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Abstract

For a given intuitionistic propositional formula A and a propositional variable x oc-
curring in it, define the infinite sequence of formulae { A* };>1 by letting A* be A
and A**' be A(A'/x). Ruitenburg’s Theorem [8] says that the sequence { A® };>;
(modulo logical equivalence) is ultimately periodic with period 2, i.e. there is N >0
such that AN*2 < AN is provable in intuitionistic propositional calculus. We give a
semantic proof of this theorem, using duality techniques and bounded bisimulations
ranks.
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1 Introduction

Let us call an infinite sequence
A1,02,y...,Q5,...

ultimately periodic iff there are N and k such that for all s;,s9 > N, we
have that s; = so mod k implies a5, = as,. If (N, k) is the smallest (in the
lexicographic sense) pair for which this happens, we say that N is an index and
k a period for the ultimately periodic sequence {a; };. Thus, for instance, an
ultimately periodic sequence with index N and period 2 looks as follows

A1y ey ANy AN41, ANy AN A1 - -

A typical example of an ultimately periodic sequence is the sequence of the
iterations { f* }; of an endo-function f of a finite set. Whenever infinitary data
are involved, ultimate periodicity comes often as a surprise.

Ruitenburg’s Theorem is in fact a surprising result stating the following:
take a formula A(z,y) of intuitionistic propositional calculus (IPC) (by the

1 Partially supported by the “LIA LYSM AMU CNRS ECM INdAM”
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notation A(z,y) we mean that the only propositional letters occurring in A are
among x,y - with y being, say, the tuple y1,...,¥,) and consider the sequence
{ A(z,y) }i>1 so defined:

Al=A, L AT = A(Ax,y) (1)

where the slash means substitution; then, taking equivalence classes under prov-
able bi-implication in (1 PC), the sequence { [A'(x,y)] }i>1 is ultimately periodic
with period 2. The latter means that there is N such that

Frpc AN+2 4 AN . (2)

An interesting consequence of this result is that least (and greatest) fixpoints
of monotonic formulae are definable in (IPC) [7,6,4]: this is because the se-
quence (1) becomes increasing when evaluated on L /x (if A is monotonic in z),
so that the period is decreased to 1. Thus the index of the sequence becomes
a finite upper bound for the fixpoints approximation convergence.

Ruitenburg’s Theorem was shown in [8] via a, rather involved, purely syn-
tactic proof. The proof has been recently formalized inside the proof assistant
coQ by T. Litak (see https://git8.cs.fau.de/redmine/projects/
ruitenburgl984). In this paper we supply a semantic proof, using duality
and bounded bisimulation machinery.

Bounded bisimulations are a standard tool in non classical logics [2] which
is used in order to characterize satisfiability of bounded depth formulae and
hence definable classes of models: examples of the use of bounded bisimulations
include for instance [9], [5], [10], [3].

Duality has a long tradition in algebraic logic (see e.g. [1] for the Heyting
algebras case): many phenomena look more transparent whenever they are
analyzed in the dual categories, especially whenever dualities can convert co-
products and colimits constructions into more familiar ‘honest’ products and
limits constructions. The duality we use here is taken from [5] and has a mixed
geometric/combinatorial nature. In fact, the geometric environment shows how
to find relevant mathematical structures (products, equalizers, images,...) us-
ing their standard definitions in sheaves and presheaves; on the other hand, the
combinatorial aspects show that such constructions are definable, thus mean-
ingful from the logical side. In this sense, notice that we work with finitely pre-
sented algebras, and our combinatoric ingredients (Ehrenfeucht-Fraissé games,
etc.) replace the topological ingredients which are common in the algebraic
logic literature (working with arbitrary algebras instead).

