multiplicative if for any A ⊆ L, if

∧
A exists in L, then 2

∧
A =

∧
{2a | a ∈ A}.

Definition 4.2 A compatibility and accessibility (CA) frame is a triple
(X,◁, R) such that (X,◁) is a compatibility frame and R is a binary rela-
tion on X such that for any A ⊆ X, if A is a c◁-fixpoint, then so is

2RA = {x ∈ X | R(x) ⊆ A},

where R(x) = {y ∈ X | xRy}.

Stronger conditions on the interplay of ◁ and R could be imposed (see [10,
Def. 2] and Proposition 4.5 below) but Definition 4.2 suffices for the following.

Proposition 4.3 For any CA frame (X,◁, R), the pair (L(X,◁),2R) is a
complete necessity lattice with 2R completely multiplicative.

Proof. That L(X,◁) is a complete lattice is Corollary 2.7. Recall that meet
is intersection. Then the complete multiplicativity of 2R is obvious. 2
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Example 4.4 Fig. 5 shows a CA frame (left) where a dotted line from w to v
means wRv. Observe that 2R({x}) = {x}, 2R({y, z}) = {z}, and 2R({z}) =
{z}. Thus, 2R sends c◁-fixpoints to c◁-fixpoints. The 2R operation on the
lattice of c◁-fixpoints (right) is represented by the double-shafted arrows.

x

y

z

Fig. 5. CA frame and associated necessity lattice.

Under certain assumptions about ◁, the condition that 2R sends c◁-
fixpoints to c◁-fixpoints corresponds to a first-order condition on R and ◁.
For example, when ◁ is a preorder, in light of Proposition 2.9(ii), the condition
that 2R sends c◁-fixpoints to c◁-fixpoints corresponds to 2R sending downsets
to downsets and hence to the standard interaction condition for intuitonistic
modal frames [7]: if y ∈ R(x) and x ◁ x′, then there is a y′ ∈ R(x′) with
y ◁ y′. When ◁ is symmetric, we get the first-order condition in the following
proposition. For useful notation, define z ◁R x ⇔ ∃y : z ◁ y ∈ R(x).

Proposition 4.5 If (X,◁) is a compatibility frame and R a binary relation
on X, then (X,◁, R) is a CA frame if the following condition holds: for all
x, z ∈ X, if z ◁R x, then ∃x′ ◁ x ∀x′′ ▷ x′ z ◁R x′′.

Moreover, if (X,◁) is a symmetric compatibility frame, then (X,◁, R) is a
CA frame if and only if the stated condition holds.

In fact, the proof of Proposition 4.10 below shows that any necessity lattice can
be represented using a CA frame satisfying the condition in Proposition 4.5, so
in that sense we can work with such CA frames without loss of generality.

Next we turn to extending the representation theorems of § 3.

Proposition 4.6 Let L be a complete lattice satisfying the hypotheses of
Proposition 3.2, so L is isomorphic to L(V,◁) via b 7→ φ(b) = {x ∈ V | x ≤ b}.
Given a completely multiplicative operation 2 on L, define R on V by xRy iff
y ≤

∧
{a ∈ L | x ≤ 2a}. Then (V,◁, R) is a CA frame, and φ is an isomor-

phism from (L,2) to (L(V,◁),2R).

Example 4.7 Fig. 6 shows a necessity ortholattice (L,2) (right) along with
the CA frame (left) that comes from the representation of (L,2) via join-
irreducible elements given by Theorem 3.11 and Proposition 4.6. It is argued in
[36] that this necessity ortholattice captures some important logical entailments
involving the epistemic modals ‘must’ (formalized as 2) and ‘might’ (formalized
as 3 = ¬2¬) in natural language, including the phenomenon of “epistemic
contradiction” whereby sentences of the form “p, but it might be that ¬p” are
judged contradictory, even though “it might be that ¬p” does not entail ¬p.
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3a ∧3¬a
2a 2¬a

a ¬a

3a 3¬a
2a ∨2¬a

Fig. 6. CA frame realizing a necessity ortholattice (with 3 defined by ¬2¬).

We can extend our other representation results to the modal setting as well.
Given (L,2) and P a separating set of pairs of elements of L as in § 3.2, define
a relation R on P by (x, x′)R(y, y′) iff xRy as defined in Proposition 4.6.