The paper is organized as follows. In Section 2 we show how to formulate
Ruitenburg’s Theorem in algebraic terms and how to prove it via duality in
the easy case of classical logic (where index is always 1). This Section supplies
the methodology we shall follow in the whole paper. After introducing the
required duality ingredients for finitely presented Heyting algebras (this is done
in Section 3 - the material of this Section is taken from [5]), we show how to
extend the basic argument of Section 2 to finite Kripke models in Section 4.
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This extension does not directly give Ruitenburg’s Theorem, because it supplies
a bound for the indexes of our sequences which is dependent on the poset a
given model is based on. This bound is made uniform in Section 6 (using the
ranks machinery introduced in Section 5), thus finally reaching our goal.

2 The Case of Classical Logic

We explain our methodology in the much easier case of classical logic. In
classical propositional calculus (C' PC), Ruitenburg’s Theorem holds with index
1 and period 2, namely given a formula A(x,y), we need to prove that

Fopo Ao A (3)
holds (here A? is defined like in (1)).

2.1 The algebraic reformulation

First, we transform the above statement (3) into an algebraic statement con-
cerning free Boolean algebras. We let Fg(z) be the free Boolean algebra over
the finite set z. Recall that F5(z) is the Lindenbaum-Tarski algebra of classical
propositional calculus restricted to a language having just the z as propositional
variables.

Similarly, morphisms p : Fp(z1,...,2,) — Fp(z) bijectively corre-
spond to n-tuples of equivalence classes of formulae A;(z2),...,A,(z) in Fp(z):
the map p corresponding to the tuple A;(z),...,A,(z) associates with the
equivalence class of B(z1,...,z,) in Fp(x1,...,2,) the equivalence class of
B(Al/.’lﬁl, . ;An/xn) in .7:5(;).

Composition is substitution, in the sense that if u : Fp(x1,...,2,) —
Fg(z) is induced, as above, by A1(z2),...,A,(z) and if v: Fp(y1,..-,Ym) —
Fp(z1,...,2zy,) isinduced by Cy(z1,...,24),...,Cn(z1, ..., z,), then the com-
posite map pov : Fp(yi,...,ym) — Fp(z) is induced by the m-tuple
Cl(Al/:vl, .. .,An/!En), .. .,Cm(Al/LL'h N ,An/xn)

How to translate the statement (3) in this setting? Let y be y1,...,yn; we
can consider the map pa : F(z,y1,...,Yn) — Fu(T,y1,...,yn) induced by
the n 4+ 1-tuple of formulae A, y1,...,y,; then, taking in mind that in Linden-
baum algebras identity is modulo provable equivalence, the statement (3) is
equivalent to

ph=pa (4)
This raises the question: which endomorphisms of Fg(x,y) are of the kind
pa for some A(z,4)? The answer is simple: consider the ‘inclusion’ map ¢ of
Fp(y) into Fp(z,y) (this is the map induced by the n-tuple y1,...,y,): the
maps u: Fp(z,y) — Fp(z,y) that are of the kind 4 are precisely the maps
w such that g ot =, i.e. those for which the triangle
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commutes.

It is worth making a little step further: since the free algebra functor pre-
serves coproducts, we have that Fp(x,y) is the coproduct of Fp(y) with Fp(z)
- the latter being the free algebra on one generator. In general, let us denote
by A[z] the coproduct of the Boolean algebra A with the free algebra on one
generator (let us call A[z] the algebra of polynomials over A).

A slight generalization of statement (4) now reads as follows:

* let A be a finitely presented Boolean algebra? and let the map yu : A[z] —
Alz] commute with the coproduct injection ¢ : A — A[x]

A

o Alr]

Alz]

Then we have
= (5)
2.2 Duality

The gain we achieved with statement (5) is that the latter is a purely categorical
statement, so that we can re-interpret it in dual categories. In fact, a good
duality may turn coproducts into products and make our statement easier - if
not trivial at all.