Proposition 4.8 If (L,2) is a complete necessity lattice with 2 completely
multiplicative and P a separating set of pairs of elements of L, then (P,◁, R)
is a CA frame and (L,2) is isomorphic to (L(P,◁),2R).

Using Theorem 3.19 we can similarly represent complete necessity lattices
equipped with a protocomplementation.

Proposition 4.9 If (L,2) is a complete necessity lattice with 2 completely
multiplicative and ¬ is a protocomplementation on L, then there is a CA frame
(P,◁, R) such that (L,2,¬) is isomorphic to (L(P,◁),2R,¬◁).

Finally, define FI(L,2) just like FI(L) in § 3.3 but with the addition of a
relation R with (F, I)R(F ′, I ′) if for all a ∈ L, 2a ∈ F implies a ∈ F ′.

Proposition 4.10 For any necessity lattice (L,2), FI(L,2) is a CA frame,
and the map a 7→ â is (i) an embedding of (L,2) into (L(FI(L)),2R) and (ii)
an isomorphism from (L,2) to the subalgebra of (L(FI(L)),2R) consisting of
c◁-fixpoints that are compact open in the space S(L) (recall § 3.3).

5 Conclusion

We have investigated three representations of complete lattices by means of
compatibility frames, as well as modal analogues thereof. For future work,
we hope to make progress on Question 3.12 and Conjecture 3.13, as well as
applications of the representations studied here to lattice-based logics. For
modal logic in particular, for reasons in [36] we would like to understand the
lattice of modal orthologics, for which we hope that CA frames will be useful.
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A Appendix

A.1 Representation of (L,¬)
In Theorem 3.11(iii), the conclusion is that L is isomorphic to L(V,◁¬

V), not
that (L,¬) is isomorphic to (L(V,◁¬

V),¬◁¬
V
). To represent (L,¬), we ask for

a third suitability condition on ◁¬
V, namely that for x ∈ V and y ∈ L:

if x ̸≤ ¬y, then there is a y0 ∈ V such that y0 ≤ y and y0 ◁¬
V x.

Proposition A.1 If L is a complete lattice, V is a join-dense set of nonzero
elements, ¬ is a protocomplementation on L such that L has compatible escape
in V with ¬, and ◁¬

V satisfies the second and third suitability conditions, then
(L,¬) is isomorphic to (L(V,◁¬

V),¬◁¬
V
).

Proof. We need only add to the proof of Theorem 3.11(iii) that φ(¬a) =
¬◁¬

V
φ(a). Suppose x ∈ φ(¬a), so x ≤ ¬a, and x′ ◁¬

V x, so x ̸≤ ¬x′. If x′ ≤ a,
then ¬a ≤ ¬x′, which with x ≤ ¬a implies x ≤ ¬x′, contradicting the previous
sentence. Thus, x′ ̸≤ a, so x′ ̸∈ φ(a). Hence x ∈ ¬◁¬

V
φ(a). Conversely, suppose

x ∈ V \ φ(¬a), so x ̸≤ ¬a. Then by the third suitability condition, there is an
a0 ∈ V such that a0 ≤ a, so a0 ∈ φ(a), and a0 ◁¬

V x, so x ̸∈ ¬◁¬
V
φ(a). 2

It remains to be seen how broadly Proposition A.1 applies to lattices expanded
with a protocomplementation. In the Jupyter notebook cited in § 1, we show
there are such expansions (L,¬) that cannot be represented by any compatibil-
ity frame with |X| ≤ |L|. Of course, Proposition A.1 applies to all ortholattices.

Proposition A.2 If (L,¬) is a complete ortholattice, and V is a join-dense
set of nonzero elements, then ◁¬

V satisfies the third suitability condition.

Proof. If x ̸≤ ¬y, then x ̸≤ ¬
∨
{z ∈ V | z ≤ y} =

∧
{¬z | z ∈ V, z ≤ y}, so

there is y0 ∈ V with y0 ≤ y and x ̸≤ ¬y0, so y0 ◁¬
V x by Proposition 3.7(i). 2

Recall that using the less economical representation of § 3.2, any complete
lattice expanded with a protocomplementation is representable (Theorem 3.19).