Finitely presented Boolean algebras are dual to finite sets; the duality func-
tor maps coproducts into products and the free Boolean algebra on one gener-
ator to the two-elements set 2 = {0,1} (which, by chance is also a subobject
classifier for finite sets). Thus statement (5) now becomes

e let T be a finite set and let the function f: 7T x 2 — T x 2 commute with
the product projection mg : T'x 2 — T

Tx2 ! Tx2
W\‘ /o
T
Then we have
P=r. (6)

In this final form, statement (6) is now just a trivial exercise, which is solved
as follows. Notice first that f can be decomposed as (mg, xs) (incidentally, xs
is the characteristic function of some S C T x 2). Now, if f(a,b) = (a,b) we
trivially have also f3(a,b) = f(a,b); suppose then f(a,b) = (a,V’) # (a,b). If

2 Recall that an algebra is finitely presented iff it is isomorphic to the quotient of a finitely
generated free algebra by a finitely generated congruence. In the case of Boolean algebra
‘finitely presented’ is the same as ‘finite’, but it is not anymore like that in the case of
Heyting algebras.
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fla, ') = (a,V'), then f3(a,b) = f(a,b) = (a,b'), otherwise f(a,t’) = (a,b)
(there are only two available values for b!) and even in this case f3(a,b) =
F(a,b).

Let us illustrate these cases by thinking of the action of f on A x 2 as
one-letter deterministic automaton:

0 — N
(a,b) (a,b) (a,b") (a,b) —— (a,b)
K~
This means that on each irreducible component of the action the pairs in-
dex/period are among (0,1), (0,2), (1,1). Out of these pairs we can com-
pute the global index/period of f by means of a max /lem formula: (1,2) =
(max{0,0,1},lem{1,2}).

3 Duality for Heyting Algebras

In this Section we supply definitions, notation and statements from [5] concern-
ing duality for finitely-presented Heyting algebras. Proofs of the facts stated
in this section can all be found in [5, Chapter 4].

A partially ordered set (poset, for short) is a set endowed with a reflexive,
transitive, antisymmetric relation (to be always denoted with <). A poset P
is rooted if it has a greatest element, that we shall denote by p(P). If a finite
poset L is fixed, we call an L-evaluation or simply an evaluation a pair (P, u),
where P is a rooted finite poset and u : P — L is an order-preserving map.

Evaluations restrictions are introduced as follows. If (P,u) is an L-
evaluation and if p € P, then we shall denote by u, the L-evaluation, (| p, uo3),
where | p={p' € P|p' <p}andi:|pC P is the inclusion map; briefly, u,
is the restriction of uw to the downset generated by p.

Evaluations have a strict relationship with finite Kripke models: we show in
detail the connection. If (L, <) is (P(z), D) (where z = x4, ..., x, is a finite list
of propositional letters), then an L-evaluation v : P — L is called a Kripke
model for the propositional intuitionistic language built up from z.2 Given
such a Kripke model u and an IPC formula A(z), the forcing relation u = A
is inductively defined as follows:

u = x; iff z; € u(p(P))
wlEe L
ulE Ay ANAy it (uE Ay and u = A)
ulE A1 VA,  iff (uE Ay oru = Ag)
ulEA = Ay i Vg (ug = Al = ug = Ag)
We define for every n € w and for every pair of L-evaluations v and v,

the notions of being n-equivalent (written u ~,, v). We also define, for two
L-evaluations u, v, the notion of being infinitely equivalent (written u ~o v).

3 According to our conventions, we have that (for p,q € P) if p < ¢ then u(p) D u(q), that
is we use < where standard literature uses >.
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Let u: P — L and v : @ — L be two L-evaluations. The game we are
interested in has two players, Player 1 and Player 2. Player 1 can choose either
a point in P or a point in @) and Player 2 must answer by choosing a point
in the other poset; the only rule of the game is that, if (p € P,q € Q) is the
last move played so far, then in the successive move the two players can only
choose points (p/, ¢') such that p’ <p and ¢’ < q. If (p1,q1),--.,Pi, &), ... are
the points chosen in the game, Player 2 wins iff for every ¢ = 1,2, ..., we have
that u(p;) = v(g;). We say that

- U ~oo v iff Player 2 has a winning strategy in the above game with infinitely
many moves;

- u ~y, v (for n > 0) iff Player 2 has a winning strategy in the above game with
n moves, i.e. he has a winning strategy provided we stipulate that the game
terminates after n moves;

- u ~g v iff u(p(P)) = v(p(Q)) (recall that p(P), p(Q) denote the roots of
P,Q).