A.2 Proofs for § 3.3

Theorem 3.20 For any lattice (resp. bounded lattice) L, the map a 7→ â is
(i) a lattice (resp. bounded lattice) embedding of L into L(FI(L)) and (ii) an
isomorphism from L to the sublattice of L(FI(L)) consisting of c◁-fixpoints that
are compact open in the space S(L).

Proof. First observe that for any a ∈ L, â is a c◁-fixpoint. It suffices to
show that if (F, I) ̸∈ â, then there is an (F ′, I ′) ◁ (F, I) such that for all
(F ′′, I ′′) ▷ (F ′, F ′), we have (F ′′, I ′′) ̸∈ â. Suppose (F, I) ̸∈ â, so a ̸∈ F . Let
F ′ = F and I ′ = ↓a. Then a ̸∈ F implies F ′ ∩ I ′ = ∅. Thus, (F ′, I ′) ∈ FI(L).
Now consider any (F ′′, I ′′) such that (F ′, I ′) ◁ (F ′′, I ′′), so I ′ ∩F ′′ = ∅. Then
since a ∈ I ′, we have a ̸∈ F ′′, so (F ′′, I ′′) ̸∈ â, as desired.

Next, the map a 7→ â is clearly injective: if a ̸≤ b, then ↑a ∩ ↓b = ∅, so
(↑a, ↓b) ∈ FI(L), (↑a, ↓b) ∈ â, and (↑a, ↓b) ̸∈ b̂. If L has bounds, then 1̂ = X and

0̂ = ∅. The map also preserves ∧: â ∧ b = {(F, I) ∈ X | a∧ b ∈ F} = {(F, I) ∈
X | a, b ∈ F} = {(F, I) ∈ X | a ∈ F} ∩ {(F, I) ∈ X | b ∈ F} = â ∩ b̂ = â ∧ b̂.
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To complete part (i), we show â ∨ b = â ∨ b̂. Recall from Proposition 2.3

that â ∨ b̂ = c◁(â ∪ b̂). Suppose (F, I) ∈ â ∨ b, so a ∨ b ∈ F . Consider any
(F ′, I ′) ◁ (F, I), so I ′ ∩ F = ∅ and hence a ∨ b ̸∈ I ′. Then since I ′ is an ideal,
a ̸∈ I ′ or b ̸∈ I ′. Without loss of generality, suppose a ̸∈ I ′. Then setting
F ′′ = ↑a and I ′′ = ↓c for any c ∈ I ′, we have (F ′′, I ′′) ∈ FI(L) and I ′∩F ′′ = ∅,
so (F ′, I ′) ◁ (F ′′, I ′′), and (F ′′, I ′′) ∈ â. Thus, we have shown that for any

(F ′, I ′) ◁ (F, I) there is an (F ′′, I ′′) ▷ (F ′, I ′) with (F ′′, I ′′) ∈ â ∪ b̂. Hence

(F, I) ∈ â ∨ b̂. Conversely, suppose (F, I) ̸∈ â ∨ b, so a ∨ b ̸∈ F . Then setting
F ′ = ↑c for any c ∈ F and I ′ = ↓(a∨b), we have (F ′, I ′) ∈ FI(L) and I ′∩F = ∅,
so (F ′, I ′) ◁ (F, I). Now consider any (F ′′, I ′′) with (F ′, I ′) ◁ (F ′′, I ′′), so
I ′ ∩ F ′′ = ∅ and hence a ∨ b ̸∈ F ′′. Then since F ′′ is a filter, a ̸∈ F ′′ and
b ̸∈ F ′′, so F ′′ ̸∈ â ∪ b̂. Thus, we have shown there is an (F ′, I ′) ◁ (F, I) such

that for all (F ′′, I ′′) ▷ (F ′, I ′), we have (F ′′, I ′′) ̸∈ â ∪ b̂. Hence (F, I) ̸∈ â ∨ b̂.

For part (ii), we first show that â is compact open. Since b̂’s form a basis,

we need only show that if â ⊆
⋃
{b̂i | i ∈ I}, then there is a finite subcover.

Suppose a ̸≤ bi for some i ∈ I. Then since (↑a, ↓bi) ∈ â, we have (↑a, ↓bi) ∈ b̂j
for some j ∈ I, which implies a ≤ bj . Thus, a ≤ bk for some k ∈ I, so â ⊆ b̂k.