Notice that u ~,, v always implies u ~g v, by the fact that L-evaluations
are order-preserving. We shall use the notation [v],, for the equivalence class
of an L-valuation v via the equivalence relation ~.,.

The following Proposition states a basic fact (keeping the above definition
for ~¢ as base case for recursion, the Proposition also supplies an alternative
recursive definition for ~,,):

Proposition 3.1 Given two L-evaluations v : P — L,v : Q — L, and
n > 0, we have that u ~p11 v iff Vp € P 3g € Q (up ~p vg) and vice versa.

It can be shown that in case L = P(x1,...,2,) (i.e. when L-evaluations
are just ordinary finite Kripke models over the language built up from the
propositional variables x1,...,%,), two evaluations are ~..-equivalent (resp.
~pn-equivalent) iff they force the same formulas (resp. the same formulas up to
implicational degree n). This can be explained in a formal way as follows. For
an IPC formula A(z), define the implicational degree d(A) as follows:

(i) d(L) =d(z;) =0, for z; € z;
(ii) d(A;7 * Ag) = max[d(A1), d(As)], for x = A, V;
(iii) d(A; — Ag) = max[d(Ay),d(As)] + 1.
Then one can prove [10] that: (1) u ~o v holds precisely iff (u = A < v = A)
holds for all formulae A(x); (2) for all n, u ~,, v holds precisely iff (u = A <
v = A) holds for all formulae A(z) with d(4) < n.*

The above discussion motivates a sort of identification of formulae with sets
of evaluations closed under restrictions and under ~,, for some n. Thus, bounded

bisimulations (this is the way the relations ~;,, are sometimes called) supply
the combinatorial ingredients for our duality; for the picture to be complete,

4 For the statement (1) to be true, it is essential our evaluations to be defined over finite
posets.
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however, we also need a geometric environment, which we introduce using
presheaves.

Recall that posets can be viewed as topological spaces whose open subsets
are the downward closed subsets. If P, () are posets, then a map f: Q — P
is continuous iff it is order-preserving and open in the topological sense iff it
satisfies the following condition forall ¢ € Q,p € P

p<flg) = 3 €Q (d <q& f(d')=p)

We shall consider continuous open maps between finite posets and say that rest
that f : Q@ — P is open iff it is order-preserving and moreover open in the
topological sense.®

Let Pg be the category of finite rooted posets and open maps between
them; a presheaf over Pg is a contravariant functor from Pg to the category
of sets and functions, that is, a functor H : Py’ — Set. Let us recall what
this means: a functor H : PJ’ — Set associates to each finite rooted poset
P aset H(P); if f : Q — P is an open map, then we are also given a
function H(f) : H(P) — H(Q); moreover, identities are sent to identities,
while composition is reversed, H(go f) = H(f) o H(g).

Our presheaves form a category whose objects are presheaves over Py and
whose maps are natural transformations; recall that a natural transformation
¥ : H — H' is a collection of maps ¢¥p : H(P) — H'(P) (indexed by
the objects of Pg) such that for every map f : @ — P in Pg, we have
H'(f) ovYp = g o H(f). Throughout the paper, we shall usually omit the
subscript P when referring to the P-component 1 p of a natural transformation
.

The basic example of presheaf we need in the paper is described as follows.
Let L be a finite poset and let hy be the contravariant functor so defined:

e for a finite poset P, hy(P) is the set of all L-evaluations;
e for an open map f:Q — P, hr(f) takesv: P — Ltovo f:Q — L.

The presheaf hj, is actually a sheaf (for the canonical Grothendieck topology
over Pg); we won’t need this fact,® but we nevertheless call hy the sheaf of
L-evaluations (presheaves of the kind hp, for some L, are called evaluation
sheaves).

Notice the following fact: if ¢ : hy — hp/ is a natural transformation,
v € h(P) and p € P, then ¢(vp) = (¢(v))p (this is due to the fact that the
inclusion | p C P is an open map, hence an arrow in Pg); thus, we shall feel
free to use the (non-ambiguous) notation (v), to denote 1 (v,) = (Y(v)),.

The notion of bounded bisimulation index (b-index, for short)” takes to-

5 Open surjective maps are called p-morphisms in the standard non classical logics termi-
nology.

6 The sheaf structure becomes essential for instance when one has to compute images -
images are the categorical counterparts of second order quantifiers, see [5].

7 This is called ‘index’ tout court in [5]; here we used the word ‘index’ for a different notion,

since Section 1.
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gether structural and combinatorial aspects. We say that a natural transfor-
mation v : hy, — hr has b-index n iff for every v : P — L and v’ : P/ — L,
we have that v ~, v’ implies 1)(v) ~g ¥ (v').

The following Proposition lists basic facts about b-indexes (in particular, it
ensures that natural transformations having a b-index do compose):

Proposition 3.2 Let v : h — hp/ have b-index n; then it has also b-index
m for every m > n. Moreover, for every k > 0, for every v : P — L and
v' 1 P' — L, we have that v ~py v implies ¥(v) ~g ¥(v').

We are now ready to state duality theorems. As it is evident from the
discussion in Section 2, it is sufficient to state a duality for the category of
finitely generated free Heyting algebras; although it would not be difficult to
give a duality for finitely presented Heyting algebras, we just state a duality
for the intermediate category of Heyting algebras freely generated by a finite
bounded distributive lattice (this is quite simple to state and is sufficient for
proving Ruitenburg’s Theorem).

Theorem 3.3 The category of Heyting algebras freely generated by a finite
bounded distributive lattice is dual to the subcategory of presheaves over Pg
having as objects the evaluations sheaves and as arrows the natural transfor-
mations having a b-index.

We leave for an extended version of this paper a proof of the above Theorem
(such a proof is contained in [5] and does not play a role in the sequel), however
we give some hints on how to reconstruct it. Say that a sub-presheaf S of hj,
is definable if, for some n > 0, v € S(P) and v ~, u imply v € S(Q) (P,Q
are the domains of v, u respectively). Such a sub-presheaf corresponds to the
set of finite models of a propositional formula. It turns out that a natural
transformation f has a b-index iff the inverse image along f of a definable
sub-presheaf is definable: precisely such maps are the duals of substitutions.

It is important to notice that in the subcategory mentioned in the above
Theorem 3.3, products are computed as in the category of presheaves. This
means that they are computed pointwise, like in the category of sets: in other
words, we have that (hy X hp/)(P) = hp(P) x hr/(P) and (hg x hp)(f) =
hr(f) x hp/(f), for all P and f. Notice moreover that hpxr(P) ~ hr(P) x
hr/(P), so we have hpxr =~ hy, X hs; in addition, the two product projections
have b-index 0. The situation strongly contrasts with other kind of dualities,
see [1] for example, for which products are difficult to compute. The ease by
which products are computed might be seen as the principal reason for tackling
a proof of Ruitenburg’s Theorem by means of sheaf duality.

As a final information, we need to identify the dual of the free Heyting
algebra on one generator:

Proposition 3.4 The dual of the free Heyting algebra on one generator is ha,
where 2 is the two-element poset { 0,1} with 1 < 0.
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4 Indexes and Periods over Finite Models

Taking into consideration the algebraic reformulation from Section 2 and the
information from the previous section, we can prove Ruitenburg’s Theorem for
(IPC) by showing that all natural transformations from hy X hg into itself,
commuting over the first projection my and having a b-index, are ultimately
periodic with period 2. Spelling this out, this means the following. Fix a finite
poset L and a natural transformation 1 : hy, X ho — hp, X hg having a b-index
such that the diagram

hLXh24>hL><h2

N,

commutes; we have to find an N such that ¢V *2 = ¢ according to the dual
reformulation of (2).

From the commutativity of the above triangle, we can decompose 9 as
¥ = (mo, x), where both my : hy, X ha — hy, and x : hy, X ha — hg have
a b-index; we assume that n > 1 is a b-index for both of them. Incidentally,
since projections have b-index 0, we can take n to be a b-index of x. We let
such ¥ = (mo, xX) and n be fized for the rest of the paper.