Finally, we show that φ is onto the set of compact open c◁-fixpoints. Sup-
pose U is compact open, so U = â1 ∪ · · · ∪ ân for some a1, . . . , an ∈ L. Further
suppose U is a c◁-fixpoint, so c◁(U) = U . Where d = a1 ∨ · · · ∨ an, an obvious
induction using part (i) and the fact that c◁(c◁(A) ∪B) = c◁(A ∪B) for any

A,B ⊆ X yields d̂ = c◁(â1 ∪ · · · ∪ ân), so d̂ = c◁(U) = U . 2

Proposition 3.21 For any space X and reflexive binary relation ◁ on X,
there is a lattice L such that (X,◁) and S(L) are homeomorphic as spaces
and isomorphic as relational frames iff the following conditions hold for all
x, y ∈ X: (i) x = y iff (F(x), I(x)) = (F(y), I(y)); (ii) COFix(X,◁) is closed
under ∩ and ∨ and forms a basis for X; (iii) each disjoint filter-ideal pair from
COFix(X,◁) is (F(x), I(x)) for some x ∈ X; (iv) x ◁ y iff I(x) ∩ F(y) = ∅.

Proof. Suppose there is such an L. It suffices to show S(L) satisfies (i)–(iv) in
place of (X,◁). That (ii) holds for COFix(S(L)) and S(L) follows from the proof
of Theorem 3.20. Let φ be the isomorphism a 7→ â from L to COFix(S(L)) in
Theorem 3.20, which induces a bijection (F, I) 7→ (φ[F ], φ[I]) between disjoint
filter-ideal pairs of L and of COFix(S(L)). Parts (i), (iii), and (iv) follow from
the fact that for any x = (F, I) ∈ S(L), (φ[F ], φ[I]) = (F(x), I(x)). First,
â ∈ φ[F ] iff a ∈ F iff x ∈ â iff â ∈ F(x). Second, â ∈ φ[I] iff a ∈ I, and we claim
that a ∈ I iff â ∈ I(x), i.e., for all (F ′, I ′) ▷ (F, I), (F ′, I ′) ̸∈ â, i.e., a ̸∈ F ′.
If a ∈ I and (F, I) ◁ (F ′, I ′), then a ̸∈ F ′ by definition of ◁. Conversely, if
a ̸∈ I, let F ′ = ↑a and I ′ = I; then (F, I) ◁ (F ′, I ′) and a ∈ F ′. Now for (i),
given x, y ∈ S(L) with x = (F, I) and y = (F ′, I ′), we have (F, I) = (F ′, I ′)
iff (φ[F ], φ[I]) = (φ[F ′], φ[I ′]) iff (F(x), I(x)) = (F(y), I(y)); similarly, for (iv),
(F, I) ◁ (F ′, I ′) iff I ∩ F ′ = ∅ iff φ[I] ∩ φ[F ′] = ∅ iff I(x) ∩ F(y) = ∅. Finally,
for (iii), if (F ,I ) if a disjoint filter-ideal pair from COFix(S(L)), then setting
x = (φ−1[F ], φ−1[I ]), we have x ∈ S(L) and (F ,I ) = (F(x), I(x)).
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Assuming X satisfies the conditions, COFix(X,◁) is a lattice, and we define
a map ϵ from (X,◁) to S(COFix(X,◁)) by ϵ(x) = (F(x), I(x)). The proof that
ϵ is a homeomorphism using (i)–(iii) is analogous to the proof of Thm. 5.4(2)
in [4]. That ϵ preserves and reflects ◁ follows from (iv). 2

A.3 Proofs for § 4

Proposition 4.5 If (X,◁) is a compatibility frame and R a binary relation
on X, then (X,◁, R) is a CA frame if the following condition holds: for all
x, z ∈ X, if z ◁R x, then ∃x′ ◁ x ∀x′′ ▷ x′ z ◁R x′′.

Moreover, if (X,◁) is a symmetric compatibility frame, then (X,◁, R) is a
CA frame if and only if the stated condition holds.