Notice that for (v,u) € hy(P) X ha(P), we have

wk(u7 u) = ('U’ uk)

where we put
Ug == U and Uk;+1 = X(’U,Uk) . (7)

Since P and L are finite, it is clear that the sequence {¢*(v,u) | k > 0} (and
obviously also the sequence {uy | £ > 0}) must become ultimately periodic.

We show in this section that, for each finite poset P and for each (v,u) €
hr(P), the period of the sequence { 1/*(v,u) | k > 0} has 2 as an upper bound,
whereas the index of {¢*(v,u) | k > 0} can be bounded by the maximum
length of the chains in the finite poset P (in the next section, we shall bound
such an index independently on P, thus proving Ruitenburg’s Theorem).

Call (v,u) € hr(P) x ha(P) 2-periodic (or just periodic®) iff we have
¢*(v,u) = (v,u); a point ¢ € P is similarly said periodic in (v,u) iff (v,u),
is periodic. We shall only say that p is periodic if an evaluation is given and
understood from the context. We call a point non-periodic if it is not periodic
(w.r.t. a given evaluation).

Lemma 4.1 Let (v,u) € h,(P) x ha(P) and p € P be such that allq € P, q <
p, are periodic. Then either (v, u), is periodic or (v, u),, is periodic. Moreover,
if (v,u), is non-periodic and ug(p) = u(p) = 1, then ul( ) = x(u,v)(p) =0.

8 From now on, ‘periodic’ will mean ‘2-periodic’, i.e. ‘periodic with period 2’.
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Proof. We work by induction on the height of p (i.e. on the maximum <-chain
starting with p in P). If the height of p is 1, then the argument is the same as
in the classical logic case (see Section 2).

If the height is greater than one, then we need a simple combinatorial check
about the possible cases that might arise. Recalling the above definition (7)
of the 2-evaluations u,,, the induction hypothesis implies that there is M big
enough so that so for all k> M and ¢ < p, (ug+2)q = (uk)q-

Let l p={q € P|q<p} Weshall represent (ux), as a pair (Zi), where
ar = uk(p) and xy, is the restriction of (ug), to | p.

Let us start by considering a first repeat (4, j) of the sequence { ars+ }r>o0
- that is 4 is the smallest 7 such that there is j > 0 such that arr4i+; = anr4s
and j is the smallest such j. Since the apsy, can only take value 0 or 1, we
must have i+j < 2. We show that the sequence { (uar+x)p }x>0 has first repeat
taken from

(0,1),(0,2), (1,1),(1,2).
This shall imply in the first two cases that (v, u)p is periodic or, in the last two
cases, that ¢ (v, u), is periodic. To our goal, let x = x3; and y = w741 (recall
that we do now know whether x = y).

Notice that, if j = 2, then ¢ = 0 and a first repeat for { (ux)p x>, is (0, 2),
as in the diagram below

(unr)p = (z>7 (unr41)p = <Z)> (uprr42)p = (Z) :

Therefore, let us assume j =1 (so i € {0,1}). Consider firstly ¢ = 0:

(unr)p = (Z) (unr+1)p = (Z , (un42)p = (;)7 (uni+3)p = (j) :

If 2 = y, then we have a repeat at (0,1). Also, if @ = 1, then the mappings =
and y are uniformly 1,? so again x =y and (0,1) is a repeat.

So let us assume x # y and a = 0. If ¢ = a, then we have the repeat (0, 2) as
above. Otherwise ¢ =1, so z = 1. We cannot have d = 1, otherwise 1 =z = y.
Thus d = 0 = a, and the repeat is (1, 2).

Finally, consider i =1 (so a # b and j = 1):

(sl = (£, sl = (7). aarsaly = (1) s = (7).

We have two subcases: b=1and b=0. If b=1,thena=0and x =1 = y:
we have a repeat at (1,1).

In the last subcase, we have b = 0, a = 1 and now if d = 0 we have a repeat
at (1,2) and if d = 1 we have a repeat (1,1) (because d = a = 1 implies y = 1

and z = 1).
The last statement of the Lemma is also obvious in view of the fact that if
a=b=1, then x =y =1, so p is periodic. a

9 Recall that our evaluations are order-preserving maps and we have 1 < 0 in 2.
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Corollary 4.2 Let Np be the height of P; then ¥N? (v, u) is periodic for all
(v,u) € hp(P) X ha(P) .

Proof. An easy induction on Np, based on the previous Lemma. a

5 Ranks

Ranks (already introduced in [2]) are a powerful tool suggested by bounded
bisimulations; in our context the useful notion of rank is given below. Recall
that 1 = (m, x) and that n > 1 is a b-index for ¢ and x.

Let (v,u) € hr(P) X ha(P) be given. The type of a periodic point p € P is
the pair of equivalence classes

([(vp, up)ln—1, [ (vp, up)ln—1)- (8)

The rank of a point p (that we shall denote by rk(p)) is the cardinality of the
set of distinct types of the periodic points ¢ < p. Since ~,,_; is an equiva-
lence relation with finitely many equivalence classes, the rank cannot exceed a
positive number R(L,n) (that can be computed in function of L, n).

Clearly we have rk(p) > rk(q) in case p > ¢. Notice that an application of
¥ does not decrease the rank of a point: this is because the pairs (8) coming
from a periodic point just get swapped after applying . A non-periodic point
p € P has minimal rank iff we have rk(p) = rk(q) for all non-periodic ¢ < p.

Lemma 5.1 Let p € P be a non-periodic point of minimal rank in (v,u) €
hr(P)xha(P); suppose also that (v,u) is constant on the set of all non-periodic
points in | p. Then we have Y™ (v,u),, ~n ™ (v,u), for all m >0 and for
all non-periodic points qo, 1 < p.

Proof. We let II be the set of periodic points of (v,u) that are in | p and let
I1¢ be ({ p) \II . Let us first observe that for every r € II¢, we have

{{[(vs, us)]n—1, [¥(vs, us)]n—1) | $ <, sis periodic}
= {{[(vs,us)]n-1, [W(vs,us)]n-1) | s < p, s is periodic}

(indeed the inclusion C is because r < p and the inclusion O is by the min-
imality of the rank of p). Saying this in words, we have that “for every
periodic s < p there is a periodic s’ < r such that (vs,us) ~p_1 (vs,us)
and ¥(vs, us) ~n—1 ¥(vs,us)”; also (by the definition of 2-periodicity), “for
all m > 0, for every periodic s < p there is a periodic s’ < r such that
Y (s, Us) ~op—1 Y (vgr, ug)”. By letting both go, ¢1 playing the role of r, we
get:
Fact. For every m > 0, for every qu,q1 € I1¢, for every periodic s < qo there
is a periodic s < qo such that V™ (vs, us) ~p—1 V™ (Vs , us) (and vice versa).

We now prove the statement of the theorem by induction on m; take two
points qo, q1 € I1°.

For m = 0, (v,u),, ~n (v,u),, is established as follows: as long as Player
1 plays in II¢, we know (v, u) is constant so that Player 2 can answer with an
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identical move still staying within I1° as soon as he plays in II, Player 2 uses
the above Fact to win the game.

The inductive case ™ ! (v,u), ~n "™ (v,u), is proved in the same
way, using the Fact (which holds for the integer m + 1) and observing that
™ *! is constant on II°. The latter statement can be verified as follows: by
the induction hypothesis we have ¢™ (v, u), ~, ¥"™(v,u),, so we derive from
Proposition 3.2 ™ (v,u), ~o " (v,u),, for all ¢,q" € TI°; that is, ™
is constant on II°. a

6 Ruitenburg’s Theorem

We can finally prove:

Theorem 6.1 (Ruitenburg’s Theorem for IPC) There is N > 1 such
that we have YpN12 = V.