Proof. For the first part, we must show that 2RA is a c◁-fixpoint for any c◁-
fixpoint A. That is, we must show that x ∈ X \2RA ⇒ ∃x′ ◁ x∀x′′ ▷ x′ x′′ ̸∈
2RA. Suppose x ̸∈ 2RA, so there is some y ∈ R(x) with y ̸∈ A. Then since A is
a c◁-fixpoint, there is a z ◁ y such that (⋆) for all z′ ▷ z, we have z′ ̸∈ A. Since
z ◁ y ∈ R(x), by the condition we have ∃x′ ◁ x ∀x′′ ▷ x′ ∃y′ : z ◁ y′ ∈ R(x′′).
Now z ◁ y′ implies y′ ̸∈ A by (⋆), which with y′ ∈ R(x′′) implies x′′ ̸∈ 2RA.

For the second part, assume ◁ is symmetric and 2R sends c◁-fixpoints to
c◁-fixpoints. Toward proving the condition, suppose z ◁ y ∈ R(x). Hence
y ̸∈ ¬◁c◁({z}), so x ̸∈ 2R¬◁c◁({z}). Since by assumption 2R¬◁c◁({z}) is a
c◁-fixpoint, it follows that there is an x′ ◁ x such that for all x′′ ▷ x′, we have
that x′′ ̸∈ 2R¬◁c◁({z}). Thus, there is a w ∈ R(x′′) such that w ̸∈ ¬◁c◁({z}),
so for some w′ ◁ w, we have w′ ∈ c◁({z}), which means that for all w′′ ◁ w′,
there is a w′′′ ▷ w′′ such that w′′′ ∈ {z}, i.e., for all w′′ ◁ w′, w′′ ◁ z. Since ◁
is symmetric, from w′ ◁ w, we have w ◁ w′, so setting w′′ = w, we conclude
w ◁ z, so z ◁ w. Thus, z ◁ w ∈ R(x′′), i.e., z ◁R x′′. 2

Proposition 4.6 Let L be a complete lattice satisfying the hypotheses of
Proposition 3.2, so L is isomorphic to L(V,◁) via b 7→ φ(b) = {x ∈ V | x ≤ b}.
Given a completely multiplicative operation 2 on L, define R on V by xRy iff
y ≤

∧
{a ∈ L | x ≤ 2a}. Then (V,◁, R) is a CA frame, and φ is an isomor-

phism from (L,2) to (L(V,◁),2R).

Proof. First, recall the key fact provided by complete multiplicativity of 2: if
x ̸≤ 2b, then

∧
{a ∈ L | x ≤ 2a} ̸≤ b. For if

∧
{a ∈ L | x ≤ 2a} ≤ b, then

2
∧
{a ∈ L | x ≤ 2a} ≤ 2b and hence

∧
{2a ∈ L | x ≤ 2a} ≤ 2b, so x ≤ 2b.

Now we show that for all b ∈ L, φ(2b) = 2Rφ(b). Suppose x ∈ φ(2b), so
x ≤ 2b. Then for all y ∈ R(x), we have y ≤ b and hence y ∈ φ(b). Thus,
x ∈ 2Rφ(b). Now suppose x ̸∈ φ(2b), so x ̸≤ 2b. Hence

∧
{a ∈ L | x ≤

2a} ̸≤ b as above. Then since V is join-dense, there is a y ∈ V such that
y ≤

∧
{a ∈ L | x ≤ 2a} but y ̸≤ b. Hence xRy and y ̸∈ φ(b), so x ̸∈ 2Rφ(b).

Finally, we prove that (V,◁, R) is indeed a CA frame: if B is a c◁-fixpoint
of (V,◁), so is 2RB. By the surjectivity of φ, B = φ(b) for some b ∈ B. Then
2RB = 2Rφ(b) = φ(2b), and φ(2b) is a c◁-fixpoint, so we are done. 2

Proposition 4.8 If (L,2) is a complete necessity lattice with 2 completely
multiplicative and P a separating set of pairs of elements of L, then (P,◁, R)
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is a CA frame and (L,2) is isomorphic to (L(P,◁),2R).