Proof. Let L be a finite poset and let R := R(L,n) be the maximum rank for
n, L (see the previous section). Below, for e € L, we let |e| be the height of e
in L, i.e. the maximum size of chains in I whose maximum element is e; we
let also |L| be the maximum size of a chain in L. We make an induction on
natural numbers [ > 1 and show the following: (for each | > 1) there is N(I)
such that for every (v,u) and p € dom(v,u) such that 1 > |v(p)|, we have that
PN (l)(vp,up) is periodic. Once this is proved, the statement of the Theorem
shall be proved with N = N(|L]).1°

If | = 1, it is easily seen that we can put N(I) = 1 (this case is essentially
the classical logic case).

Pick a p with |v(p)| =1 > 1; let Ny be the maximum of the values N(lp)
for Iy < I: ' we show that we can take N(I) to be Ny + 2R.

Firstly, let (v, up) := ¥V (v,u) so all ¢ with |v(q)| < [ are periodic in (v, ug).
After such iterations, suppose that p is not yet periodic in (v,up). We let r
be the minimum rank of points ¢ < p which are not periodic (all such points
g must be such that v(q) = v(p)); we show that after two iterations of 1,
all points py < p having rank r become periodic or increase their rank, thus
causing the overall minimum rank below p to increase: this means that after
at most 2(R — r) < 2R iterations of v, all points below p (p itself included!)
become periodic (otherwise said, we take R — r as the secondary parameter of
our double induction).

Pick py < p having minimal rank r; thus we have that all ¢ < pg in (v, ug)
are now either periodic or have the same rank and the same v-value as py (by

10Tt will turn out that N(I) is 2R(l — 1) + 1.
111t is easily seen that we indeed have No = N(I — 1).
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the choice of Ny above). Let us divide the points of | py into four subsets:

Eper :=={q| qis periodic }

Ey ={q| ¢¢ Eper &Vq < q (¢' & Eper = uo(¢)
By :={q| ¢¥ Eper &Vq < q (¢' & Bper = uo(q)
En ={q| ¢ €Ep; UE1UEy}.

Il
= O
=
—

Let us define a frontier point to be a non-periodic point f < p such that all
q < f are periodic. Notice that, since all the elements strictly below a frontier
point f are periodic, such an f belongs to E;, where i = ug(f). Therefore, by
Lemma 4.1, all frontier points become periodic after applying . Take a point
q € E; and a frontier point f below it; since ¢ also has minimal rank and the
hypotheses of Lemma 5.1 are satisfied for (v,u),, we have in particular that
P (v, up)g = Y™ (v, up) s for all m > 0 and all non-periodic ¢’ < ¢, and hence
(v, up)q is periodic too.

Thus, if we apply v, we have that in (v, u1) = ¥(v, up) all points in Ep., U
FEyU FE; become periodic, together with possibly some points in Ey;. The latter
points get in any case ui-value equal to 0. This can be seen as follows. If any
such point gets ui-value equal to 1, then all points below it get the same u;-
value. Yet, by definition, these points are above some frontier point in F; and
frontier points in E; get ui-value 0 by the second statement of Lemma 4.1.

If pg € Ey has become periodic, we are done; we are also done if the rank
of py increases, because this is precisely what we want. If py has not become
periodic and its rank has not increased, then now all the non-periodic points
below pg in (v, u1) have uj-value 0 (by the previous remark) and have the same
rank as pg. Thus, they are the set Ey computed in (v, u;) (instead of in (v,u))
and we know by the same considerations as above that it is sufficient to apply

1) once more to make them periodic. a
Po Po Po
Ey
(G G
—— —
E;)er E;IJ/er
Eper

Notice that some crucial arguments used in the above proof (starting from
the induction on |e| itself) make essential use of the fact that evaluations are
order-preserving, so such arguments are not suitable for modal logics.
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The above proof of Theorem 6.1 gives a bound for N which is not optimal,
when compared with the bound obtained via syntactic means in [8] (the syntac-
tic computations in [4] for fixpoints convergence are also better). Thus refining
indexes of ultimate periodicity of our sequences within semantic arguments
remains as an open question.
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