Proof. We showed in the proof of Proposition 3.15 that a 7→ φ(a) = {(x, y) ∈
P | x ≤ a} is an isomorphism from L to L(P,◁). It only remains to show that
φ(2b) = 2Rφ(b). Suppose (x, y) ∈ φ(2b), so x ≤ 2b. Then (x, y)R(x′, y′)
implies x′ ≤ b and hence (x′, y′) ∈ φ(b). Thus, (x, y) ∈ 2Rφ(b). Conversely,
suppose (x, y) ̸∈ (2b), so x ̸≤ 2b. Since 2 is completely multiplicative, it
follows that

∧
{a ∈ L | x ≤ 2a} ̸≤ b. Then since P is separating, there is some

(c, d) ∈ P with c ≤
∧
{a ∈ L | x ≤ 2a} but c ̸≤ b. Hence (x, y)R(c, d) but

c ̸∈ φ(b), so (x, y) ̸∈ 2Rφ(b). Now the proof that (P,◁, R) is a CA frame is
analogous to the last paragraph of the previous proof. 2

Proposition 4.9 If (L,2) is a complete necessity lattice with 2 completely
multiplicative and ¬ is a protocomplementation on L, then there is a CA frame
(P,◁, R) such that (L,2,¬) is isomorphic to (L(P,◁),2R,¬◁).

Proof. Where P = {(a, b) | a, b ∈ L, a ̸= 0, a ̸≤ b,¬a ≤ b}, we showed in the
proof of Theorem 3.19 that P is separating. Hence by the proof of Proposition
4.8, (L,2) is isomorphic to (L(P,◁),2R) via the map a 7→ φ(a) = {(x, y) ∈
P | x ≤ a}. We also showed in the proof of Theorem 3.19 that φ preserves the
protocomplementation. Hence (L,2,¬) is isomorphic to (L(P,◁),2R,¬◁). 2

Proposition 4.10 For any necessity lattice (L,2), FI(L,2) is a CA frame,
and the map a 7→ â is (i) an embedding of (L,2) into (L(FI(L)),2R) and (ii)
an isomorphism from (L,2) to the subalgebra of (L(FI(L)),2R) consisting of
c◁-fixpoints that are compact open in the space S(L).

Proof. In the proof of Proposition 4.5, we showed that for any (X,◁) and
binary relationR onX, if the first-order condition in Proposition 4.5 holds, then
(X,◁, R) is a CA frame. We claim FI(L,2) satisfies the condition. Suppose
(G,H) ◁ (G′, H ′) ∈ R((F, I)), which implies H ∩ {a ∈ L | 2a ∈ F} = ∅.
Then where F ′ = F and I ′ is the ideal generated by {2a | a ∈ H}, we
claim F ′ ∩ I ′ = ∅, so (F ′, I ′) ◁ (F, I). For if b ∈ F ′ ∩ I ′, then for some
a1, . . . , an ∈ H, b ≤ 2a1 ∨ · · · ∨ 2an, which implies b ≤ 2(a1 ∨ · · · ∨ an), so
2(a1 ∨ · · · ∨ an) ∈ F , whence a1 ∨ · · · ∨ an ̸∈ H, contradicting a1, . . . , an ∈ H.
Now suppose (F ′, I ′) ◁ (F ′′, I ′′), so I ′ ∩F ′′ = ∅. Let J be the filter generated
by {b ∈ L | 2b ∈ F ′′}. We claim J ∩H = ∅. For if a ∈ J , then b1∧· · ·∧ bn ≤ a
for 2bi ∈ F ′′, which implies 2a ∈ F ′′, so 2a ̸∈ I ′, whence a ̸∈ H. Thus,
(G,H) ◁ (J,H) ∈ R((F ′′, I ′′)), which establishes the desired condition.

Now for (i)–(ii), we need only add to Theorem 3.20 that 2̂a = 2Râ. Suppose
(F, I) ∈ 2̂a, so 2a ∈ F . Then if (F, I)R(F ′, I ′), we have a ∈ F ′ and hence
(F ′, I ′) ∈ â. Thus, (F, I) ∈ 2Râ. Conversely, suppose (F, I) ̸∈ 2̂a, so 2a ̸∈ F .
Let F ′ be the filter generated by {b ∈ L | 2b ∈ F} and I ′ = ↓a. Since 2a ̸∈ F
and 2 is multiplicative, it follows that F ′ ∩ I ′ = ∅. Hence (F ′, I ′) ∈ FI(L,2),
(F ′, I ′) ̸∈ â, and by construction of F ′, (F, I)R(F ′, I ′). Thus (F, I) ̸∈ 2Râ. 2
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